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Selberg trace formula and Jacobi forms
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1 Introduction

In this note we present a calculation of the traces of Hecke operators acting on the
spaces of Jacobi forms via the general Selberg trace formula. We can represent those traces
in a closed form with the use of some arithmetic quantities and the residues at poles of
certain Selberg type zeta functions. The calculation of those traces has been done by
Skoruppa-Zagier ([S-Z1, 2]) in some cases in a different manner. They have employed the
Bergman kernel functions for the spaces of Jacobi forms and also some results of Shimura
[Sh] concerning modular forms of half integral weight. Here we use the general Selberg trace
formula due originally to Selberg [Se] and to Hejhal [He], Fischer [Fi]. For our calculation
we exclusively follow Fischer [Fi].

In this short survey we exhibit only the results which is a generalization of our previous
work [Ar] and we shall give a proof in another occasion in details.

2 Jacobi forms and Hecke operators

- We use the symbol e(a) as an abbreviation of exp(2ria). Let I be a positive integer.
Let G{! be the Jacobi group defined over Q:

Gy ={(s,(\p),0) | 9 € Q) n e Q,p € Sym(Q)},

where Q' (resp. Sym;(Q)) denotes the space of rational column vectors (resp. rational
symmetric matrices) of size /. The composition law of Gy is given by

9192 = (M1 Mz, (Mg, p1) M2 + (Mg, th2), p1 + p2 — paf A1 + 2" + X ua + pa’A*)
(gj = (Mj:(’\j)”j);pj)y € G(Jp j= 1:2)

with (A*,4*) = (A1, 41)M;. Denote by Gi the group of real points of Gg. Denote by D
the product of the upper half plane $) and C', the space of complex column vectors of size
I: D= $ x C'. The Jacobi group G§ acts on D in the following manner:
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(g = (M)(As IJ),P) € G‘) (Ta z) € D)1

where J(M,7) =ct+d for M = z 3

Let S be a positive definite half integral symmetric matrix of size l. We define a factor of
automorphy Ji s(g,(7,2)) associated to S and a half integer k£ by

J(M,T)

Jos(a, (r,2)) = J(M, )¥e (—tr(sp) — 7S\ - 25(, 2) + S[z + A7+ #])

(s=onomneat m=(2 1), maen),

where the branch of J(M, 7)* = exp(k log J(M, 7)) is chosen so that — < arg J(M,7) < .
Let T be a congruence subgroup of SL3(Z) having the element —1, and '’ the subgroup
of Gg given by

I = {(M,(\p),p) | M €T, )\ ne T, pe Sym(2)},

where Z' (resp. Symy(Z)) denotes the Z-lattice consisting of integral column vectors (resp.
integral symmetric matrices) in Q' (resp. Sym(Q)). For any function ¢ : D — C and
9= (M, () p),p) € Gy, we set,’

(¢|k,Sg)(T’ Z) = Jk,S(g, (T’ z))—l‘ﬁ(g(r) z)):
(#lx,59)(7, 2) = Jo,s(g, (7, 2)) (I (M, 7)) ™| (M, 7)| "' $(g(r, 2)).

In the definition of the latter (4|} 5g), we may assume that k is an integer, since only such
cases can occur in the discussion later on. If k£ is an integer, then these operations satisfy

Plk,s9192 = Plk,s91|k,592

and
Olx,s9192 = Bli s91lx s92-

Note that $) U {oo} U Q is the total set of cusps of I'. For each element M of T, put
Moo = (. Denote by Iy the stabilizer group of { in I': Ty = {0 € T' | 0( = (}. There
exists a unique positive integer N such that the group M™I'\M of SL,(Z) is generated
1 N
0 1
Ji s(T')) of holomorphic (resp. skew-holomorphic) Jacobi forms of index S and weight &
with respect to I'/. We define Ji s(T') (resp. J; s(T)) to be the space consisting of all
functions ¢ : D — C which satisfy the following three conditions:

by —1; and ( ) Let k be a positive integer. Now we define the space Ji s(T') (resp.
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(i) ¢(, 2) is holomorphic in 7 and 2z
(resp. ¢(, ) is a smooth function in 7 and holomorphic in z)

