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On the Chern character of S0(n)

XK & F K B 3 # (Takashi Watanabe)

In [6] and [7] we described the Chern character homomorphism
ch: K*(6) — H**(G; @ for G = Spin(2n+1) and SO(2n+l). The
purpose of this paper 1s to study ch for G = S0(2n) and

Spin(2n), where n 2 1.

€1. Representation rings.

In this section, for later use, we quote from {3] and [8] some
results on the complex representation rings of classical Lie
groups that concern us.

Let G be a compact, connected Lie group. Its representation
ring R(G) 1is the Grothendieck construction of the semiring of
isomorphism classes [V] of G-modules V over €. It has an
augumentation

€: R(G) — Z
which assigns to each class [V] the dimension of V. Let T
be a max}mal torus of G. The Weyl group W(G) = N(T)/T of G
acts on T and therefore on R(T). The inclusion i: T — G
induces a monomorphism 1i*: R(G) — R(T) and its image 1" (R(G))

coincides with the subring R(T)W(G)

of elements left element-
wise fixed by W(G). Thus, through i*, R(G) can be regarded as

a subring of R(T). Besides, R(G) 1is a A-ring with operations
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Ak:

R(G) — R(G) for k 20
induced by the exterior powers of G-modules over C. Their pro-
perties needed in the sequel are: Ao(x) =1 for all x € R(G);

k
Let T be the maximal torus of diagomal matrices in the uni-

if £(x) = n, then S(Ak(x)) = (n) and Ak(x) =0 for k > n.

tary group U(n). If Gps T, O denote the standard 1-dimen-

sional representations of T, then

(1.1)  R(T) = Zloy, o, 5, ===, a, o 71/
-1 ‘ -1
| (glal -1, e, wpo - 1).
Put A, = [c"] € R(U(n)) and let A = Ak(Al). Then
(1.2)  RUM)) = Z[r;, ===, A ;s A A /7O T - 1)

and, as a subring of R(T), the relation
n n K

(1.3) I (1 + ait) = I Akt
i=1 k=0

holds (in the polynomial ring R(T)[t]).

For the rotation groups SO0(n), there is a fibre bundle
q

: Jn n n
(1,4) S0(n) ——— S0(n+1) —— SO0(n+1)/S0(n) = S".
Let
(1.5) j!: U(n) — S0(2n)

n

be the real restriction mapping. Then jﬁ(T) becomes a maximal
torus of 8S0(2n), which we denote by T again. Further, j2n(T)

becomes a maximal torus of S0(2n+l1l), we denote by T also. Put

ny o= [(R22*1HCy « R(so(2n+1)) and let T Ak(ui). Then

(1.8) R(S0(2n+1)) = Z[ui, ué, T, Uﬁ]

and, as a subring of R(T) (which is just as in (1.1)), the

relation

n 2n+1l

(1.7) (1+t) T (1+ot)(1+o tt)= % ut
1=1 . k=0
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holds. Note that u2n+l~k = Uk for k=0, 1, -+-, 2n+l1; in
fact,
2n+1 k n -1
T oul Lt=(t+ 1) T (t + o )(t + oy )
k=0 2n+1-k 1=1 i i
n -1 -1
= (t + 1) I (oz1 t + 1)0:105i (ait + 1)
i=1
n -1 2n+1 K
= (1 + t) T (1 + oy t)(1 + ait) = X ukt .

i=1 k=0
For n 2 3, the spinor group Spin(n) 1is a universal covering
group of SO(n):
0 pn
(1.8) s = {1, -1} — Spin(n) —— SO0(n).

