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Nonparametric Recursive Estimators of Probability

Densities and Their Derivatives

Frigx - # BH 3X—  ( Eiichi Isogai )

§1. M&

Xir Xor X3, 00 WSBABEIS RN 2 HER TR £ () (xer) & D
TR =3 A0 e D FEREHINE T 5, p20 252 5N HKET2L &,
£(x) O p KBEAK £7 (x) (£ 0=£(x)) FHTTLMELZ L, K
EHEE L TH— I NVELTHVS, ZOMEIF p=0 O34, Rosenblatt
(1956)% #. FEHICE L OBIREIC & o THIRD R SRTWD, —A,
p20 DIFA. Bhattacharya (1967) % #5¥ . Schuster(1969), Singh (1977a),
Samanta and Mugisha (1981), Menon, Prasad and Singh (1984) LEirkoT
MRsED LN CNETIREINAEERIROE) TH 5,
Xyttt X, fixed sample size n DIEAREL L, K(x) 247 —%), h >0
% smoothing parameter & § 5,

Bhattacharya Type ( Bhattacharya (1967) )

1.1 ™oL v 1 K P XX
. n X)—n,_—pﬂ (h)

j=1 h n
n
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T2ty K7 (0 HK(x) O pROEBEKTHB, p=0 DL XL,
Rosenblatte-Parzen Type T& 5,

Singh Type ( Singh (1977a) )

Xj-x
h )
n

n
(p) 1 2: 1
(1.2) fnp (x) =; TH-K(
j=1 hn

I, ADEADDKX)IERL B, LZAT, (L1)EA2)DHEEEIR
BRE (recursive) T\, BIL, ERDEMI 2L E, FTLVWHEER
SET20ISETOTRTCOBERLACZITERS 2w, o T,
SEOFMA PP D, T2 T, (£7 (0, n21) PERBTH D Lid, X
DEARBBY IO L TH B,
£ (x) =g (£ (x), X).

Z 2T, HREEEEFRE IR,

‘Recursive version of (1.1)‘ ( Samanta and Mugisha (1981) )

n
1 1 @ X57X

(p)
f (x) =— K ( )
1
! SR hy
‘J
=
'X -X
(p) _ 1 (p) 1 (p) , “n

£ (X)—(l—n) fn—l(x) + p+1K ( T ).

nhn n

Recursive version of (1.2) ( Menon, Prasad and Singh (1984) )

n
(p) 1 1 Xi=x
(1.3) £° (x)=—2 —T (=) .
EES 3

CNLD#METHBEE LT, 722, UTOodbosEZLRATWS,
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i) —FM: (consistency )

(

(a) fnp) (x) —-)f(p) (x) a.s. (n-—oo) (pointwise)

(b) sup |fr(lp) (x) —f(p) (x) | —0 a.s. (n—oo) (uniform)
—oog x<oo

(c) E[ (f;p) (x) — f(p) (x)) 2] -0 (n—oo) (Mean Square Error)

) sup E{ (f,(‘p) (x) —£® (%) )21 30 (n—w)
—oo X <00

(i) PURDE-E (the rates of convergence )
EE G DPEDEE %KD D,
(iii) #HEIEHM (asymptotic normality )

(1.4) nhyzp (f;p) (x) ~£2 (x) ) = N(0,6%) (n—ee) (in law)
L

p=0,1D& %, (1.4) % Samanta and Mugisha (1981) #5GEBA L 7=,
AKX TR (1.4) ODEFEPOINKDOBR LR KDL ETH 5,
Singh (1977b) 255- 2. 72 £ (x) OEEOHNE. 72 2 ITRD L D2 H
5o

#l 1. Fisher Information DHEE

ZHEET Do
B 2. regression function NDHEE

X, Y #HEREHE L, X=x BT BYDEMHT EFY r(x)=E(Y | X=x)
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RHEET D, 4 Y=y F5A5NE E0X OFMT SHREEEHK

(p.d.f)A* h(x|y)=u(x)a(y)e”™

ThHBHET D, L 2, hix|y) RIEHSA N@,1) Dp.df. THIHE
BEOBITH 5, Gly) Y OGMBEKTREH /=T &£ § 5,
Support of G C (vl Iu(x)eyxdx<oo }.
TDE X
£(x) = Ia(y)eyxdG(y) , di(x) =u(x)dx
&EBL &, f(x) 1% o-finite measure p \CBA L T p.df. 2% D

(1) (x)

f(x)

r(x) =

DY LD,
§2. HiRAMEER
r>p BEHLET S, I12120RMET S, pdf. fx) D7 TAELTXK
E25b,
3}==35(I)=={p.d.f.f(x) on R with respect to Lebesgue measure
3" (x) on R for all i=1,...,r and
d positive constants €, €, M and M such that

€ < inf f(x) < sup f(x) <&

1 , 27
X€EI xel

£ < M, (i=1,r) for all fe¥ }.