(i) é(r, z) satisfies the identity
Hlisy=¢ (resp. ¢lisy=¢) for Vyel’

(iii) The function ¢l sM (resp. ¢|; sM) for any M € SL3(Z) has a Fourier Jacobi
expansion of the form

nr
(¢|k’SM)(T’ z) = Z c(n,r)e (J_V- + trz)
ned rel!
4n—N*'rS-1r2>0

. nT o, o
resp. (¢|k'SM)(T, z)= Z ¢(n,r)e (W + -E-(trS r)y+ trz) ,
nEl,rEZ'
4n—N'rS-1r<0

where n = Im7 and a positive integer N is chosen for each M in the above manner.
In the above (iii), M (€ SL;(Z)) is identified with the element (M, (0,0),0) in Gi.

Denote by Jy's"(T) (resp. Jis**(T)) the subspace of cusp forms of Ji s(T') (resp.
x.5(T')) consisting of all Jacobi forms ¢ € Jis(T) (resp. all skew-holomorphic Jacobi
forms ¢ € J; s(I')) whose Fourier coefficients c(n,r) in the above (iii) equals zero if
4n — NirS~'r =0.
Let AC G& be a finite union of double cosets with respect toT'7: A = x; Mo, TV (o;€
Gyg)- Following Skoruppa-Zagier [S-Z2], we define an operator Hy sr(A) (resp. Hi's%(A))
acting on Ji, s(T') (resp. J; 5(T')) by

Pl Hesr(D)= Y kst

ter\a

(s niz)= £ st ).

¢eri\a
where the summation is taken over a complete set of representatives £ for the left I'’-cosets
of A. The operator Hysr(A) (resp. Hi%%(A)) is well-defined and maps J; s(T') (resp.
Ji s(T)) to Ji,s(T) (resp. Ji 5(T')) and cusp forms to cusp forms (see Proposition 1.1 of
[S-Z2]). For L-functions associated with common eigen Jacobi forms in this situation we
refer the reader to Sugano [Su].



3 An operator acting on the space of theta series

Let S be a positive definite half-integral symmetric matrix of size [ as before and Rg
denote the Z-module (25)~1Z'/Z'. Set

d = det(2S) = §(Rys).
We write, for simplicity,
S(u,v) ='uSv and S[u]=‘uSu foru,v € C.

Denote by V = C¢ the C-vector space consisting of column vectors (2y)rers (z, € C). Let
<z,y>gs be the positive definite hermitian scalar product given by

<z,Yy>s5= Z z, Y, (33 = (zr)reRs:y = (yr)feﬁs € V)’
r € Rg

For each r € (25)~1Z, we define a theta series ,(7,z) to be the sum

Y e(rS[g+r]+2S(g+r2)) ((r,z) € D).
gel

Since 6,4,(, z) = 6,(7,2) for any u € Z', one can define 8,(r, z) for each r € Rg. For each
7 € 9, let O5, denote the space of holomorphic functions § : C' —» C with the property

8(z + A1 + p) = e(—7S[)] — 25(), 2))0(=).

It is known that {8,(7, 2z)},er; forms a basis of the space ©s,. For each element X =
() 1) € Q' x @', we denote by [X] the element (15, X,0) of Gg- We set

L = I'xZ,
Hz = {(12,X,0)| X € L, p € Sym(2)}.
Then, Hz is a subgroup of G{l' For each £ € G, denote by L; the sublattice {X € L |

§[X]€~! € Hyz} of L. Following Skoruppa-Zagier [S-Z2], we define an operator Us(€) acting
on Og, as follows:

0lUs(€) = ( > 9|1/2,sf[X]) o7 :ILE] -

XeLe\L

For this operator Skoruppa-Zagier (Proposition 4.1 of [S-Z2]) proved the following.



