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Simple K3 singularities which are hypersurface sections

of toric singularities.

il -2 s i
Hiroyasu TSUCHIHASHI ﬁjt Y IRKNF
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Let N be a free Z-module of rank n+l1. Let &M be the
set of pairs (o,u;) consisting of an (n+l)-dimensional cone
in NR and a point ug in o satisfying the following
conditions (G) and (E), respectively.

*

(G) There exists the point v(g) in N° such that o s

generated by finite elements in fu € NI <Kv(og),w 1 3.
(E) dim Ao<u0) = n and v{(o) € Int(Ao(uo)), where Ao(uo)

is the convex hull of { v € o* n N* <v,u0> =1 1.

Note that if an (n+l)-dimensional <cone ¢ in NR satisfies
the condition (G), then the point V(c) is wunique and o] is
strongly convex rational cone. Let (c,uo) be a pair in g“

*

and let f = ZVEAO(UO)HN* cvzv + higher term € G[o* n N*], for

certain non-zero coefficients e¢_,. In the previous paper[2], we

v
show that if f is non-degenerate and the hypersurface
section X = {f = 10} of Y = Spec@[c* n N*] defined by f
has an isolated singularity at y := orb(o), then (X,y) is a

purely elliptic of (0,n-1)-type singularity - ( for the
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definition, see {31 ). Especially, when n = 3, (X,y) is a

simple K3 singularity. We also show in [2] that 53 is a
finite set, where gh is the set of equivalence classes of
pairs in g“ vby the following equivalence relation. (c,uo) ~
(o',ub) if and only if there exists aﬁ element g in GL(N)

such that Bpo = o' and that gR(UO) = ub. In this paper, we
show that gh is a finite set for each integer n greater

than 2.

Let 3" = ¢ (o,ugp) € AL u, € N} and let 7" be the set
of the equivalence classes of the pairs in 3",

Proposition 1. There exists a map 7 from g" to N

such that n—l(a) is a finite set for each a in F'.

Proof. Let (c,uo) be in é“. Then ug is 'in NQ’ by
the condition (E). Hence the module N(ugy) generated by N
and Uj is also a free Z-module of rank n+l. Therefore,

there exists an isomorphism g from N(uo) to N. First, we

show that the pair (gRo,g(uo)) is in F".

Since  <v(g),uy> = 1, v(o) is in 'g(N*) = Nup® = { v e
N* | {v,up> € Z }. Hence tgﬁl(v(c)) is. in _N*. Therefore,
ERo satisfies (G) and v(gRo) = tglﬁl(v(o)). Since { v €
FaN Il upd =13 = ve of nNup* 1 <upy = 11 -
tg({ v' € (gRG)* n N* | <v',g(ug)> = 11}, we see that"
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Ang(E(uo)) = tgﬁl(Ao(uo))~ Hence g(u,) satisfies (E).
we easily see that if (o,uo) ~ (ot,ug), then. (gRg,g(uo))
~ (gkc',g’(ub)), for any isomorphisms g : N(uo) giN and g°
N(up) ~ N. We denote by =m, the map from g to + thus
1

obtained. Next, we show that x "(a) 1is a finite set for each

eqivalence class a in 3#".

Let B and 8' be elements in n"l(a), let (o,uy),
(o',ub) and (T,to) be representatives of 8, B' and a,
respectively. Then there exist isomorphisms g N(uo) ~ N

and g' : N(uj) = N such that BRo = gkc' = 7 and that g (ugy)
= g'(ub) = ty. Assume that g(N) = g'(N). Then the map h :=
(g')}é(N)-g,N is in GL(N), hgo = o' and hp(ug) = ug.
Hence  (g,uy) ~ (o',up). On the other hand, <v(o),g&1(u)> -
<tgﬁ1(v(d)),u> = <v(t),u> =1 for primitive elements u in
all 1-dimensional faces of T. Since gﬁl(u) are generators

of 1-dimensional faces of o, gRI(u) € N, by the condition

(G). Hence g (N) contains the module N' generated by

primitive elements in all 1-dimensional faces of T. Since T
is an (n+l)-dimensional rational <cone, N' is also a free
Z-module of rank n+l. Hence N/N' is a finite group.
Therefore, #(x—l(a)) < #{ subgroups of N/N' } < +ew. q.e.d.

Note that {u € Int(og) AN | Kv(g),u> =11 = {uo} for

any pair (o,uy) in 3" ( see [2, Proposition 1.8] ). Hence

we have an injective map from N to 7“ HES 7“/*, where ?
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is the set of 'n-dimensional ‘integral convex polytopes P in
R" with 1Int(P) n Z" = {0} and P ~P' if and only if there
exists an elemen; g in GL(n,Z) such that ngP = P'. Hence
if ?n is finite, then &n is also finite, by the above

proposition.
Proposition 2. ?" is a finite set.

Proof. There exists a real number L such that vol(P) <

L for any P in %", by [1]. Let S be the set of

1]

simplices 0v1v2 eee V spanned by 0, vy t(pll,o,...,O),

n
_ t , _t

eee vj = (pjl,...,pjj,o,...,O) ... and v, = (pnl,...,pnn)

in " such that 0 = pik < pjj for j =1 through n and

for k = 1 through j-1 and that Py{iPg9 -+ Ppp, < n!L.

Clearly, S is a finite set. Let P be in #". Then P

contains n vertices U, Ug, «oe and u, which are linearly

independent. There exists an element g in GL(n,Z) such

that g(uj) = (pjl’ ...,pjj,o, ...,0)<( 0 g pjk < ij for k

A

= 1 through j-1 ). Since vol(()u1 .o un) vol(P) < L,

g(Oul...un) € S. On the other hand, each point u in P is a

linear pombination aju; * agug *+ ... + a Uy of up,
Ug, oo and up,. 1f aj # 0, then L > vol (P) 2
V°1(0u1‘“uj—luuj+1"'“n) = Iajlvol(Oul...un) =

Iaj|p11p22..;pnn/n!. Hence g(P) 1is contained 1in the compact

set Cc := alg(ul) + a2g(u2) + ...+ ang(un) | Iajl <
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n!L/pyye++Ppp }- Since the set of .integral convex polytopes

contained in C is finite, 27 is also finite. qg.e.d.

[1]

[2]

[3]

Thus we obtain:

Theorem 3. & is finite.
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