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Introduction
Let (X,x) be a germ of an n-dimenisoal normal isolated
singularity, i.e., X 1is an n-dimensional normal Stein space

and a point x is the only singularity of X. Let n : (M,E)

— (X,x) be a resolution of the singularity, where E = nnl(x).

Then for 1 < i < n-1, dim€ (Rin is finite and is

*OM)X
independent of the choice of the resolution (for example, see

i _
Yau [Y, Theorem 2.6, p.434]). We writg dimc (R H*OM)X =

hl(X,x) for 1 £ 1 < n-2 and define the geometric genus of
n-1

(X,x) to be pg(X,x) = dimc (R H*OM)X

The analytic local ring Og’x is Cohen-Macaulay if and only
if hi(X,x) =0 for 1 <1 < n-2. The analytic local ring OX,X
is Gorenstein if and only if it is Cohen-Macaulay and
quasi-Gorenstein, i.e., the canonical line bundle is trivial in
a deleted neighborhood of x 1in X - {x} (see [HO, Theorem 1.6,
p.4211).

The purpose of this paper is to show the following theorems:

Theorem A. Suppose that (X,x) 1is a quasi—Gofenstein
singularity. Then

(i) hi(X,x) = hn_(1+1)(x,x) for 1 <1i < n-2,

2m+1

(ii)‘ If n=4m + 3, then h (X,x) 1is even.
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.Theorem B. If  (X,x) 1is a Gorenstein singularity of

dimension n = 2m + 1, then

pg(X.x) = Tn(cl.cz.‘“,cn_l)[M] .
where T € Q[c;,...c 1 1is the n-th Todd polynomial and T, [M]
is the value of T (c;,...,c ) on the fundamental class [M] €

H, (M, 8M) .

Theorem B is proved by Looijenga [Lo, 4.1g, p.299] under the

conditon that the singularity (X,x) 1is smoothable.

The author gratefully acnowledges the encouragement and help
of Professor Kei-ichi Watanabe during the investigation of these
results. We would also like to thank Professor Masataka Tomari
for pointing out to us that one can use a theorem of Hartshorne
and Ogus [H-O0, Theorem 1.1, p.417] to establish the first part

of Theorem A. However, our proof is more direct and elementary.

(1.1) Let (X,x) be a germ of an n-dimensional normal
isolated singularity. By a theorem of Artin [A], (X, x) can
be realized as a Zariski open subset of a projective variety Y
with x as its only singularity. Let n : M — X be a good
resoiution of the singular point. Then, in a natural manner, we
get a desingularization »p :,N — Y of Y by letting N to
be (Y - {x} ) UM. Let E = n '({x}) and denote by D,
(i=1,...,r) the irreducible componets of E. These notatiqns
are used throghout the paper.

Note that M 1s a strongly pseudoconvex manifold and N is
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a non-singular compactification of M. We may also assume that
N - M consists of non-singular divisors in normal crossing.

(1.2) Let D be a non-singular divisor of M c¢ N, and let
d € HZ(N,Z) be the cohomology class represented.by the oriented
(2n-2)-cycle D. Denote by [D] the line bundle defined by the
integral divisor D. Then cl([D]) = d.

The natural orientation of N defines an element of the
2n-dimensional integral homology group H2n(N.Z) called the

fundamental cycle of N.

n
In general, following the notation in [Hi], for a = 2 ay
k=0

€ H*(N,C) with a, € sz(N,C), we put

k
kylal = a5,
xn(a) = aZHIN] = <a2n,[N]>.

[N] denoting the fundamental 2n-cycle of N.
Let j : D — N be the embedding of D in N, and cy €
HZi(N,Z) be the Chern classes of N. Every product

cjlcjz---cJ of weight n-s = jl + j2 + e+ Jr defines an

r
integer ¢, c, <-:c ds[N], which 1is equal to
3,537 7%, |
<J*(cJ ey +erey a1y, (p1> 1f s 2 1.
172 r
Denote the complex analytic tangent bundles of N, D by TN’
TD' There is an exact sequence

0 — Ty —Ty|p — [Dl|, — O,

so we have
* * *
J C(TN) = c(J TN) = c(TN|D) = c(TD)(l + j d). |
(multiplicity of the total Chern class)

Then any J'cJ(N) can be represented by the Chern classes of D
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and j'd. Thus (cJ cj ---cJ ds)[N] is independent of the
1 9v2 r

"choice of the affine model of (X,x) and their non-singular
compactifications if s 2 1.
(1.3) Let f be a two dimensional cohomology class of

H2(N,Z). Define T(N,f) by
£ B ¥
T(N,f) = < Kn e v
i=1 1 - e "¢
This formula is to be understood as follows: There is a formal

2 . [N] >.

factorization

I+ x + o 4 cnxn = (1+yyx) - - (1+y X)),
where c; € H21(N,Z) are the Chern classes of N. Consider the
term of degree n in f and the Yy of the expression in
square brackets. It is a symmetric function in the 18] and is
therefore a polynomial in. f and the Cy with rational
coefficients. If the multiplication is interpreted as the cup
product in H'(N,Z), this polynomial defines as an element of
Hzn(N,Z)eﬁ. The value of this element on the 2n-dimensional
cycle of N determined by the natural orientation is denoted by
T(N,f).