1

Then ph- (T) 1is a maximal torus of  Spin(n), which we denote by

~

T. For this torus T of Spin(2n+l1), there are 1-dimensional

representations « cec, of T such that

1’ n
(1.9)  R(T) = Zley, al_l. e, an_l, (al"'an)l/zll
(alal—l -1, <--, anan-l -1, ((a1°-°ocn)1/2)2 - al-°-an)

and Poner’ T — T 1induces the obvious inclusion R(T) — R(%)

- r * ey
under the descriptions of (1.1) and (159). Set uk = Ponsl (uk)

e R(Spin(2n+1)). Let A2n+1 be the spin representation of di-

mension Zn. Then
(1.10) R(Spin(2n+1)) = Z[ui, ué, -e-, uﬁ_l, 62n+1]
and in R(T),
n £ /2 € /2
1/2 -1/2 1 n
(1.11) _A = I (« + o ) = & o e
2n+1 i=1 i i £ =$1 1 n

i
Moreover in R(Spin(2n+1)), the following relation holds:
(1.12) A, 2 - T
’ ‘ 2n+1 ‘

Thereforé. p2n+1*: R(S0(2n+1)) — R(Spin(2n+1)) 1is given by

(1.13)  pyp,q () = mp (k =1, -++, n-1),
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. 2 n-1
Pone1 (Mp) = Bopeqs - kfouk'

Put 1, = [(R%%)C] ¢ R(s0(2n)) and let T Ak(ul). In
particular, “n can be halved, that is, there are two repre-
sentations u;, u; of S0(2n) such that

_ + - + _ - _ _1_ 2n
(1.14) Moo= M+ W and 8(un) = s(un') = 2( n).
Then
+ -
(1.15) R(S0(2n)) = Z[ul, My, » Mg Mo un]/(fn)
where
+ -
Y = (u + EZu . )(u + Eou _.) (- + E W . ,.).
n n iz1 B 21 n i1 B 21 n-1 j21 n-1-2j

Here the summations in the right side end at --- + u4 + u2 + 1
or - + u3 + ul. As a subring of R(T) (which is just as in
(1.1)), the relations

n -1 2n K
(1.18) T (1 + ocit)(l + ooy t) = & Ukt

i=1 k=0
and
£ £ £ . £ = s

(1.17) T Y « 1"'0: L 1“'0:. i"’a. J"'cx n,

n Me. =1 1 n 1 i J n

1=
_ £ Sn b= .~ £, . 8j gn
.= b2 o M ¢ + Do MR+ Mo e
e, =~-1 1 1 i j n
i
£

hold, where the notation « means the replacement of ag by 1

-

and the number of in the summation " 1is even and positive.

+

* l -
Set “k = Py, (uk) e R(Spin(2n)). Let A A be the half

2n’ 2n
spin representations, each of dimension 2n—1. Then
+ -
(1.18) R(Spin(2n)) = Z[uy, by, ===, U o, 8,0, 8,01
and in R(T) (which is just as in (1.9)),
£ /2 s /2 _ £./2 s /2
(1.19) 4y = % o 1 e n S 1 e n
e, =1 e, =-1
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Moreover in R(Spin(2n)), the following relations hold:

(1.20) Ab Ao = u o+ Tou o,
2n 2n p 1 21 n-1-29
+ 2 +
A = u_ + E u ,
2n n k21 n-2k
- 2 -
) = u o+ I MW .
2n n k21 n-2k

Therefore, pZn*: R(SO(2n)) -— R(Spin(2n)) 1is given by

(1'21) pzn*(uk) = uk (k = l) °t n_2),

*

+ -
P (u_ ) =4, A - DM . o
2n n-1 2n 2n a1 n-1-292
) * + + 2
p (b ) = A Euo o,
2n n 2n kzl.n 2k
LI -2
P (w) = A - Do .
2n7 n 2n K21 n-2k

The following propositions are immediate consequences of the

above results.

*

Proposition 1.1. (1) J2n : R(SO(2n+1)) — R(S0(2n)) satis-

fies

* . _
dan (M) =y + 1.
*

(2) j2n—1 : R(SO(2n)) — R(S0(2n-1)) satisfies

) * _ [}
Jon-1 (M) = ¥ + 1.