I, REDEBMEE g(yv) XL T
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”g|| = sup |g(y)|
YER

EB<,

B L]

EEOERXM I= [a,b] 25225, EEICGILN

—oo < SH <o, 0<0,S0: <oo [Z3F T

¥ ={ p.d.f. of the normal N(u,6’) | p <p<p, 6.<c’<c. }.
ST, KHRUTHATEII—RANVNDI T A%E5 25,

K BOE2W/-IREDOTRTORVIVEKMKY) DESLET S,

J.lK(y) ltdy < e (i=1,2,3), j|er(y) ldy < oo,

|yKW)LﬁOas|ﬂ-QW,

(2.1) ?JyK(y>dy=

-0

0 if j#p, 3J=0,1,...,r-1.

KeX, . DBl (Singh (1979) I & %)

(1) —co<a<b<oo IZxF LT
r—-1

mw=<z&fnmw¢u 2L, HABADEHRBEE TH 5

j=0

EBLEE, (21) KRALTr HOBETHERLBENT, o, =, 0, %
%&%&Ke%p,r %'fz‘%‘:%o f:ticf\ r=3,a=0,b=1 tj—za)o

(@ K(y)=3(10y’- 12y +3)I(0<y<1) = keX, ,
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(b) K(y) = -12(15y2- 16y +3)I0<y<1) = ke K,

(©) K(y)=606y*-6y+1)I0<y<1l) = xeX,,
(2) r=p+1,p=0,1,2,3%%%2%, o(y;n,0) % N@u,o) Dpdf.&¥
%o

(@) Kiy)= ¢(@y;0,1) = Ke¥K

b K@=yo@y;0,1) = £xreX ,

© KmM=2{0y;0,2)-0(y;0,1)} = KeX,,

@ Kyy)=y{0(y;0,2)-20(y;0,1)} = xeX,,

(h,,n2 1}l h >0 > )ZMATEEIE TS,

HEO kX, | REEL. £ 0 OFRMHEEEL LT

(p) 1 Y 1 Xj_x
2. == E
(2.2) fn (x) - K( )

- p+l h.
=1 h, b}

THW5,

§3. &X

COHTIRIEFRALONHORE L 2KD B, LT TIE, C, G, 138
BLREEBEERT LTS, £F., #EHMEHRHICOVTOPRHRDOR S %
Kb,

WE 3.1, OERMWMATIEEH COEET %,

(p) (p)
sup sup |Ef~ (x) -~ f P (x) |<cb_ for all n21,
fe?’o —oox <00
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X 1
A AN PN LY

B OBERE, T4 T —EBRE (2.1) 2HWT,

Efr(,p) (x) _f(p) (x)

n T oo
h
1 (p) 3 (r) )
=) L (x)h‘?+—’Jer(y)f P (x+6h . y)dy ] — £ (x)
n p J ! b
j=1 h,
J —00
11\ ¢
- (r)
=== 2h] pJ‘er(y)f 7 (x+6h.y)dy  for some 0<O<1.
! n &
o T IRELDY

M_ 3 i
c=——|—jly K(y) ldy
r.

EBlk

(p) (p)
sSup sup IE‘.fnp (x) — £ i (x) I
fe¥, x€Rr

f(r)” < ,
< sup sup —m |y K(y)'dyb < Cb .
r| n n
feF, xeR :

—o0

CNhTHEIEEH S e,

~~
=

IE#)
DEDOFHBERTHOWERRAY G 2 Twb,
& 3.2, (h)3XROEHhLWATET D,

n
1 Z hn 1+2p n
n 3=1 (h_j) = Yigp T OB, (n—e0)
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for some constants >0 and 71+2p20,

1+2p
h
n

n

-2
)ZT’hj - O(hi) (n>) for some constant £>0.
=1

(

n

C:CC)éi gg‘\ 2410) C: &17§§E§ISE'§—25 [o]

1+2p (p) 2
sup sup |nhn Var(fn (x)) —61+2p

x)| = omP) (n—e0),
fe¥F, xel

> > ) N 2
ZZiz, Beminm, & o o, 00 =1, 00 [Kmay.

