ooooboooao

7520 19910 66-76
vV

i st

2XDODHermi te ™Modular
o D W T | |

EMAEL REAE (Shoyu Nagaoka)

KW TUL. A.Krieg DIRI ” The Maass Spaces on the Hermitian Half- |
Space of Degree 2” ORNEITR-ok. ZORXTHIL. 2D Hermite
modular F@MD Maass space & Neben type @ elliptic modular forms @
9. 5 B5EB22M (Kohnen®”+”-space@analogy) OEMEEX ST LIZLY
2R DHermite modularBiZXT 5. SiegelBEisensteinfk¥ DFourierfh¥®
explicitBAR R @R, ZORXOEAH. EKIEIHT 3 Jacobi modular
B3 d BEisensteinfRI DFourierB¥iDexplicit formulak . & 3 Hecke

ERROUEEZAVIZ LR LY, MEENECMEOTEHEL .
Introduction

A. Krieg [2] gave a characterization of the Maass
épace ontthé;Hefmitian upperQhalf spaCe‘of degree 2. By
using this result, he gave an explicit;formuia for the_
Fourier coefficients of the Hermitian Eisensten series
of -degree 2. In this note, we show that his formula is
also derived from a formula of the Fourier coefficients

of Jacobi-Eisenstein series.



~8§1. Hermitian Eisenstein series
The Hermitian upper half-space of degree n is

defined to be

ey

{ e e o ‘("u";f"»":" -'-
ﬂn.=1bt Ha \ L ] L&l VL= L} >I¢.
Set
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8y =48 < dgy \C) | il = Gy,
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where J=| o n}' This group actls v H, in the usual
X (A C) e
way. Giveln z‘rf=|[ R plS 82y aud Z < d, viic has
' -1
Z - MZ>: - (AZ BY(CZ D)

Let K be an imaginary quadratic number field of
discriminant d,. Denote the ring of integers in K by

6,6 and the order of the unit group by w.=w. Let Y oY,

stand for the Kroneckerf synfboY. T‘he d”ifféreni of KlS

denoted by 4,.

L=T(K)=Q, 0~ M, (0,)

134

is called the Hermitian modular group of degree n

associated with K. Given an integer k the vector space

A, (I,) of Hermitian modular forms of degree n and weight
k consists of all holomorphic functions F on H,, which

satisfy

%
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X(Z) .- det (CZ+D) F(M<Z>)

for ail si=|4

AY

el, and additively the usual condition
of boundéﬁess in the case n=1. Each
F in A,(I,) has a Fourier expansion of the form

F(Z)= 3 a.Meltr(HZ)1. ZecH,.
ogllzd, '

where

] vy vy -1,

A= yH =) sy (K) i'H=H, iy ¢ dy (i=j)}
and e(s)=exp(2rnis) for seC.

Set

tye v ve -

A,={t'u'v: dig )| Mo b=y M)dy fur suvme RCIG Q’}.
Then (I',.4A,) is a Hecke pair. Denote the attached Hecke

algebra by H.. Given FeA;(I"..) and M e A, set

nk-n*
vl ruwr oo < wl 7
“.l-l’“.—,\ll‘} " L'.Ll
Lel\T ¥T,

This definition is extended to M, by linearity. Then

the map F ——— Fl 7, -fTéH.. turns ont to be an
endmorphism of A,(l,). which is called a Hecke operator.
Let I, be the subgroup of I, consisting of all the

matrices with C-block equal to U. Given keZ. k=N mod n.

the Hermitian Eisenstein series is defined to be
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This series defines an element of A,(I). We write the

Fourier expansion as

E®7y - N aMeltritnzy ],
-8 =y et TRACS, T PR NS =

r
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The main purpose of this note is to give an explicit

formmla far the Fourier cnefficiente nf@”) The anthnr

[R] gave a farmnla for ngkﬂ) nder the accumptinn that

the class number of K is equal to 1. Receptl_v. A. Krieg

[2]1 succeeded in chalacterizing of the Maass space on

the Hermitian upper-half space of degree 2. By using
this recnlt  he gave an explicit farmila for oA in
general. In this note. we show the same result from an

explicit formula for the Fourier coefficients of the

Jacobi- Eisenstein series.

