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random X H{3Z % & o Schrodinger fEA K @

ARIT PNITHOHWT

i gg T KM LELAKEHE ( Naomasa Ueki )

1 . Introduction
& ® note T random M H{ M % &> Schrodinger fEH
RO RN A DWTH RS iR MEEEB R O RGE %
TR R |
RABKOMRBGAAOKEEZAS : 52 HEEM (0,
P) LT R"J:Olik%'&ﬁifiﬁl:ﬁﬁ%&:%ﬂﬁ@fg

d

b= 2 b ERBEWHBV=Vo()EEX B, (LT
© €Q, x€ER® T & 5)(db. (x).V. (X)) xenid /¢35 & — 5 —
x T LTERB LtV - PHEELLDERET S, (BOD
2 fi & & (A.Al).(A.Z)"‘%Ra) b ¢V RRBRBECHIEELHKE X H
o bk LlT RCoOBMARBe RARS MR OEMN

L2(ROECHANcKROBLCES 2 EAREE L 5

1« 3 2 '
L(bw,Va) = —— > _ —ibi(x) ) + Valx) (i= v -1)

2 j=1 d x?

T 5 & L(be, Vo) O X 27 F A P UEZRTHSODT:2RBWV
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TR o ‘Cﬂtr;g{w%'e$5t:&:7b§ﬁ}.ﬁ‘5o

TroHBRCODODARZ P ArYEDSDWTHIREFTEZE I ETH 5,
/A2 REBBE L LR :«\ random 7 Schrodinger fFf % ic %
T 2Z2ODODHERBRMHUBZ OB EGERIIEBILMRRSE EZERT
W3 BB Ao RiIEW AW Carmona-Lacroix @ F [3]
a0 RPTFE LD TW S,

v% it 4 fi T density of states® & © TR T o # iF & §
2% X %o Pastur [14] PR [13] c 3 RAKBRINTS
# ([3]1o Chapter 1V B2 ) R hlofBERKRO (1.1)

A DMICET 5 density of states n(dx) ® Laplace Z &

D t—m oo TOWMEEDGE2EX D ELiEREHFT S :

oo 1 d/2 pxw t
(1.1) X e *tn(da )= ( ) E l}xp(—j db (%)
- o 2wt e
t
—X V(w(s))ds) w(t)=(;‘_]
0 ;

ST EP*Y i P & VWiener MEFOBMEICH T 2 £, v

2 0 2 FEALT S d R Wiener BE . S Ydb(#) B 2-
form db D RBMH T H 5, & O Z—form.CD’f‘ﬁﬁ@%é.f&iE
BRBEO (3.2) BdH b, (1.1) OGBRWMMB N S 5 £ dic
BRBBEBARCBL->TVE, COBRUMBRTZHMLOoRIDRA S

OMEEHOMBRIDBIE 6 Was WAEBLRBHREIKEANLSZ NDE D
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HFHnmeeEarEY (X E [7]46:?5%)"&13*5):@?5]?2
RABMBEESOERKRFVWVHLERAEBEEXZE X %50

AW TH VR Gauss MHMRBTH S EBEET 5o Gauss
EJEE%S% ViR (1.1) © t— OHEEDIT db £ b & 1
2B VESBLE2RET. TOHERE,. R BTOoOHMEEY O
FEHESBBHEM OB A0 Pastur OBBMIEH Lk & 3
CEBRE D, RARIODIEE2ROMKLTENT 3 : %
TEPSORBER (1.1) A D SHOMTH B, T oo
Mic RBEAABH OB FHE ([8]D Chapter 1V,
Kirsch-Martinelli (8] BH) oF 2R VwWs, @15 R
DEEOHEHIE DX LT

o 1 | — tL{ba,Va)o
(1.2) j e *l'a(da) = tr| e

- I D

BRODAUSD I EEHVWE, TCTIDI B DOUKER.
L(b,V)p 3 9D i Dirichlet BREHEZHB L L L2(0) L
DERETDH 3, (1.2) AR0oFLEHMT B itk Th
> DM HBESN B