Proposition 1.2. (1) EZH*: R(Spin(2n+1)) — R(Spin(2n))

satisfies
o *ur) = u o+ 1
J2n 17 7 "1 ’
*(A

+ -
jZn 2n+1) - A2n * AZn'
*

(2) J,,_,": R(Spin(2n)) — R(Spin(2n-1)) satisfies
Jpn-y (4) =¥+ L,

*

* + = -
Jon-1 (Bap) = Jopog (Bop) = Bop -
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o ®

Proposition 1.3. jn R(S0(2n)) — R(U(n)) satisfies

AMApgey k=1, ---, m).

Proposition 1.4. In R(T),

' n n
2 -2 -1 n-j
Al 4 - A = A (AN E (-1,
2n 2n n i=0 i §=0 J

€2. Cohomology rings
In this section we fix some notations concerning the integral
cohomology of our groups G.

For G = U(n), by Borel’s transgression theorem, there exist
2i-1

elements Xx,;, , € H (U(n); Z), 1 =1, ---, n, such that
%*
H (U(n); Z) = A,(x;, Xg, s Xgnq)
and
*
PH (U(n); Z) = Z{x;, X5, **-, Xon-1}

where P denotes the primitive module functor. Thus
*
(201) H (U(n): Q) = AQ(X].’ X3a Ty, xzn_l)-'
H*(S0(n); Z) has 2-torsion only. For G = SO(2n+l1), by

Poincare duality and Borel’s transgression theorem, there exist

elements X,; ; € a*1-1(so(2n+1); Z), £ = 1, ---, n, such that
*
H (S0(2n+1); Z)/Tor = Ag(Xgy Xgy o00, X4n—1)
and
*
PH (50(2n+1); Q) = Qi{xg, X4, -, X, 4}
Thus
*
(2.2) H (SO(2n+1)) Q) - AQ(X3! X7! STty X4n_1)'
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H*(Spin(n); Z) has 2-torsion if and only if n 2 7. For

= Spin(2n+1), by similar reasons, there exist elements x
41i-1

4i-1 €

H (Spin(2n+1); Z2), i =1, ---, n, such that

~

. - -
H (Spin(2n+1); Z)/Tor = Az(x3, Xgs *°°, X4n—1)

and

. -
PH™ (Spin(2n+1); Q) = Q{x5, Xq, -, X, ,}.

Thus

. - - .
(2.3) H (Spin(2n+1); Q) = AQ(X3, Xgy =% X4n—1)‘ |
For G = SO(2n), there exist elements Xx,; , € 4171 (so(2n);

= PR - v 2n-1
Z), i=1, » n-1, and x, , €H

H*(s0(2n); Z)/Tor = Ay(xg, X

(S0(2n); Z) such that

70 "7 Xgpose Xapoq)
and

- * . [}
(2.4) PH (SO(Zn)f Q) = Qixgz, Xq, *t°y X, = Xoo 4}
Thus

* '
(2.5) H (S0(2n); Q) = Ag(Xg, Xgu “oy Xyp o0 X5 ).

For G = Spin(2n), there exist elements x,; ; € H4i—1(Spin(
2n); Z), i =1, ---, n-1, and ;én—l e B2™ 1(spin(2n); z) such
that

* iy - - ~'

H (Spin(2n); Z)/Tor = DhplXgs Xgu =0y X4 oo Xon-1)
and

* - - - ~'

PH (Spin(2n); Q) = Q{x3, Xgy "0 Xy g XZn—l}'
Thus

* 3 . - - - .. - ~'
(2.6) H™(Spin(2n); Q) = Ag(xg, X, v Xgn-5° Xon_1)-

The following two propositions are easy.

Proposition 2.1. J, ,": H (S0(2n); Z) — H"(S0(2n-1); Z)
satisfies

* s ’ _
Jon-1 (%g4-9) = X4y, (=1, 000 nol),
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. * [}
Jon-1 (Xgp-1) = 0.
Proposition 2.2. jZn-l*: H*(Spin(Zn); Z) — H*(Spin(Zn—l); Z)
satisfies
- . " -
Jon-1 (Fg4-1) = %44, =1, co0nol),
- . " o

Jon-1 (Xap-1)