Theorem .1 (Skoruppa-Zagier) (i) For each § € Os,, and £ € Gy, 6|Us(€) € Os,»

(ii) We arrange 6,, 8,|Us(€), (r € Rs) as column vectors of C*. Then there ezists a matriz
Us(€) of size d (or a linear transformation of V = C%) such that

(2-1) ) (erIUS(g))rERs = US(E)(or)rERs’
where Ugs(&) is independent of the choice of T € §.

Remark. (1) For the matrix Ug(€), we have used the same notatlon as for the operator
Us(€) by abuse of notation.
(2) If £ = (M,0,0) and M € SLy(Z), then the identity (2.1) is nothing but the theta

transformation formula:
o (6. (M(r, Z)).),ens = Jia,s(M, (1, 2))Us(M)(6, (7, 2))rers (VM € SLy(Z)),

where M(7,2) = (M7, Z%3) and Us(M) = Us((M,0,0)) in this case is a unitary matrix
with respect to the inner product < ;, >g.

4 Where does Ug(¢) come from?

Let k be a positive integer and put « = (k —1/2)/2. We define a factor of automorphy
jm(7) by
Jm(7) = exp(2ik arg J(M, 7)).
Denote by Mg;_yy2(T) the space of all functions f : §§ — V satisfying the following
conditions
(i) m*f(r) is holomorphic on $) and also finite at any cusps of T

(i) f(Mr)="Us(M)jm(r)f(r) forany M €T.

Since each Jacobi form ¢(7,2) of Ji s(I') is an element of Og, as a function of {2, é(, z)
has an expression as a linear combination of 8,’s:

¢(T: Z)= Z n—"fr('f)er('f: z)'

r€ERg

Then the collection f(7) = (f(7)):ers is a modular form of Msx_y3(T). It is well-known
that Ji s(I') is isomorphic to Mgx_i2(I') as C-linear spaces via the correspondence
t: ¢ — f = (fi)rerss Let A C Gg be a finite union of I'/-double cosets. Let
p: Gy — SL3(Q) denote the natural projection map. For each A of p(A) we put

Va(4) = > (L : Le]Us(8),

¢EHz\p~'(A)NA/Hy
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where the summation is over a complete set of representatives £ of the double cosets of
p~1(A) N A with respect to Hz (this is a finite sum). Then this quantity Va(A) is well-
defined. If A = '/, then VAo(A) equals the linear operator Us(A) = Us((A,0.0)). The
action of Hecke operators H sr(A) on Jis(T) is transferred in terms of modular forms
of Mgj_1/2(T). There exists a linear operator H ksr(A) acting on Mgi_12(T) such that
1o Hy sr(A) = Ek,S,r(A) o ¢. Then we easily have

FHrse@)D = T Va@ia) (A7) (f € Mpoija(T)),
A€T\p(A)

where A runs over a complete set of representatives of the left I'-cosets of p(A) and the
sum is well-defined. |

In this manner the operator Ug(£) is coming in our sight. It seems that Ug(§) is a
very attractive arithmetic object.

5 Selberg type zeta functions
For M € SL,(Z), we write Us(M) instead of Ug((M,0,0)) in (2.1). We set
Ry ={r€Rs|r=-r (modZ)}.

Since Us(—1;) has eigen values te~™/? (see (1.6) of [A1]), it has the block decomposition
(41)  Us(-1)= gt 0 ) gm
' 0 -1y ’

where @ is a certain unitary matrix of size d and d(+) = (d + do)/2 (resp. d(-) =
(d — dp)/2). We easily have

VA(A)Us(—lg) = Us(—lz)VA(A) for any Ae p(A)

Therefore, Va(A) has the block decomposition similar to (4.1):
- _of Va4 o -1

with V3 (A) (resp. V5 (A)) a matrix of size d(+) (resp. d(—)).For A € SLy(Q), let Zp(A)
denote the centralizer of A in I'. Denote by Hyp*(A) the set of hyperbolic elements P of
p(A) with trP > 2 which do not fix any cusps of I'. We set, for € = &,