CD note ODXRFBUBOBRUBXROBIE - T W3 : 2 fi
TR WP E > Schrodinger (EAL ORI F A2 E X 5
AD120BREFEEBEXL, 2RI P VOBENERLI TRE

-

CEERT BELRADBEERLEILIISNDNHEREXL SN T &



31

Bl EET B, SHCREABEFEOFEELEZOWL >h o

HE2R7To 4 TRINBEEOHEEHERRS,

2. random W H 3B % & > Schrodinger f F %

CoOfiTcik [3) &P - T random WRIP % & o
Schrodinger fEA R 2 Z X 2 B ORFEEH L. BAMN I
%%f&«*aoEar_ﬁtﬁe%i-eﬁrgf:wéé.wao

Q,=T (R4 T*"R* % c‘%&ﬁﬁéiﬁéﬁ:&b\ Fhic Ik
BB WNEMNHEHEEX S, F1=B(Q21) 2 Q1 ® Borel
g#ak. G %

G = (BE€ 1}3‘.,:~ b€ B, db=db’ = b’ € B}

TEHR SN P, oS o LAKET S L(RY 2R
Lo coRHHEITNEHKoBEELEL, (22,.F2) 2&XRo 2
SOFEHEEBATANEMET 2 :1) Q2 »5 L(RY ~
DER VCTERE Q2x R (0 .x)7V(w.x)=:Va(x)ER
s FzXB(R“)-Wm&fiéﬁoiﬁﬁﬂi‘d‘éo ii) £ &8 0
x€ER* M LT Q2 Lo T WMEHR Tx T
V(Txw .¥)=V(w ,x+y) &1 3 bDBEET 5,

L(R“)sv\m\%n’an\dgs O ¢

lim sup S  x=y | 2741 v(y) | dy=0

I x-ylsa
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X Wt e &, d=2 1 5

S log(1/ | x=y 1 )| V(y) | dy=10

I x—-y |l Sa

WMl T & BE Ky WRITEEID o TBEOHFRMIK D

loc

X LT Vo ¥ Ka BT & & VRESES Ko IKBT L
l1oc '

E 90 Ve=mnax{V,0)% Ka WKREBUL. V-=mnax{—V,0)8 Ku
CBE & &5 .V M KRe BT EE 5, [16] °ma Ka

D It i Schr;dinger YEFl £ ® potential & LTHEMTH 3

e

EBRSENTVWE, ARG Ke OB RHIET S
Schrodinger EAKEARETBEER>ERMSDT VS,
fF&o (b,V)ea ,xKag wxtlLT L*RY) Lo %
L(b,V) % C*(RY) LofEH%

1 g 2
f - ——>" — ib?(x)) T+ V(T
2 P axJ

Dt —>0oHHBINIEELLCTEH/RT S ([16] Theorem B.

12.1BM) o Q:=Q1X Q2 B, (. GxR2)LoifR
MBE P REKDO3I>O&KREEMELTET D
(ML) (X)) T&D Be GXxF, & xeR LT
P(TxB)=P(B).
(AL2) (= v T — FH) BEGXxF, F&E® xeRY wi

LT P(TxB@B)=0 fi“Q‘f P(B)=0 f)‘_ |
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(A.3) P(VveRa«aNn L 2 (RY)=1

loc

Wa R D P OF CEMMBDIKE (Lb,Ved);(b,w )€ Q) %
X B —-ﬁ&tc{’ﬁmﬁ:‘t KM LTETDORRI PV, ARAR
7 b, A B R b TRAMERRS FVEI (L)
Zpp(l), 2 ac(L), 2 sc(lL) TRDTo

T 5 & EFFREM® B, ([3] Proposition V.2.4 ﬁll‘.()

EE 2.1. L (9, @x P, Lof®muE P & (A1),
(A.2),(A.3) 2+ R ol R MBS .25 2 ac,
Taec WEELTMNE P clMLTEBELTO (hho)€EQ Kk
LT Z (L(b,Va))=2, 2 pp(L(b,Va))=2Z2 5o,

Z ac(L(b,Va))= 2 ac, T sc{L(b,Va))=2 se¢.