(1.4) Following Laufer [L], we consider the sheaf cohomology
with support at infinity. Let F be a line bundle on M. The
sequence

0 — I'(M,0(F)) — T_(M,8(F)) — HL(M,8(F)) — -
is exact. By Siu [Si], p. 374, any section of F defined near
the boundary of M has an analytic continuation to M - E.
Therefore there is a natural isomorphism TI_(M,06(F)) =
F(M-E,0(F)). By Hartshorne [H], p. 225, there exists an

isomorphism:



96

HL(M,0(F)) = B” 1 (M, 0(K-F))
where K denotes the line bundle determined by canonical
divisors. Since M 1is strongly pseudoconvex, Hl(M,O(K—F))
a finite dimendional vector space. Hence by the inequality

dim T(M-E,0(F))/T(M,0(F)) < dim H.(M,0(F))
= aim B" Y (M, 0(K-F)),

we have dim I'(M-E,O0(F))/T'(M,0(F)) < +», We define the
Euler-Poincaré characteristic x(M,0(F)) by

x(M,0(F)) = dim I'(M-E,0(F))/Ir'(M,0(F))

e

q=1

Now we have the following theorem of Riemann-Roch type.

Theorem 1.5 ({W]). For any integral divisor D with the

first Chern class d on M, the equality
x(M,0([D])) - x(M,0) = T(N) - T(N,d)
holds.

(2.1) Let (X,x) be a normal n-dimensional isolated

(-1)%im HI(M,6(F)).

is

singularity. The geometric genus pg(X,x) is defined to be the

dimension of dimC(Rn-ln*O where n : M — X is a

M)x
resolution of the singularity.

Theorem 2.2 (Laufer-Yaul[Y]). Let (X,x) be a normal
n-dimensional isolated singularity. Suppose that x 1is the
only singularity of X and X 1is a Stein space. Let n

— X be a resolution of the singularity. Then
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dim H*1(M,0) = dim T'(M - E,6(K))/I'(M,0(K))

where E = n-l({x}).

Definition 2.3. Let (X,x) be a normal isolated singularity.
We say (X,x) 1s quasi-Gorenstein if there exists a
holomorphic n-form «® defined on a deleted neighborhood of x,

which is nowhere vanishing on this neighborhood.

(2.4) Assume that (X,x). is a quasi-Gorenstein singularity.
Then there exists a nowhere vanishing holomorphic n-form o
defined on X - {x}. Let K_  be the part of the divisor of n'w
on N which is supported on N - M. Then (o) ~ K + K_. Let Kk,
km € HZ(N,Z) be the cohomology class represented by the cycle

K, Km respectively.

(3.1) Let { Tk(cl”"’ck) } be the multiplicative sequence

with characteristic power series

X
1 -e
The polynomial Tk are called Todd polynomial. For small n,

Q(x) = X

Lemma 3.2. Let n be a positive integer, then
n-1 (—cl)n_k

————— n
Lo KT Tplegsoie) = {(-1) 1T (eq, .. -hcp).

Proof.
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n (-cl)n—k n Y.

2 —5 T (c',...,c ) = K [e'cl n ————3:—— ]
k=0 (n-k)! k'l k n i=1 1 - e Vi

- o o o n Y' n Y.
i Kn(e (py+eeeev) o __t___] - “n[ = _1,__]
[ i=11 - e ¢ i=1 Y1 _
Cn v
- 1 - - * e e - 1 * o0 -— n
- Kn .-T-T _(_Y ) - Tn( clsczt ‘ ’( 1) ci, ’( 1) cn)
i=1 , _ o i7]

n
(-1) Tn(cl""’cn)

Corollary 3.3 ([Hi]). Tk(cl""'ck) is divisible by ¢y
k odd.

: ) . |
Lemma 3.4. T(N) - T(N,k) = {1-(-1) }Tn(—k,cz,...,cn)[N].

Proof. By definition T(N) = Tn(cl,...,cn)[N] and T(N,k)

n Y.
<K, Ko —_ ] » [N]> , and hence it suffices to show
i=1 1 - e V¢
k ¥
T (¢,,...,¢.) - x_ |le T ——Ve0"
n-1 n n[ i=1 1 - e ¥4
n kn-j
= Tn(cl,....cn) - Jzo THTTTT Tj(cl,...,cj)
n-1 kn-J
= - JEO THTJ)—! Tj(cl,...,Cj)
n-1 kn-J
= - J§0 TE:ETT TJ(—k-km""’cJ)
n-1 kn-J
=7 2 T Tyl [k -
n
= {1-(-1) }Tn(-k,...,cn).

