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Propagation of singularities of solutions

for a degenerate hyperbolic equation

)@} (% %ﬂ 7 (Kazuo Taniguchi)

University of Osaka Prefecture

In this note we give a short review on the Gevrey wave front
sets and give a properties of the propagation of singularities
for solutions of the Cauchy problem for a degenerate hyperbolic

operator.

§1. Gevrey wave front sets. Let « satisfy «k > 1. As in
[5} we introduce a class of ultradistributions as
JS{K}' s {x}"
2 = proj lim 2 .
L e ¥ 0 QQL '€
]
Here, for € > 0, iﬂ{ﬁ}g is the dual space of the Hilbert space
’
DI 2 fuer? ; expecer/ )a(e)er?}t ana Flul(e) = G(8)
14

denotes the Fourier transform of u(x). For the symbol classes

of pseudo-differential operators we employ

Definition 1.1. i) Let 0 < § < p <1l and § < 1l. We say
m .
that a symbol p(x,8) belongs to a class Sp,G,G(K) if
lagaip(x,g)l < am [oeBl g1k |, g 1KP g, (1-p) o],

x(B1° 4 BIK(1‘6)<5>5IBI)<g>m‘|a|
for all x and. &g

hold for constants C and M independent of o and B. We

m S
also denote SG(K) = Sl,O,G(K)'

ii) We say that a symbol p(x,£) (€ S7) belongs to a



"2

class 78 if for any o there exists a constant Ca such that

G(k)
[ag0bp(x,8) | < c u1Blg 1 exp(-cce>t/¥)

hold with a positive constant € independent of a and B.

The following lemma follows by the similar way to th proof

of Theorem 1 in [13].

Lemma l.2. i) The pseudo-differential operator p(X,DX)

] '
with a symbol p(x,§) in Sg,d,G(K) maps Qﬁiﬁ} to i)if} .

ii) The pseudo-differential operator p(X,DX) with a symbol

p(x,£) in XG(K) maps °®£§}' to U@I{ﬁ]’e.

€>0
From Lemma 1.2 we can call pseudo-differential operators

p(X,DX) with symbols in }ZG(K) regularizers.

Next, we introduce Gevrey wave front sets WFG(KI)(u) of

ultradistributions u(x) as follows.

Definition 1.3. Let «k; satisfy «; 2 Kk and let (xo,go)

be a point in T*(Rn)\{O}. Then, (xo,éo) does not belong to

.JB{K}' ,
a Gevrey wave front set WF of u (& 1,2 ) if and

G(xy) (W
only if there exists a symbol a(x,£) in Sg(K) such that the
following i) and ii) hold:
i) For a conic neighborhood T of (xo,go) an inequality
la(x,&)] > ¢C for (x,E)€T
holds for a positive constant C.
ii) The function a(X,DX)u belongs to the Gevrey class Y(Kl)

of order «k,;, that is, f(x) = a(X,DX)u satisfies

Iagf(x)| < CM_IOLIOL!Kl for any }{eRg.
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For a distribution u(x) (€ £') with compact support we have

proved in [13]

Lemma 1.4 (cf. Theorem 3 of [13]). Let ue £' and
Ky > 1. Then, the point (xo,go)e 7% (R?)N{0} does not belong

to WF if and only if

G(Kl)(u)
(*) There exist a function X(x) in Y(Kl)(Rg) with x(x) £ 0

and a conic neighborhood Pg of EO such that

|FIxul(g)] < Cexp(-e<€>l/K1) for £eT

€

holds for a positive constants C and €.

The (*) is the original definition of the Gevrey wave front
sets for distiributions given by Hormander [3]. So, our defi-
nition is an extension of the original one. We also note that
from our definition we can treat Gevrey wave front sets by the
almost same way as the treatment of wave front sets for the c”

case (cf. [21, [71.)

2. A degenerate hyperbolid operator. Consider a degenerate

hyperbolic operator

' n
(2.1) L =02 - t?gx)?

v(t,x)D_ D
t i, 3" X. X

j 73

a. &
=1 JrJ

k k' ¥
+ thg(x) ) a.(t,x)D_ + c(t,x)
. j X.
j=1 J
n
on [0 ,T]XRX .

We first assume
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Define
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(2.2) 0 = max((2 -k -1)/(22 -k) , (&' -k")/(28' -k")) .
Then, o satisfies o0 < 1/2. Now, we assume

(A-2) K 2 and ko <1 with o in (2.2).

w

(A-3) The function g(x) belongs to a Gevrey class of order

K with a uniform estimate:

(2.3) ID;g(x)I < e ol g% for all xe&R",

(A-4) The coefficients a v (E,x), aj(t,x) and c(t,x) are

3.3
analytic in t and of a Gevrey class of order K in x with
a uniform estimate (2.3).