—o0

AL OBERE,  PHEOEELREL Y

X.—-x

1 2
sSup sup IE{—K (

J
feF, xeI hj hj

)} - f(X)JKZ(y)dyl

(1) 2
< sup sup e | J|yK (y) |dyhj < Clhj,
f X

X, —-x
J

1 2
Sup sup [E{E—K( ) }]

feF, xeI 3 hj

2 2
< 2sup sup f (x) (IIK(y) Idy) + 2(j|yK(y)|dysup||fm||)2h§
f x £

<C,.

oT. REZHWSE, T4 KEZ N IZXHLT

1+2p (p) 2
sup sup |nhn Var(fnp (x)) - 0'1+2p(x)|

feF, xeI
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1N h q42p 1 2 XX
< =) (=) sup sup |E{—K (
hy £ x hy h,

)} - £(x) jKZ(y)dy|

h

n

1 1+2p 2

+ I—Z(-h-n') - 71+2p| sup sup f(x) jK (y)dy
RS £ox

N THRIED R S iz,

(FE#)
ROFEIE Michel and Pfanzagl (1971) 12 & Y 5-2 & 7z,
WA 33 X, YEHEREKLTHLE ROFRERIEY Lo,

lpix<ty} -®(t) |

< sup |P{X<u}-®(u)l + p{ly-1l>s} + s
u€R

for all teR and s>0,

7272 L Ox)IREIES T NO,)D O B E £,
ROFEIES ICRED,
FidE 3.4, XEMEREELTILE, RORERPBILT %,
HEED ee(O,-;—) xtL T

pIx"—11>2, x#0} < 2p(|x-1l>¢}.



EH 3.1, (h)EREHLTET S,

h

n
1 3p+2
sup —2(—“) i < oo,
a1 B j=1 hj
n
h
1 n_ 1+2p _ n
T4 1(;1_.-) = Yagp T O(h)) (ne0)
= 3

for some constants M>0 and 'Yl+2p>0,

1+2p
h
n

n

-2
)zhj ° = O(hi) (n—e) for some constant §>0.
3=1

(

n

Dk X
sup sup sup |P{ (nhnl’LZp)l/2 (fr:p) (%) —f(p) (x)) Sy01+2p(x) } =D (y) |
feF, x€I yeR
= 0(b_) (n—o)
N5 A YA I A Al DN
B = min(n, &),
1+2p n
b =max{(nh) ', (—=—) " n ", hg/z}
j=1
F B o B B,
1 Xj—x Xj—x 5 I 5
Yj(x) —hp+1 {K( hj ) —EK( hj )Y, s (%) —;EYJ.(X)

EBl L

n

nie® (0 —B£” (00} = D, ¥, () and v (x) =var (£ (x)) =
3=1 n

2
sn(X)

2

21
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FHEDER & Y

1 3 xj—x
sup sup El—x (—=—)| <
i h h, 1
3 3

for all j21.

FoTC, "NV —DOAER2HNL L
n n

(3.1)  sup sup ZEIYj(x)|3SC2 Zh;”pm.
£ X 3=1 j=1

fE 3240

hn Sn(X) 2 I B
(3.2) sx;p Slip I-——n—— - 0'1+2p(x) < C, hn for large n.
- T\
142p 2 142p 2
h ' Cs (x) , | h s (x) |
: : — > 4 4 - ———
11;f 1r)1{f - = 1r;f 1:)1(f 01+2p(x) sip sip - 01+2p(x)
> 2 B
- Yl+2p£1 K (y)dy - C3 hn
2
- 71+2p£1‘[K (y)dy > 0 (n—eo)
7Zh 6
142p 2
h T s (x)
(3.3) inf inf —mmmmm 2 C, for large n.
£ X n

& T, Berry-Esseen®EH, (3.1). (3.3). KEZHWA L

(3.4) sup sup sup lP{EY.(x) Sys_(x)} - ®(y) |
£ X yeRr j=1J



-1/2
< Cs(nhn) for large n.