_ e N(P)™
Ca,se(s) = pegygr:(A),ptIVA(P) log N(Py) x T= NP



where Hyp*(A)/T denote a complete set of representatives of the I'-conjugacy classes of
elements of Hyp*(A), and where, for each P € Hyp*(A), P, together with the element
—1, is the generator of the centralizer Zp(P). It can be shown that (A s.(s) is absolutely
convergent for Re(s) > 1. If A = T/ then, (as.(s) coincides with the logarithmic
derivative of the Selberg zeta function associated with I'; S:

Ca,5.6(8) = (21 5.0/ 21,5, )(3),

where ¢ = + and

Zrses)= I I det(lue — Us(PIN(P)™"™),
{Po}r,trPy>2 n=0

P, running over the I'-conjugacy classes of primitive hyperbolic elements of ' with trP, >
2. Here, U$(A) (A € SLy(Z)) is defined similarly as in (4.2) from Us(A). For details
concerning the Selberg zeta functions Zr s.(s) we refer to [Ar]. Via the theory of general
Selberg trace formula the Selberg type zeta functions (a s.(s) can be analytically continued
to a meromorphic function of s in the whole complex plane. This analytic continuation is
crucial to the calculation of the traces of Hecke operators.

6 Traces of Hecke operators

Let A be as before. Each elliptic element R of SL;(R) is SL;(R)-conjugate to some

C?Se —sinf with 0 < 6 < 27, where 0 is uniquely determined by R. We often
sinf cosf

write §(R) for this 6. Denote by Ell*(A) the set of all elliptic elements R of p(A) with
0 < 6(R) < 7. Denote by Ell*(A)JT acomplete set of representatives of the I'-conjugacy
classes of all elements of Ell*(A). Let ¢, (..., be a complete set of representatives of
the I'-equivalence classes of cusps of I'. For each j (1 < j < h), one can choose an element
A; € SLy(R) such that —1, and 7} := Aj'l ( (1) i
the cusp ;. For each j (1 < j < h), denote by Hyp}(A) the set of all hyperbolic elements
P of p(A) with trP > 2 and P(; = ;. The set Hyp}(A) is atable under the conjugation
by any element of PCj' Denote by Hyp}(A)[ FCj a complete set of representatives of the

) A, generate the stabilizer group PCj of

I‘Cj-conjugacy classes of all elements of Hyp}(A). Moreover for each j (1 < j < h), we

denote by Par}(A) the set of all parabolic elements P of p(A) satisfying the conditions
trtP =2, P(; = (; and P # 1,. Let N = 4det(2S) = 4d and I'(N) the principal
congruence subgroup of SL,(Z) with level N. Set, for each 7 (1 < j < h),

I} =T NI(N).
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Then the group I'} is generated by T;’ with a positive integer n;. This integer n; is
uniquely determmed We call two elements A, B of Par+(A) I""-eqmvalent if there
exists an element M of '] with B = MA. Denote by’ Par+(A)/I‘+ a complete set of
representatives of the I‘+-equ1va.lence classes of all elements of Par"'(A) Each element P
of Par}(A) has an expression

P=A;‘((1) T(IP))A,-

with a umquely determined rational number r(P) € Q, r(P) # 0 If P is a representative
of Par}(A)/T}, r(P) is uniquely determined modulo n;.
Let k£ be an mteger and set

k= (k-1/2)/2.
Denote by £(k) the sign + or — according as k is even or not. We set

Cralk) = %vol(I‘\f))tr(VA‘(k)(12))(2K.—1)

e—2iK6(R)+i6(R)
v(eH(R) — ¢—10(R))

+ ¥ t(ViP(R)
ReEu+(A)1r

. N(P)~"
-3 2 > a(aP(P) x T—NPT

2 =3 PGHpr"'(A)II‘<J

h . nr(P) ‘
— ve®(p 1—icot ==L .--r(P) # 0 mod n,
2 2 2 NAON ))x{ 1 ’ +++r(P) =0mod n;