SEW . E(A .b, V), A €B((R), 2#EHHK L(b,V) R~
7 b v 4R
EC* .b,V)=Epp(* ,b.V)+ Eac(= . b, ¥)+Esc(> ,b,V)
% £ ® Lebesgue ﬁﬁ?é?‘%o LogEmEEWE T 3 RER
o A,p€ B((R) & v#=pp.ac.sc ex LT
{((b,w )€ Q; tr Es»(A.bV.V..)EM-’:B
BoTx-FA &R GxP, onThscermeddn, e:‘c

208 B M Tx-RZ&EH P xP, o05cTs35 & b=0010
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EEBELTHRES ([3]0 8§ V.28 §V.IB) o + 3 & fF
A% L(b,V) ® gauge R"RZL iy B GxF, oxT

b B5.C &N H» 5.0

H#ic b=0 oBAGEHBTIHERESBHELTRBRE D

( [3] ?ropositi@a ¥y.2.8 & 1)

CE® 2.2, (. GxF.) bo@mBME P & (A1), (4. 2),
(A.8)E M B HHRMBEKD IL -

i) 2 a1sc(l(b.V))= ¢, é-aas.

1) A% L(b.V) @ R 2 b VEMWEH P-alnost
surely Qi’ﬁﬂﬁfxﬁlf%%ﬂ A kLT A & P-almost

surely i€ L(b,V) OB EHM TN W,
BB A E2ET D :

Bl 2.1. db & deterministic MEH (B B w.l:¢> X
CObERS B V2L RMAER) . V=Vu(x)id R Lo ER K &
T T - FPHEELSODBEBR LT 2, COBE. RADEH
(A1), (A.2), (A3 ¥ h B, d=2 OB B ETF -

VI ROBAMBEBZ > T, O EPELTEZL OH
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Bd s ([11.[1115) o« £ b REEEOMBIR » W T

|5

&

OfRMXEH 35 ([10],[19]) o

Bl 2.2. db(x) & V(x) & deterministic (Bl b o (K

(Vi
&

W) T x @2WTRHRUAWMEZ2bL>EAMNMBYETS 32 &9
50 COBELILAEOHTEIR D TR»®»Z & EHHHNRE & B
Mo TWS ([3]0 §V.3.1 o1 BME) o COBAE. =

N P ABERSDVWTOREBNS S ([4],05].061) o

3 . Density of states

C D T [13] i - T density of states % & A L .
2OV, o hOUBEEB B0 W= {v:[0, ) R &,
v(O) =0k L&~ BHMKHMMES L. P" 220 L0 VWiener
ME &+ 2. WL w(t) & PY o F T w(0)=0,
E¥[w!(t)w?(s)l= 06 14tAs &7 3 Gauss BB LT 5, & C
T EY B PY kMY AIEHTH B (Q,.Gx F2) ko lER
ME P T (A.1)& (A.2) t%ﬁ(a)zfa’&iﬁ%f:?‘é@%ﬁ%‘ié

(A.4) 3% r>2 Bdb->»THEED t>0 w3 L T

t
E”“’Iiexp(- r j V(w(s))ds>:l < o,
0

(A.5) P(db:c?', veRaquUu cCc (R%)=1.
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ST EP*Y B BWBE Px PV zcﬁéﬂ‘a'ﬁlzi’:]\ C(RY @R
i@éf@%ﬂﬁﬂ&%&oﬁéTbéo

EHELERZ D=1 (- a,y,as)(as20) £xt LT (L(b,V)o,
D(L(b,V)p)) % X FRfE A% (L(b,V),C”(D)) ® Friedrichs

WREFT B, ¢ 5 & [15],[16) oML DR EBR S :

W $.1. EAZE (L. Vo.D(L(b.V)o)) HEK OB IicE b

ﬁ%ﬁ&-&%%d‘:

- tL(b,V)p
e (x,vy)

t : t
= E"’l:exp(- iij bJ(X+VI(S))°d‘I"(S)’—S V(xﬂl(S))d&)
i=1 0 0
1 \d/2 | x-y] 2
x+w(t)=y exp\™
2n t 2t :