Proposition 2.3. Jﬁ*: H*(SO(Zn); z) — H*(U(n); Z) satisfies

 * [ -
Jp (Xop-1) = Xopq-

Furthermore, when n = 2m, not only Jém* but

(Xgm-1) = X4qp-1°

t* * —
also ‘JZm (x4m_1) = 0.
Proof. Since
*

H (S0(2n)/U(n); Z) = Zle,, e,, -, e2n_2]/

2k-1 i
(g + B D) eai8p gy * K= 1 o7n o)

= Az(ez, €ys " e2n_2)

where ﬂR( ) denotes the algebra over a ring VR having a simple

system of generators, and e e HZi(SO(Zn)/U(n); Z) (see [4,

21
Chapter 3, Theorem 6.111), the result follows from the spectral
sequence argument for the integral cohomology of the fibre bundle

L] A

U(n) —2— s0(2n) —2— $0(2n)/U(n).

€3. K-rings
In this section we collect some results on the complex K-
theory of our groups G.

Let
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R: R(G) — K 1(G)
be the map of [2]; then £ has the following properties:
(3.1)(1) For each Py 02 € R(G),
B(Py + 02) = B(Pl) + B(pz);
(2) If n e R(G) 1is the class of a trivial G-module of
dimension n, then £(n) = 0;

(3) For each p, € R(G),

P1» P2

8(0192) = S(Dz)e(pl) + 8(01)8(02).
As will be seen below, the Z/(2)-graded K-rings K"(G) can be
described by using this map R. Indeed, Hodgkin's theorem [2,
Theorem A] says that if G 1s a compact connected Lie group with
nl(G) torsion-free, then K'(G) 1s torsion-free and has the
structure of a Hopf algebra over Z; more precisely, if

R(G) = Z[Dl, Pos =y P
then

K*'(6) = A,(B(P), B(P,), *--, B(Py))

where each 8(91) is primitive. Therefore, for G = U(n), it

follows from (1.2) and (3.1) that e(xn'l) = -R(A) and
*
(3.2) K (U(n)) = AZ(B(Al). e, B(An_l). B(An)).
Similarly, for G = Spin(2n+1), it follows from (1.10) that
* . - ' PP '
(3.3) K (Spin(2n+1)) = AZ(B(Ul), , E(Un_l), B(A2n+l)).
For G = S0(2n+1), by (1.6), R(u}), ===, R(u') e K 1(so(2n+1
)). According to [1], there exist other two elements £2n+1 €
K_l(SO(2n+1)) and £, ., € KO(SO(2n+1)) such that
*
(3.4) Pon+1 (82n+1) = 28(A2n+1)
and
* A o o *
K (80(2n+1)) = A, (B(u]), » BWL 1), By ) @
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n, o ~
(Z{1} @ Z/(2 ){§2n+l})/(22n+1 ® §2n+1)'
Thus
* * o o ® *
(3.5) K (S0(2n+1))/Tor = AZ(B(ul), , B(un_l), 82n+1)'
Similarly, for G = Spin(2n), it follows from (1.18) that

* + -
(3.6)  K"(Spin(2n)) = A (B(u), ==, B(u__,), B(hy ), B(4y ).

n-2
+ -
For G = 80(2n), by (1.15), B(uy), ---, B(u, 1), B(u)), B(u )

e K—l(SO(Zn)). According to [1], there exist other three ele-

ments 6 s, e K 1(so(2n)) and £, e k%(so( 2n)) such that

2n’ 2n
* + - ™ +

(3.7) Pon (8gp) = B(8g) - B(By1 ), Py (B5)) = 2R(4,))
and

K*(50(2n)) = A (B(u), ==+, B(u ), 6, , &, ) ®

n-1
(Z{1} © Z/(2 e, P/ (g, ® &,y ).
Thus
#

(3.8) K (S0(2n))/Tor = AZ(B(ul), = B(un_z), Son 82n)'

Using these results, we can deduce the following from the re-

sults of £1.