(A-5) aj j|(t,x) are real-valued and there exists a positive
7

constant C such that
T a. ..(t,x)E.E., > ClE|2  for all (t,x)e [0,T]IxRD.
j,j' J+J J3 - X
Denote the characferistic roots of L by

1
F
j,j 1 (t'X)gjgj I}

2 ]
(2.4) A (e,x,8) =+ thgot (] a
3.3
and let ¢,(t,s;x,£) be the phase functions corresponding to
the modified characteristic roots
(2.5) X, (E,%,8) = A(t,%x,E) (1 - X(E))

of A, (t,x,£), that is, ¢,(t,s;x,&) are solutions of

{ W = Ai(tlxlvxd)i)l

¢i|t=s = x°¢
Here, in (2.5), x(&) is the function in Y(K) satisfying
X(E) =1 for |&| <£1/2, X(£) = 0 for |&]| > 1.

Then, we have

Theorem 1 (cf. Shinkai-Taniguchi [12]). Assume (A-1)-(A-5).

Set p=1-(1-0)/2'. Then, for a small T, (£ T) the funda-



mental solution of the Cauchy problem
Lu = 0 on [s ,TO],

cor
u(s)=0, Btu(s) = u,

with s<}[0,TO) can be constructed in the form
(2.7) E(t,s) = EI¢+(t,s)Et(t,s) + Ey(t,s) + E (t,s).

Here, I¢ (t,s) are Fourier integral operators with phase
+

functions ¢,(t,s;x,£) and the symbol 1; and Ej(t,s), j = 0,

t,», are pseudo-differential operators with symbols ej(t,s;x,i)

satisfying
(2.8) |agate, (t,s5%,)]
< om 9Bl ((qep) 1% 4 (asp)1¥Pce> (1-P) aeB]
x<a>‘|“|exp(cl<£>“')
and
(2.9) |agaleq(t,six, &)

< o 1Bl (0aB) 1 4 (auB) 1Py (170D [asBl

-0

x<g>—‘a|exp(cl<g>o —81t2+l|g(x)|2 <€>l )

' satisfying

for a positive constant ¢€; and the constant o
(2.10) o < o' < 1/k, o' 2 (1+(2'-1)o)/(2'k=-2" +1).
Moreover, for any multi-index o there exists a constant Ca
such that

/%,

(2.11)  [agafe (t,s5x,8)] < Cam‘lslggKexp(-e2<£>)l

holds for a positive constsant ¢€,.

We note that the factor exp(Cl<g>G ) appearing in (2.8)-
(2.9) makes us to consider the Cauchy problem (2.6) of (2.1) in

the class of ultradistributions and the Gevrey wave front sets.
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Next, we consider the propagation of Gevrey wave front sets

for the solution of (2.6). For the characteristic roots A _(t,

x,&) of (2.4), let {q:,pi}(t,s;y,n) be the solution of

+ +

a F o+ d r %
G = VA (taT,ph), G = VA (kg ,p)

+

{q ,pi}|t=s = (y,n)

and, for s <0 <t, let {g*,5%}(t,s;y,n) be the solution of
~ ~1
%%: = ‘Vgxi(trairﬁi)r %%; = kai(tfatlﬁi)
(0 st sT),
{éi,ﬁi}lt=o = {q¥,pT}(0,s5v,n).

Then, combining Theorem 1 and the discussion in [9] we obtain

Theorem 2. Consider a Cauchy problem (2.6) with s < 0. Then

we have, when' t > 0, for a solution u(t) of (2.6)

(2.12)  WFg ., (u(E))CT ()VT_(0) VT (0) VT _(0)U T (t),
where
rL(e) = (@ (t,s57,m) , P (t,557,m)) ; (y,n)€WFg  (ug),
Iﬂl >> 1 }'
F,t) = (& (t,s5v,m) , B (E,s5v,m)) 5 (Y,n)€WF,  (ug),
[n] >> 11}
and
Fott) = Lly,n) 5 (ym)@WFg  y(ug), gly) =0 }.