C T top(x)=1inf{s>0:;x+ w(s)€ D)o C D &% X

X x
{t p(x)>t}

(t,x,y) € (0, )X DXD iIE2WTHMETdH 3,

& (A1) & (3.1) » 5 P-almost all (b, w )€ Q i
LT exp(— tL(b,V)p)id L2(D) £ @ Hilbert-Schmidt f¢
H#ETH B EBNH B, - T

pX (L(b.V)D)": p) dlnc(L(b.v)D)
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= :{A p.b.vV.1S A p.b.Vv. 25 * / o}
ER B ENSEHM B, B A kLT
.
Np.b,.v(A ):= —# {j:2p.b.v.sS A}
| DI
aif)'(o Ci’bli ). Qfﬁflﬂﬂgﬁt’iﬁéo nD.b,V(dl)§
No.bv.v(Ad ) S T B2NE LT S, UWE np.b.v(da ) O

Laplace Z ¥ £ (np.bv.v,t) &

v - At
£ (np.b.v, t)= ‘S- e np. b, v(da )
A R

1 — tL(b,V)p
= tr e
DI

E 1B, W 3.1 & Marcer D BBHIE®HIC XLV

1 — tL(b,V)p
£ (np.b. v, t)= — e (x,x)dx
Ipl “D
EN B Bic (3.1) LHEERBADIKCXIT 5 Stokes” theorem -

([81,[171) 2 W3 &tk

S 1 d/2 t
£ (np.b.v,t)= ( > jE"[exp(—iSdb(x+*)
IDI N 27 t D 0
t
-X V(x+w(s))ds/x w(t)=0]dx
0. {_‘C p(x)>t}

(3.2)
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i t |
j;ﬁbh-}*} => S{(fmm, &(x*a!(s))2m69 °dS,. x(s)
4 8 \’p

3<k
1 % ,

$5.x{t)= -—-5 {22 {s)du®{s)— v*(s)dwi(s))
20

{{81.{171)) © &5 B, + B & (dv, V) B EBEHEH E =V T — F
HEboDT db=0 OWALHLEREO AT — FHE

ZFRAVIEREKIYVXKXOEEEREHE B

PR 3.1. P-almost all (b, )EQ2EXHM UL Tap.o». v{(dA )
B 2-R?® 0L E{HLLTOD 2; PEBIL+toiT & &)
% 2 deterainmistic & (M s {(b,o)cEsBEBWn) ME

a{dd ) R ENHET 2., Tk a{dd) © LaplaceZE 1 12

i dj/2 ) e
E {(a, )= ( ) E™ expl — i§ db{%)
\ 2=z S (]
—X V{w{s))ds jiw{t)=0
9 ,

{3.3)

THEIAGSHhH B,

m(ﬂi ) % Q ensity of states. M MBEH
N(ad ):=na{{— o ,2]1)% intesrated density of states ¢&

L S



39

R i density of states DHEHEE2E X3, 5% %HK
(A.3) 2 REJT %20 ROERBHBULMWNIES o BRI IR

T % 5. ([3] Proposition VI.1.3 £ M)

G 3.1. &0 RY FOE®D® C M t T compact
mEE LB, ff(x)2dx=1¢ fx&sm,&'{fﬁo R og®x
Borel & A kL T. 8% fé(A.b.V)f'ci P-almost
all (b,w) kK LT trace class DAL TH 3, B

n(A)=E"[tr[fE(A, b, V){]]

B DI Do
COMB»POSRBEREIS» 3.

fw BB 3.2. density of states O H I EH 2.1 o I T

— X7 3

supp n = X .