Proposition 3.1. (1) 1In K*(Spin(2n+1)),

n-1
L B(w').
k=1 K

vy _ oD+l
B(un) = 2 8(A2n+1)

(2) In K*(Spin(2n)),

n-1 -

[(n-2)/2]
B(b,) X

RB(u

B(

_ o,h-1 +
) =20 TR(Dy,) ¢ 2 Hp-1-29)

n-1 Q=1

Proposition 3.2. (1) In K*(SO(2n+1))/Tor,

n-1
L R(u').
k=1 K

n

B(up) = 2725109 -

(2) In K*(s0(2n))/Tor,
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[(n-2)/2]
n-1 n-1
Blipg) = =20 0pn * 20 Epn m 0 B BlMagia0)
[(n-1)/2]
+, _ oh-1 _
B(un) =2 Fon kfl B(un—Zk)’
[(n-1)/2]
- n n-1
B(up) = - 276, + 27 "&, - ) 8(un_2k).

k=1

*

Proposition 3.3. (1) 32n : K*(Spin(2n+1)) — K*(Spin(Zn))

satisfies
o (B(UD)) = B(uy),
Jon (RGO, 1)) = B(A, ) + R(A,).
(2) 32n—1.:
Jopq (RB(u)) = B(u]),

» + ~ * -
J2n—1 (B(AZH)) = Jzn_l (B(Azn)) = B(A

K*(Spin(2n)) — K*(Spin(2n-1)) satisfies

2n-1)'

#*

0 K*(S0(2n+1))/Tor — K" (S0(2n))/

Proposition 3.4. (1) Jz

Tor satisfies

Jon (B(L1)) = B(W)),

*
Jon (Boneq) = ~26,5, + 28,5,

*

(2) j2n—1 : K*(S0(2n))/Tor — K" (S0(2n-1))/Tor satisfies

* L}
#*

L 3
Jon-1 (8ap) = 0 Jon g (Bop) = 25p 4

*

Proposition 3.5. Jﬁ : K*(SO(Zn))/Tor — K*(U(n)) satisfies
3T (B = B(A) + B(A ;) - nB(A)),

.
n

J
k
n

(RS

_ n n-k
(62n) = E (-1) B(Ak).
z

35,0

n-k n-2
n (1+(-1)7"B(A) - 2(277°-1)B(X ).

pb

k
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€4, The Chern character homomorphisms
In this section we prove our main results.
Let ¢: N X N X N —> Z be a function defined by
(4.1) ¢(n,k,q) = jgl(—l)j_l<k?j)jq-l ~for n, k, q € N.
Then, following Method I of [5, pp. 464-466] and using Lemma 1 of

[6], we have

Proposition 4.1. In the notations of (3.2) and (2.1), ch:

K*(U(n)) - H**(U(n); Q) 1is given by

n o4 i-1
ch(B(Ak)) = iil(i_l)! ¢(n,k.1)x21_1 (k 2 1).
Let &= (2! | 1 -0, 1, 2, ---}. For each n e N there is a
unique integer s(n) such that 28(m)-1 . f < o85(m) ¢
2 1f n¢Q, 1 = 25(M-1
q(n,i) = or n es@, i-= zs(n)

1 otherwise

Then Theorem 1 of [6] is

Theorem 4.2. In the notations of (3.3) and (2.3), ch: K*(

Spin(2n+1)) — H**(Spin(2n+1);'Q) is given by

- n (_l)i—lzq(n,i) .
ch(B(up)) = .21 (21-1)1 ®(2n+1,k,21)x,; 4>
1i=
n i-1,q(n,1) n -
- (-1) 2 1 : .
hBBognsy)) = Z T @i-nr ey B MLk 2 )Xy

While, Theorem 5-3 of [7] is
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Theorem 4.3. In the notations of (3.5) and (2.2), ch: K*(

S0(2n+1))/Tor — H**(SO(2n+1); Q) 1is given by

n i-1

] - _1 2
ch(B(uk)) = 151 (21_1)!@(2n+1,k,21)x4i_1.
n i-1 n
-1 2,1
ch(s, ) = =82 5 ¢(2ne1,x,21))x,,
2n+1 1=1 (21i-1)! 2nk=1 4i-1
Corollary 4.4. (1) p2n+1*: H* (s0(2n+1); Z) — H"(Spin(2n+1);
Z) satisfies
* - q(nsi)_l~ - .« o »
Pons1 (Xgp-1) = 2 X1 (2= 1 » ).
(2) p2n*: H’(SO(Zn); Zz) — H*(Spin(Zn); Z) satisfies