§2. Jacobi forms
A Jacobi form of weight k and index m (ng.meZ) is a

holomorphic function f: D=HxC*—C satisfvine

: o Ila )
1, f‘z’=J|L-L[h J V&)
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Y for each L2, f,.[¥] has a Fourier expantion
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c(n,a)=0 unless mn/;N(a.)’. The vector Spéice of ali“ éuch
functions f is denoted J,,.
For non-negative integers k.m. we define a kind of

Eisenstein series by

- = LUl uetUz,  CE,8
Ban(@)i= 1 3 S (crid) (N LT EATEE OB )
* L2 . 4 R i i L / - - i
2 (c.d)ez ueo, _ cT+d cr+d cr+d
(e,d)=1
2=(7,2,,2,) €D. Set
~ - ave "" {, 1 !\—‘ B < - L% 3 )
Gg(S,N) o=} | i+]Xa (N) || d{ 2 x, \djx, ¥sdyy,
=1 O<d|N d=DD, ‘
(s.NyeCx Z,
ro S . ‘ . [ : o -
where dg=)fd, is Lhe decomposiiion itvo Lhe prime
i=1 . . . : . N

. . > i r
discriminantes and the lact sum extends over 2



factorizations d,=D,D,. We should remark that the
function G, is an analoqv ot Cohen’s function fcf. [17,
p.22) and was first 1ntroduced by Krieg(2]. The first
result is

+

Theorem 1 (F41) Tho series E, . (k>4. even)

converges and defines a non—zero element of J,.. The

Fourier expanSion of E;. 18 qiven by

I {m~ =~ z N < ~ {n nr‘\n"l""f"'-’
Cpm\v I~ ~gy L ety h sisz
neEZ,aed,s’
nnaN (@)

where ¢, ,(n,a) for mn=N(a) equals 1‘if a&=0 mod o, and
O otherwise. while for mn > N(a) we have

2(k-1) .

: ’ : ~ ) L3 (1T a).
Cpaltt,u)=— —p— Gptk-2, delindg | 5 1)
; et Eat Yy & ; S '
and
g Z(k—l) e ~ v . Fa"{ M o)
Crallt,U)= — —p——— Uglk—2, delinNUg | o . |)

e
pm

ltelementary p-factor).

where Bb,& is the aeneralzzed Bernoulll number
This is an analogous result of Theorem 2.1 in Fl]

Remark. We now consider the series

|w

EyulZ.5)= —1—{Imr;° 2 2 oeTHd)teT+d)”

2 (c,d)eZ* ueo,
(c,d)=1
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aT+b | Uz, ruz, cz,z,]
er+d  cr+d cT+d

. e'{N(u)

(2,s)e DxC, z=(f.z,.z,).

Of course, l.j,zn E, .(2.5) coinsides with E, .(2) if k>4

Moreover, this fﬁnctioﬁ has the following broperties.
Provpositionvl (T41). 1)‘ E, .(2.5) has a Fourier.

expansion of the form

2 -
Eralz,s)=lwz)i 24" (G
ueo,
i Tm > T -54b.1 3 -
*m‘t“_-’ r2 L Tl2) W ibrc_1"'p" ~ 2
HM Cribac_™ ma v~ -T2 G 3y e
nes LI :
Glag

. — . -7 . 1 .y -~ .- \ .
witere C=1 17T )¢ | tNIUgi | €1—t1° 1IluTj. 1=|nm—m(a; j/sm and

((s) is the Riemann zeta function.

&g.ha.p):= re(—nxuxngﬁx—ig,f‘dx. ig.n:a,pre Rx R « c

{(Shimura’ s hypergeometric function of degree 1),

- - NN — r , 4 o .
= os)= 2 ——— ,N,(¢):=%{umod av,; | ¢(U)= U mod azZ ;
EY 4 o=l ac - .