Bircoee P o-MiEK PixF: EebERESHNT
W3 &9 5, L P-almost all (b,w) i€ LT AR b
Va3 Ro B EERE EMAbD,V)BBELRSHE EA Db, V,x,y)

b oo, mE 3.1 &b
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n(A)=EP[E(A,b,V,0,0)]
b 4 » 3 ([3] Remark VI.5.1 BH) o —% [16] o

Theorem C.5.2 O 3 3 o 3% % ICJ:D‘U(’S:f%Z::

ME 5.1. b 2 C"MABAT. 3EM k KR LT
(1+ I x[ )7 N V2 I BFRET 2. Vi Kaowe s
50 T B5LEBOF RN Borel BA A kM LT. fEAR
L(b,V) @227 b A RO EEAKE EM,b,V)IREB X

Mo EAbL,V,x,y)% b2,
PE->-TR*E2HB %

@B 3.3, bL P-ME 1 T bX CWARRT. 55
b i BEH k LT+ 1 x| )" Vi) HHR
B, EBEOHERNL Borel 24 A kLT

n(A)=EP[E(A.b,V.0,0)]0

4 , N(A2) o @#ix 20
COffiTi 3 HCTHEALLBE N(A) OBIEEDEEN
56 TF N(L) O A o OWMIBEEYEEZEXSD ([3]

Theorem VI1.2.1, [13] Theorem 7.3 M) o
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EE 4.1, & #F (A.1).(A.2),(A.4),(A.5) O F T

d/2
(4.1) dim £ (n,t)(2nm t)
td o0

I
[

BEk VI 2o 8 » T Tauberian theorem i & D

NCA ) 1
(4.2) lim =

A 1 o A 472 I‘(d/'z+1-)(z;z)‘”2

218 %o

EBH. (3.1) KBWT VWiener B RREoBLELTHR A4 5 & &
ik & b
d/2 Px W
£ (n,t)(2x t) = E [H(t,w.b, o ) | w(1)=0]
LB, oo
| 1
H(t,w,b, )= expl— it db(&/_t*)—tSV(n/_tw(s))ds
0 0 ,
TH 5o PxP"(+ | w(1)=0)-alnost all (v,b,0)ic% L T
td 0 @& & H(t,w,b,w)=0 &R BIERTCIRYD B,
7 (H(t),0¢t<1) # PxPY(- | w(1)=10) ML T —# &
A THHCEbNMBo HIE W OERD Borel B A

icx L T
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EP*¥L ] Bt ) | :A | w(1)]

i
< EP*V Exp(—- tj‘](tf tw(s))d9
0 .

1/4q
X PY(A | w(1)=10)

q2/r
w(l)=§]
TH B LT r BEH (A1) O, g B2/r+1/g=1 &

1(1)=]

Na3¥°d 3¢ [13] © Remark 3.2 i &b

, T i
sup EF*V¥ Exp(ﬁ—-tjv(f—tv(s})d;
0<t<l ' 2

0

d/2 [ 1/2
< 2 Px¥w expG‘j v(w(s))d9]
E\ | .

ThH B CHiREH (M) XvERTS 3., O

i N(2) © 2} —oOHEEHEELEX 2. ROEER
{14] o Theprem 111.8% 0)5335‘(’336([3] Proposition VI.

2.2, [13] Theorem 71.1. B B) :

EE 4.2 WERME P #&# (A.1),(A2),(45) K%
Wit et s |

(A.6) P O FT V BEH o, 4B + OB LRRALAHEHK

Z b Gauss BERP T H D0 7 BRB|TH OV,



(A.7) db & V BRI TH 20 52 VWikHZEDH 6o
BH>T 6o LONMNEWHEBODEDE 6 1t LT 6 (T
K55 B5EDOH Ao Bk o>T

P(inf2 (L(b,0) trxicar)<A s)=‘lo

D & &
1 r (0)
lim log £ (n,t)=
tt o t2 2

BEK Y I Do % » T Tauberian theorem T & b

1 -1
(4.4) lim log N(& )= ———>
Ay — o 22 29 (0)
B DI

43

. LA oFMiz b=0 0B ¢tL{BLTd . H

t
(27 t)%2£&£ (n,t) = EPXV I}xp(—§ V(w(s))d9 w(t)=E|
0
1 te t
= E"Exp(—mt+' '—-S(S'r (w(s)-w(r))dsdr>
2 .0 :

, tz
= exp(—mt+———7 (0)> 0
2

w(t)=0]
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4 1 v (0)
(4.5) lim log £ (n,t) = o
tf o t2 2