ZQ(n—lv 1)-1X

* ] - o e o _-
Pon (Xg43-1) 41-1 G =1L » n-1),

*

Pon (Xop-1) = Xop-1-

~

Theorem 4.5. In the notations of (3.8) and (2.5), ch: K*(SO(

2n))/Tor — H*'(SO(Zn); Q) 1is given by
n-1 i-1

_ (-1)' "2
ch(B(u)) = 151 (21_1)!(I>(2n,k.21)x41_1 +
D rasen®) :
(n-1)1 ?(2n,k,n)x2n_l.

Ch(éZn) - Xén—l’
ne ) n—l(_l)i—lz(1 [(n-2)/2] (
ch(s = I X ¢(2n,n-1-292,2i))x,. +

2n i=1 (2i-1)! 2n—1 Q=0 4i-1

0ot gtz :
(1 + TEE (z“‘l gfo ¢(2n,n-1-29,n)))x) ;.

Proof. Since B(ul) is primitive in the Hopf algebra K*(SO(

2n))/Tor (see [1]), by (2.4) we may set

n-1
(4.2) ch(B(ul)) = E a.x + a

'x'
jop 14i-1 2n-1
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for some ay, a' € Q. Let us compute these coefficients. Apply

JZn—l* to (4.2). Then the left hand side is
* *
Jop_q Sh(B(u)) = ch(Jy ;" (B(1))))
= ch(B(ui)) by Proposition 3.4(2)
n-1 i-1
- (1) 2 '
= § (21-1) 1%4j-1 by Theorem 4.3,
i=1
and the right hand side is
. n-1 n-1
Jon_7 (B a,x,, . +a'x, .) L a;X, ..
2n-1 4 i74i-1 2n-1 1=1 i74i-1

by Proposition 2.1. Hence a; = (—1)1‘12/(21—1)! for i =1,
-+, n-1. Apply jﬁ* to (4.2). Then the left hand side is

jﬁ*ch(B(ul)) = ch(jﬁ*(B(ul)))

ch(B(Al) + B(An_l) - nB(An)) by Proposition 3.5
-1 i-1
(1-1)!

n

by (1 + ¢(n,n-1,1i) -n¢®(n,n,i))x

2i-1

n-1
k-1

1+ ¢$(n,n-1,1) - n¢(n,n,1) =1 + (n-1) - n-1 =0

by Proposition 4.1. Since ¢(n,k,1) = ( ). we have
If 2 £1i £ n, then ¢(n,n-k,i) = (-1)1¢(n,k,i) and ¢(n,k,i) =
0 for k2n by (4-14) and (4-15) of [7]. Therefore

1 + ®(n,n-1,1) - ne(n,n,i) = 1 + (-1 en,1,1) - 0

1+ (-1t
Consequently, for i =1, ---, n,

1+ (-nt.

L1}

1+ ¢(n,n-1,i) - n®(n,n,i)

Thus

- o EenMlaeen®™
Jp ch(B(uy)) = + (n-1)1! Xon-1-

On the other hand, the right hand side is
n-1

o * vy ! — e e [
In (iflaix41—1 v a'Xong) = * & Xon-1
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by Proposition 2.3. Hence a' = (—1)n-1(1+(-1)n)/(n—1)!. This
proves the first equality for k = 1, and that for k > 1 fol-
lows from it and Lemma 1 of [5].