3=1 PePar}(A)/T}

and
1 &
Cralk) = -vol(T\D)tr(VA®(12))(~2x ~ 1)
~2ix8(R)—i6(R)
+ tr(VEE(R)) x —— _
REEIIE‘"%A)II‘ (Va™(8) v(e¥R) — g-ié(R))
~-3 Z Z tlf(Vli(k)(f’)) X —ﬂﬂ—:;
A e(k) 1+z'cot-"—';§,ﬂ "'T(P)$0modnj
-2 X é';tt(VA (P) =1, i P = 0 mod
=1 PEPar_"-"(A)/P‘}' J : 'T( ) = U mod n,,
where

vol(T\9) = /P\ﬁ n2dédn (€ = Rer, n = Imr).
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We denote by tr(Hy sr(A), Ji,s(T')) the trace of the action of Hysr(A) on Jis(T')
and so on. Let Ogr denote the space of theta functions (7, z) satisfying the following
conditions:

(i) 6(r,2), as a function of 2, is an element of Os,,
(i) OliyjzsM =6 forany M €T.

Then, ©gpr is isomorphic to the space Jyj3,5(I') of Jacobi forms of weight {/2 with respect
to I'. The Hecke operator H, /2,5r(A) operates on Ogr. We have the following theorem.

Theorem .2 Assume that I' is a congruence subgroup of SLy(Z) having the element —1,.
Let k be an integer and A C Gg a finite union of I'-double cosets.

Q) If k> 1/2+2, then,
tl'(Hk'S,r(A), J,‘:‘S”'(I‘)) = CF'A(k).

If k<l/2-2, then,
tr(H5550 (), HSE(T)) = Cralk).

(ii) Assume that !l is odd. Denote by € the sign + or — according as | is congruent to 1 or
3 modulo 4 (i.e., e = e((1 — 1)/2).

If k=(14+3)/2, then,

te(Hr,s0(A), I (T)) = Res,zapaCarse(s) + Cra(k).
If k=(l+1)/2, then,

tf(Hk.S,I‘(A): Jk,S(F)) = ReS,=3/4CA,s,—-¢(8).
If k=(1-1)/2, then,
tI(Ht’ff,"s,r(A)a Jf—k,s(r )) = Resa=3/4CA,s,e(3)-
If k=(1-3)/2, then,
tr(HZEsp(A), I B(T)) = Resi=sjaa,s,—(s) + CF a(F).
(i) Assume that | is even. Let € =¢(1/2).
If k=1/2+2, then,
tr(Hi,sr(A), Jis (T)) = Res,=1{a,s.(s) + Cra(k).

If k=1/2 -2, then, |

te(H2s 0 (), I 3(T)) = Rese=1(as.(s) + CF a(k)-

If k=1/2, then,
tl‘(ﬂllz’s,r(A), (")s,r) = Res,=1CA,s,e(s).
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For the proof we use Fischer’s resolvent trace formula [Fi] and the method of Skoruppa-
Zagier [S-Z2]. We can deduce the following corollary from (ii), (iii) of the above theorem.

Corollary .3 (i) Assume that | is odd. Then,

cus s ew l + 3
tI(H(l+3)/2,S,I‘(A): J(1+:f)/2 s(r)) = tr( (llfn)/z sr‘(A) J(1+1)/2 S(P)) + Cra T)
-3
2

r(HE 2,50(8), Jaraya,s(T) = te(Haany,50(8), Jusnyzs(T)) + Cra (
(ii) Assume thatl is even. Then,

tr(Hijz42,50(A), Jijats,s(T)) = tr(Hiyz,5r(4),O5r) + Cra (

Jreus . l
tr(Hif535,50(8), Jijpvs,s(T)) = tr(Hypz,s0(8), Os1) + Croa (5 - 2) .

Remark. In the case of l = 1 the first identity of the above (i) has been already ob-
tained by Skoruppa-Zagier[S-Z1]. The results in Theorem 2 and Corollary 3 are consistent
with those of [S-Z1, 2].
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