W (x) =£. (x) —Ef." (x), V_(x) =Ef, (x) =£ (x)
EBlL
f;p) (x) —£® (x) =W_(x) +V_(x)

&b, 33)&H

1+2p =-1/2
(3.5) inf inf v_(x) 2 C (nh_ ) for large n.
f X

M 31LY

1
(3.6) sup sup |V _(x)| <c ;2}1,;" for all n>1.

7
f X j=1

- T, A% |®u) - &(v)]| <lu - v| for all u,veR | (3.4).

3.5 BOTHWEE, T4 KE%n XL T

(3.7) sup sup sup Ip{wn(x) +V (x) Syv_(x)} - d(y) |
f X YER

W (x) V_(x)
sup sup sup IP{ <y -

£ x y v, (%) v (x)

} - ®(y) |

< sup sup sup |P{Wn(x) Syv (x)} - q>(y)|
£ x y .

+ sup sup |Vn(x) | /inf inf v_(x)

£ X f X
1+2p n
-1/2 hn 1/2 r-p
< Cs max { (nhn) , - ) hj }.

j=1

2
Cy = 'Yl+2pele (y)dy

23
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T RKEZnIZxLT

5C
3.9t = (=)0 w0,
9

1+2p 1/2

a (x) = sup lp(an ™) e 0 -t () <vo

n
Yy

EBLE, FIE33LY

: f;p) (x) —f(p) (x)

(3.10) A (x) < sup |P{
n y v_(x)

02
1+2p
1+2p 2

nhn v _(x)

n

(x)

+ Pl )

1+2p

(x)} - ®(y) |

<y} - &y

-1 >t} o+t .

AR ly-1l>z ie |Jy -1l >z for y, >0, i 34, (3.2).

(3.8 B9LY

2

1+2p
sup sup P{|( Trep 2

f X
nhn v (x)

n

(x) 1/2

< 2sup sup P{l
f X

2
t

5
<2p{c,nf > 2c } =2p(1 >=) =0 for large n,

4

Thbb,
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2

G20 (X) 1,2
sup sup P{l( 11:22:2 - 1| > tn} = 0 for large n.
£ x nh_v_(x)

o T, ToOBEBRKE. B B9). B.10)& Y

sup sup An (x)
f X

< sup sup sup [P{E" (x) £ (x) S yv (x)} - &) |
f X y

2

(o] (x)
1+2 1/2
+supsupP{|( =L —1|>t}+t
£ 1+2p 2 n n
x nhn vn(x)

< Clo bn for large n.

el ﬁf%ﬂﬁi\ﬂz% é ﬂflo

N

AL #)

h =n ", <o <
n 1+2r 1+2p

vExbH, DLE

)
sSup sup sup lp{n /2(fr(1p) (x)—f(p)(X)) <yo (x) } - <I>(y)|

1+2p
fteF, xeI yeR

= O(n_g) as n — oo,

v
(v
n

1 ¢ 2.
"%u (X) = =——(X) J.K (y)dy, 8=1—-a(1l+2p),
P 1+0(1+2p)
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Lo XT5AbR5,

i) p=0nL %

O 0<t<— LT a=Q-Tomy/2r EBLE
(=t

QAR

EED 0StsT TH LT o=z LB L

C=7-1

(i) p21DE %

2(r-p)-1
<P ek = —2t 2 B
E:%:OD 0<"c—éir(1+2p) k;d'L’C « 1+2p tjb( &
1
C"2(1+2p)'_t

FEEH D BERE, EIEICLY

1
1+ (1+2p)

n==—, §=1

- 1
yl+2p - o

ELTCER31 D&M RE-SNRE, T2, DOXDOT LR ENG,
T RKELZ n XL T

(1) a(r-p<lDL X

1+42p n

h
1/2 r-p 2 - (0 {1+2r)-1}/2
( - ) Zh £ ————n

n m 7 1-a(r-p)
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(2 a(r-p)=1DLX

h1+2p n
1/2 r- -0(l+r+p) /2
(—) Zh. P<2n logn
n Y J
3=

3) a(r-p)>1 DL X

h1+2p n
1/2 r-p 1 - {1+0(1+2p) } /2
(—) Emjs————ﬂ
n =1 o(r-p)-1
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