(4.1) From Lemma 3.4, applying Theorem 1.5 to the case

= K, we have the following:

for

[D]
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Corollary 4.2. Let (X,x) be a normal isolated singularty
of dimension n. If (X,x) 1is quasi-Gorenstein, then

. i, .

{1-(-1) }{pg(X.x) - Tn(-k,cz,...,cn_l)[N]}
- hrxx) - n2xx) ¢+ e s (- IR 2(x,%).

Proof. x(M,K) - x(M) =

D (X.x) - { hl(x,x) - h2(X,x) + -+ + (-1)™" 1(x,x) }

(1-(-1)Mp (X, x) - { hl(X,x) - h2(X,x) + +-+ +
(-1)" I 2(x,x) }

On the other hand, from Lemma 3.4

T(N) - T(N,k) = {1-(-1)™}T_(-k,...,c )IN].

Hence we obfain the corollary by Theorem 1.5.

Corollary 4.3. Let (X,x) be a normal isolated singularty
of dimension 2m + 1. If (X,x) 1s quasi-Gorenstein, then
2{pg(XyX) - T2m+l(_k'02’ o« .. 102mvczm+1) [N]}
= nl(x,x) - h2(X,x) + -+- + ¥ 1(x x).

Corollary 4.4. Let (X,x) be a normal isolated singularty

of odd dimension. If (X,x) 1is Gorenstein, then

pg(X,X) = Tn(_kvczt o .o ;cn_l) [N] .

Proof. As 1s well known, hi(X,x) =0 for 1 <1 < n-1;

[Ya,Theorem 2.6, p.434].

. Corollary 4.5. Let (X,x) be a normal isolated singularity
of even dimension. If (X,x) is quasi-Gorenstein, then

hl(x,x) - n2X,x) + +-+ - W"2(x,x) = o,
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ie., xM,0) = B 1(x,x) - Py (X.X).

Corollary 4.6. Let (X,x) be a normal isolated singularity

of dimesnion 3. If (X,x) 'is quasi-Gorenstein, then

“k-c, 1

i.e., the dimension of the second local cohomology group of
OX,x is even.

Corollary 4.7. Let (X,x) be a normal isolated singularity
of dimesnion 4. If (X,x) 1is quasi-Gorenstein, then

nlix,x) = n2(x,x).

Remark 4.8. A quasi-homogeneous cone over a three
dimensional abelian variety satisfies the comdition of this

Corollary.

Theorem 5.1. If (X,x) 1is a quasi-Gorenstein normal
isolated singularity of dimension n, then hi(X,x) =

P31 % 4.

Proof. Let m : M — X be a resolution of the singularity.
By (2,2) of [La], we have the following exact sequence
B (M,0(K)) — HL(M,0(K)) —
HZ(M,0(K)) — BZ(M,0(K)) — -«
cer — 1272 (M, 0(K)) —
Ha h(M,0(K) — H* T (M,0(K))

By the vanishing theorem of Grauert-Riemenschneider, Hi(M,O(K))
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=0 for 1 2 1. Therefore
HLM,0(x)) = m*M(M,0(K)) for 1 =1 <n-2.
Since Hi(M,G) is Serre dual to Hg_i(M,O(K)),
rlm,0(k) =~ (Hn'(i*l)(m,o))* for 1 <1 < n-1.
Consider the following exact sequence
HL(M,0) — H'(M,0) — HL(M,0) —
« — 1" M,0) — 127 2m,0) — H2TN(M,0)
By Serre duality, we know that Hé(M,O) is the strong dual of
Hn_i(M,G(K)) which is zero by the vanishing theorem of
Grauert-Riemenschneider for 1 # n . So Hi(M,O) =o for i #
n . It follows that
al(m,0) ~ mL(M,0) for 1 <1 < n-1
Since the singularity is quasi-Gorenstein, there exists a
holomorphic n-form « defined on a deleted neighborhood of x
€ X, which is nowhere Yanishing on this neighborhood. Cupping,
or wedging, with & = n'e , we have a morphism
HI(M,0) — HL(M,0(K)).
The morphism is an isomorphism, since "at ®" @ = @ doesn't

vanish. Therefore hi(X,x) = hn~(i+l)(x,x).

Proposition 5.2. If (X,x) 1is a quasi-Gorenstein
singularity of dimension n = 4m + 3, then Tn(-k,cz,...,cn)[N]

is an integer.

Proof. By Cororllary 4.3

z{pg(xtx) - Tn(—kvczt---tcn)[N]} = h

Then, since h1 = h4m+1,
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2{pg(X,x) - Tn(-k.cz,....cn)[N]}

=2¢thl’-n? .+ ... - n®M 4 n

2m+1

2m+1

On the other hand, H (M,0) has a non-degenerate

skew-symmetric bilinear form, then the dimension of
H2m+1(M.0) is even. Thus the number Tn(-k'CZ"“’ch)[N] is an

integer.
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