This theorem corresponds to the branching property for the

c® case, that is, for the Cauchy problem of the operator

2 28 .2 k
(2.13) Dt - t Dx + at DX
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with k = £ -1 (see [1], [14] and [9]). For the case k < £ -1
in (2.13), setting « = (22 -k)/(2 -k -1), Shinkai gave WFG(K)(
u(t)) exactly by using the exact form of the fundamental solu-
tion for the operator (2.13) (see [10] and [11l]). Finally, we
note that in (A-1) we assumed &' > 2 and k' 2 1. But, when
we assume &' =1 or k' =0 we have 0 = 1/2 and the problem
for the operator (2.1) is reduced to the case 1<k<2, which
is the case of free lower order problem. In that case, 1<k<

2, the problem (2.6) for (2.1) is always y'<)

-well-posed and the
propagation of singularities (2.12) for solutions of (2.6) is

obtained in [8]. So, we assumed &' > 2 and k' > 1.

§3. A higher order degenerate hyperbolic operator. Following

[4] we consider a higher order degenerate hyperbolic operator

L la]g’ o7
(3.1) L = D" + y gloelg ) a_ .(t,x)D®D
t la|+3=m a,j ’! X t
j<m
+l |Z t\)((!rj)g(x)U(alJ)aa j(t,X)D?{D%
o +Jj<m !

with integers £, &' v(«,j) and wu(a,j). For the operator L

of (3.1) we define an irregularity 6 (cf. [6]) as

_ m-j-{v(a,j)+m-j}/(R+1) m-j-u(o,j)/L"
6 = IaTi?<m{ m-3j - |o] ’ m-j-|a] o 1}
and set
(3.2) o= (6-1)/6 .

We assume
(A-1)' &° 22 and 6 < 2,

Then, o satisfies o0 < 1/2. We assume, furthermore, (A-2) and
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(A-3) in Section 2 and
(A-4)' The coefficients aa'j(t,x) of (3.1) are analytic in
t and of a Gevrey class of order k in X with a uniform
estimate (2.3).
(A-5)' The equation
A 7 oa. L (t,x)E%d =0
la|+j=m *J

j<m

has distinct roots Ag(t,x,é), j =1, **+ ,m, and they satisfy

an uniform estimate:

lxg(t,x,g) - Ag.(t,x,a)l > clg|

2n

for all (t,x,E)E:[O,T]XRX'g

with a positive constant C.

From (A-5)' the characteristic roots of (3.1l) are
Aj(E,%,E) = t2g<x)“'xg<t,x,g), 5 = 1,000,m.
Let ¢j(t,s;x,£), j=1,***,m, be the phase functions corres-
ponding to the characteristic roots Aj(t,x,é) and denote by
I¢j(t,s) the Fourier integral operators with phase functions
6;(t,s;%,£) and with the symbol 1. Moreover, let {q?,p ) (¢,
s;y,n) be the bicharacteristics of Aj(t,x,é) and we denote,
for s<0<t, the (broken) bicharacteristics as {ﬁj'j',ﬁj'j'}
(t,s;y,n) = {qj,pj}(t,O;{qj',pj'}(O,s;y,n)). Then, by the same

method of proving Theorems 1 and 2 we obtain the following two

theorens.

Theorem 3. We assume (A-1)', (A-2), (A-3), (A-4)' and
(A-5)'. Let s satisfy 0 < s < T, for a small T_ (< T).

Then, the fundamental solution E(t,s) of the Cauchy problem
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{ Lu =0 on [s ,To],

(3.3) .

t

for the operator L of (3.1) can be constructed in the form

B%u(s) =0 (3=0,*++,m-2), 3Y ‘u(s) = u,

m
E(t,s) ='§ Iy, (E4S)Ej(t,s) + Bolt,s) + Ej(t,s)
j=1 73
with pseudo-differential operators Ej(t,s), j=0,1,°*°,m,>,

whose symbols ej(t,s;x,i) = O(Ej(t,s)) satisfy
lagaiej(t.s;x,a)l
< o198l ((aup) 1 4 (aup) 1KP > (1m0 [0sBl,
)
><<a>"°‘|exp(cl<£>0 ) (3 = 1,°°+,m)
and (2.9) and (2.11). Here, o' 1is a constant satisfying

(2.10).

Theorem 4. Consider a Cauchy problem (3.3) with s < O,

Then, we have, when t > 0, for a solution wu(t) of (3.3)

m m
WF t)) c T.(t)V Y. . UT. . (t
G (ule)) j&a 5 (0) jf§4=l 5,500 VUToe)
where
Fj(t) = {(a? (t,s;y,m) , Pl (t,s5y,m)) ; (y.n)esWFG(K)(uo),
Inl >> 11},
. P | : (O |
?j'ju(t) = (@& (t,siyom) L B0 (t,siven))
and
Fy(t) = {(y,n) ; (y,n)e.WFG(K)(uO), g(y) = 0 1}.
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