Tx»eoﬁmzzmﬂa&%ﬁmﬁﬁs,([s] ® Chapter 1V %
B) o FH A W3, BB
D(i)= M s;las. 1, by. 1), aj.1<bs.1 (1S jsd)
auéifzm 2 2DODEHEWERRDSEWEHIE D(1),D(2) liia‘.L

TREMNBARERR XD

-tL(b,V)p<(1)+p(2)
trl e
-tL(b,V)p (1) l -tL(b, V)p(2)
2 tr|e tr|e

LB, O EEMHWB, T B & Kirsch-Martinelli [8]

([3) §VI.1.3) ot &b D=[-1/2,1/2)¢ kLT

-tL(b,V)p
£ (n,t)=2E" tr]e

&% B, BRBNMBAREEMHA VWS ERED nin{l, & o)

HhhESVWEROEOH 6§ HNLT

-tL(b,V)p -tL(b,V)tix1<s
try e 2 trie
-tL(b,0) t1x1<a1
= tr]e exp\ —t sup V
ixl <8
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EH B, ST b LP(int T (L(b,0) t1x1¢s1)< A e)=17T &

A ¥ ¢
-t s
£ (n,t)= e Epi:exp<-t sup V)]
: A lxl(&»
& B DT
i
(4.86) lim log £ (n, t)
tf o t2 A
) .
= 1lim log EPExp<—t sup V>:§
t4 o t2 Px) (8

E@ 5. b db & V MMITHB L ERM

1

log £ (n,t)
tt o t2

1 =tL(b,0) 11x1¢a
= lim log Ep[tr[a J_J
tt o t2
i
+ lin log EPExp<— t sup V>]
tf o t?2 Ix14¢3

&L 7Y Jensen DR HFE R & Lebesgue DRNKEHEEZAH W 3

ki kD

1 -tL(b,0) 11 x1¢2)
lim log EP|tr]e
tf o t2
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1 ‘ =tL(b,0) tix1car |
2 BEP| Linm log tr|e
tt o t?

= 0
LR BEDT DL ED (4.6) NAEBHB I RiT (4.6) N FH
D AEFMT 320, CO & &TH a=0 &ié*%bvcctn\ov%
Vix) = BIV(x) | V() T+ (V(x)=EBIV(x) | V()T
ERMEE B ELV(x) | V()] & V(x)—EBLV(x) | V(0)Ii % 31
T BIV(x) 1 V(0)] & V(0)7 (x)/7 (0) RABBHEL W,

€ - T

1
Lim og EP!}xp<-—t sup ‘!)]
t 4 o 2 ix1<e
7 ' ,
1 v (x)
= linm log EP!:exp(—-t sup V(0>

tf o 32 ixi <& o (0)

: 1

+ lim log Ep[expét sup(V(x)-E[V(x) | V(O)i)il
tf o 2 Ix1 (8

EH B0 V() HECMoNhi | REEHRRIHBILES © T H

1 7 (x)
Lim ——1log Ep[exp<— t sup V(OD

t 4 o t?2 Ix1 <8 o (0)

2
2 inf 7(x)/
| x| <6 29 (0)

B




18 350 —HhH . Jensen DARAEXETHWEZ Eickb

1
lim log Ep[exp(-t sup (V(x)-E[V(x) | V(O)]))]
tt o 2 Ixl <8 ‘

{
=2 - lin —E"[ sup (V(x)-EL[V(x) | V(O)]):l

t} o ¢ Ix1l <a

B, COBFELAR 0 TdhHdo BE¥NKRSKE

E"Esup (V(x)-E[V(x) | V(O)])]
x| <8
éZEP[ sup IV(x)I] < o

x4t (3

hroTdHsdo ULEKRID

1 | 2
Lim log £ (n,t)=2 inf 7 (x)/
t ) o t?2 | x| <& 27 (0)

18 3%, 6 l;tk\(é'@%l]\é(&ﬁwéo'e
1 y (0)

Lim log £ (n,t) =2

td o t2 9

W, COWREEENBNBELEELTHBTAZHESER
DNABIBON R LT o E EDbDTFo & O I2/hE K

BUuOOCHMGBEEOFLRHOBERDLEVWEEWE T,

47
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