Next we set

n-1
= "L a,Xx

1=1 i74i-1
for some ai, a' € Q. Let us compute these coefficients. Apply

(4.3) ch(62n)

* a'Xén—l

*

Jon-1 to (4.3). Then the left hand side is

Jon-1 eh(8y7) = chjy, "(6,)) = ch(0) =0

by Proposition 3.4(2), and the right hand side is
. n-1 . ) n-1
Jo.,_, (Eax,, . +a'x, .)= L a;X,.
2n-1 1=-1 i%41-1 2n-1 1=1 i*4i-1

by Proposition 2.1. Hence ai =0 for 1 =1, +--, n-1. Apply

jﬁ* to (4.3). Then the left hand side is

3, ents, ) = en(y) " (6,))

n
= ch( E

(-1)n_kB(Ak)) | by Proposition 3.5
K ,

1

(-l)n-kch(B(Xk))

b3

MB AN ME B
[N

n
-1 K( £
1 i=1
i-1 n

-1 n-k

_yi-1
(I-1)!

$(n,k,i)x

21-1) bY ProposiFion 4.1

5

1o 21-1°

But

"M

n
-1 %ok, 1) = = 0" FCs oI by (4
1 ) k:l j:l J -

g (_1)n—k+j—1( nJ)Ji—l
;

k

k-

n
E
J=1
n
E

~~
!

j

N’

n—Q—l(n

J=1

5B o BX

n n-j
T (=
j=1 ¢=0

"
—_

o
[
A

nHEhstt



= 1)n ljfl( l)n J(g_}>ji 1
- E (-1’ 1(n—1)ji—1
31 nJ
= ¢(n-1,n,1)
0 if 1 =1, -:-, n-1
) { -0%1n-1)r  1f 1 =-n by 171
Thus
' D s n-1 _
Jp ebSyp) = @y (1) T(a-Dixg, g = Xopg-
On the other hand, the right hand side is
.* n-1 : A
In (% 23%g5-0 * @'%n) = @'%pn
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by Proposition 2.3. Hence a' = 1.  Thisﬂproves the second

equality.

i " The third equality is obtained from the first and second

equalities by using the relation
[(n-2)/2]
E

Q=0 -

- 2n—l6 +

n-1
82n 2n

2 By 1-29)

of Proposition 3.2(2).

*

Corollary 4.6. jﬁ

(-1)1x
*

I (Xyq9) =

0 if i = [(n-1)/2]+1, -

*

0 H*(s0(2n+1); Z) — H*(S0(2n); Z)

Corollary 4.7. jz
fies:

(i) if n = 2m + 1,

: H*(SO(Zn); Z) — H*(U(n); Z) safisfies

41-7  if i=1, -+, [(n-1)/2]

, n-1.

satis-
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*
Jamez Fg1-1) = i
0

2m+1) :

(1 =
(i1) if n = 2m,
X491 (i =1, -+, 2m-1 and i # m)
*
Jam (®41-1) =\ Xgpy * D) Rgpy =)
0 ' (i = 2m)

Corollary 4.8.

(Spin(2n);

spin(2n)) — H*" Q)

~In the.notations of (3.8) and (2.6), ch: K*(

is given by.

u-1_;,1-1,a(n-1,1) -
ch(B(1)) = 121 ISR ¢(2n,k,21)x,, ; +
n-1
(_1)(n—£%;(—1) )¢(2n K, n)x2n 1’
ch(B(Azn)) = |
i-1,q9(n-1,1) [(n-2)/2] .
(-1) 2 1
E = h> ¢(2n,n-1-29,21))x +
1=1  (2-1)! oM goo 41-1
1 (-1)" 1(1+( M 1 [(n-2)/2]
(5 + T (znv on ¢(2n ,n-1-29, n)))x2n 1
ch(B(AzH)) =
; (_1)1 -1 q(n 1,1) 1 [(n- g)/2]¢( 120, 21))
2n,n- X +
g0y (21- 1)' o0 ol | "ai-1
_1 (_l)n—1(1+(_1)n) 1 [(n-2)/2]
(— + (=— X $(2n,n-1-29, n)))x .
2 (n-1)! o0 o 2n-1
Corollary 4.9. 32n*: H*(Spin(2n+1); Z) — H*(Spin(2n); Z)
satisfies:
(1) if n = 2m + 1,
Xg_, (1 =1, , 2m)
. -
j4m+2 (x4i—1) -
0 (i = 2m+1) ;
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(ii) if n = 2m,