Qiul:=mNiw)+T{uax)+n.
21 Set

2 2 . 8+]

pUS. X, =gt T

- A LI‘SQX.).

s

where Lis.y i is the Dirichtet L-function and '(s) ‘is



the gamma function.For any non-negative integer k, the
function 8,, is continued as a meromorphic function in
s and satisfies

8, ,(2,5)=8,,(2,4-2k-5).

§3. Fourier coefficients of the Hermitian Eisenstein

series
We define operators V(1),T,(l) (i>0) on functions
2
¢: B -C -—~C by

‘Ifl' V('\‘{‘Pa ~ )
{rl N ‘/,\"“I"“l

[ 3% ]
-1 < . .. arC2,2,, (AT+d lz, lz,
=I' ‘ . U""'*u)x” l r~an ’VI oead’ P‘:'.Lr, * c‘!'yi,d ‘
‘a b‘:@l.'?‘\“(?\ ot T i -
te a) T
ad-be=m ; ' :
(¢v| "'(7'\\/*0 ~'v-...7.'-’ < < ﬂ‘\. rm'V
(Floa VP jvso~mey Ty P PR W K
MESLy L N\M 2] REONLO,
det M=t

y-v.U. \N)=ay.

)
M) :HeSL;\R) and g.c.d.(#)=sq. means ihal the grealest
common divisor of the entries of ¥ is square. It is
easy to see that the operators V(l), T,(l) map J,. to

Jow » Jrvar We define V(0) by
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2% & .
(o], V(O)i=c(0,0) [-5— + 20 (m) "],
' * : = ) i=1

T I T N ,
wiiere @=3cin,a)q'¢,(,, Oy (n)=p, d"' aud B, is ilhe k-Lli
: Ce Gedin B

Bernoulli number.
A ) e n o e .., & @
Proposition 2. 1) If j=2¢in,a)q ¢y ¢, € d,., Lhen

al vy < ..t 2 .
ShaVibi= 2 d¢j—.=
L dih,a.ty U4 a

i A . ) I’ . 3 a -
where d|wn,u, i) meuwns Lt TS Z aud v I .
2) For fed,,. we put

oo (T2 S
LTt o =2 1L, ViL)iT, 2,,2,)e(lT) .
: (S o= :

Then I, defines a map from J,, to A(l,).
Here we fix ‘a prime numbe.r-pj- which is inert in o,

i.e., }(.(p)=—1. For this prime, we consider a Hecke

operator

Ta(p). =l

fE O hal ..‘tf_l“
| pp |L2€ Moo

[ p——

-

The similar calculation in 2. 'Théoreﬁ? shows
Lemma 1. If p is a prime number such that 'J(‘(m=’—1‘

then

(Pt 2y 8 p o pl T pR))
TR, TR e T e

1 R R 7y



Since the Eisenstein series F,,is an eigen function
for T.(6*Y. I.(E,,) is an eigen function for T,/ with
constant term -2k B,. Now we use Theorem 2 in {2].
which is a Hermitian version of‘Efstfodpé résult gpQUQ
a characterization of Eisénstein'éefies. Consequently.

one can get:

- | 2k @
Lp\Lyy) =~ E, .
bt

Summarizing our result, we get

&

Theovrem 2. The Fourier conofficiont a®HY is given hy

.

{ 1 if H-0O ‘the serp matrix),
‘ ."\TK’ -1
2= X 4 if rank H -1,
a2 =) , =
T u<sd | E ()
!
l 4h{k’_l-\ < R L P N S 5 vy v2) [ vy~
'—]_Q——ﬁ—_ s U Uy k—o,ucLiNugl)/u | Ly n -~v,
LT T8N ocdie(H)

B -—max)geN ' g'H = Al

= L‘i 3 “lJ N
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