(~ . - . s . -
X45-1 (1 =1, , 2m-1 and i *# m)

~ Xgp-1 * (F1)7X

~ ' (i =m and m ¢ )
Jam (%4i-1) =3

4m-1
2x + (_1)m;, (1
4m-1 4m-1

Lo (i

m and m € §)

2m)

Remark. Let ¢t: N XN — Z be a function defined by

n
¢t(n.q) = E
k=1
-1, ¢ (n,21) = 2¢_(n-1,21) and ¢ (n,2i+1) = 0

$(n,k,q) for n, q € N.

Then ¢t(n,1) = 28

for 1 =1, ---, [(n-1)/2]. With this notation we find that
n o
2 £ ¢(2n+1,k,21i) = ¢t(2n+1,21) for 1 =1, -, n
k=1 } ,
and
[(n-2)/2]
4 by ¢(2n,n-1-22,2i) = ¢t(2n,21) =
Q=0
[(n-1)/2] ;
2¢(2n,n,21i) + 4 B ¢$(2n,n-2k,2i) for i =1, -++, n-1
' : k=1 T ' -

(cf. Theorems 4.3 and 4.5).

Finally, we display a list of ch: K*(G) — H**(G; Q) for G

= S0(n) and - Spin(n) with 3 £ n £ 9:

S0(3) ' Spin(3)

ch(sg) = x4 ch(R(8g)) = 23
S0(4) Spin(4)

ch(64) = xé ch(B(a4)) = Xg

ch(£4) = Xg ch(B(A4))_= Xg - xé
SO(5) Spin(5)

ch(RB(1])) = 2xg - %x7 ch(R(1])) = 2§3 - %§7
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¢h(85)
S0(86)

ch(B(ul))
ch(66)
ch(86)

SO(7)

ch(8(u;))
_ch(R(uy))
ch(z.)
Spin(?)
ch(8(u;))
ch(B(u,))
ch(R(4,))
50(8)
ch(B(u;))
ch(B(u,))
ch(68)
ch(eg)
Spin(8)
ch(R(1;))

ch(B(u,))

ch(e(ag))
ch(B(ng))

S0(9)

ch(8(u))
ch(B(u,))

ch(B(ué))

1
2x3 + 8% Ch(B(ﬂ5))
Spin(6)
1
* ‘ +
x5 A ch(B(AG))
2% + X! + & n(g(ah))
Xg * X5 * gXq ¢ 6
1 1
2Xg -~ 3X7 * B0*11
i, _ _5
10xg + 3X7 - 73%Xqq
1 1
4Xg + 3X7 * 30%11
T
2Xg3 - 3X7 * 50%11
) . 0.
10x4 + 3%X7 - T3%11
ST
2Xg + 3X7 * B0*11
i 1., .1
2xg - 3X7 - 3X7 * Bo*11
T
12x3 - 5x11
Xq
1 4_, 1
AXg + 3X7 * 3X7 * 30%11
~ 2 _ 17, .
2xg3 -~ 3X7 - 3X7 * §0%11
3 2-
12X3 5X11
~ 1 27, i
23 *+ 3K + 3X7 * 5011
- 1’ 1-, i
2X3 + 3Xq - X7 * 5o*11
1 1 o1
2X3 - 3%7 * 50%11 T 2520515
1. 23 119
14x3 - 3%X7 - 80%11 * 2520%15
3. _ 1071
42x3 + 3X7 - 30%11 T 2520515



i 2, 1 _17

ch(gg) = 8Xg + X, + 75Xq1 ¢t 2520X15‘
Spin(9) |

ch(B(M1)) = 2X3 - 3Xg7 * §o*11 ~ 1260%15

, _ > 12 23: 1197
ch(B(uy)) = 14x3 - 3X; - §0%11 * T260%15

e = 3> 1071
ch(B(u})) = 42xg + 3%y - 30X11 - T260%15

. o 1- i 17
ch(dg) = 4xg + 3X; + 35%17 * 3520%15°
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