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On Interval Function

Using Lipschitz Matrix of Derivative

HAXKBI WA H¥xE (Masahide Kashiwagi)

BERXKEI KA HE — (Shin’ichi Oishi)

1. 3 LC»LK

IZtrtoBsBHERIICBWVWT EREEBOOEMNFTERZ2 BEL

(¥
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BERENA T2 EHBEFBAIBHIBICKRIT S 2L
BRREAEZWVWEYD, HEFEI I TEHEMRBHIIKEBIZELL
3., zZoBa HEBROBEFESHBD TEET H 3.
Tobb, HDE2IPBEFETE EURBOIIEBILERBROFE
ZRIET D2HVED D D.

EREFBEA 2B VW IBOMLEEUROERBETMmE T
2L DFEIEFT REBEL DT TRDO_ZOBDHAS N TN S,
-2 HrvirOoEEy FOEBRRHIEHBOEELLY D, =2
— P VEORREEZNABATLZFETH S s o0 EHER,

EUBEZPRLESTI2HE -—BABROREZITS 2 & ¥ H XK 3.



UmEzOLER, HEUREINWALTZ=2—FYEoHR
NOBESBRESN D chiE, ANELERTLEBKHL
THAEGEE L EAT 52 LK X VEMS h 5

S o B, Kraverr kO KMEMER 0B HETH B .

XBEECTIR HFEBCII2BHEFEOEBIIREYT 2 4D

ﬁll%l

ZEOXEBEHEBIDLIRLRODREEZONLEFET, HiEEZ2 >0
FHIMNEABOBMOKBTXRALEEZIT? #HILXHEE
g (KPP XEANOE®) ZHAWS L, MPMNEBEREOOMK
VEzHEL»PODONDZ ZLEHBHASNTWY 3.

bL, PRI I v 7Ky AT, x5 XX HED

f(x)BBRRxNHh MIZIKBEIT2BEHRZ2B2FRIZVWE T 3% L,

1)}

COEIPLTBOFERIECPBEZFTMIBIARAATRT H 5. =
22— b YEOREEHR HEURBROEBELTE I Z2EEHKOY
Ty YVEEBAPLSZIE KEEREZHWDZ FHETR fo
BFB?@@K&%[ZFaﬁ?@bMI‘%JﬁT’%6:8’&&%[/'(0\5.

mER CBRXEMMEZBETHS Ta2bsb +250
BLUBEPBONTWVWIRLERDHY, 20zl idM»
ft o FBEEZ2Z2HWRHIE RS W

22T, ERMEFTEAPIERBEEBHBLI:DCR*>R*ZHWVWT
f(x)=0&FLhh TWWBEEL, fHASHrroHBERZEITID, FHE

Rfx)=00aUBOxBB/EOLONLLE, EUBOREZFMHZE
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o -

TOZCLEEZEF XD oL unMEBICH LT, HLxRER

-

BEBEOY T Yy Y EHREABBOEZEH 2K TR ED D, %
NE2HAVWTEHEHBOEHEORIEZEBEPD D2 L W FEER->T
-3

L2 L, ZhZKkravczykii OXKBEEBHRZHWTHT > 2L %
2215t BOY TRELABABELD. LHBOEEHOES
X, EBEMxoll B B f(xo) ' (xo)EBFETHIE, MH—M®MHAE
HEE5 X220 EHEODRETSE2ERPMNICREST B 2 B
HREZ LpL, XBEBEEZHWSBAR EHABEOKRKZX
(EMBzEaCRBMoREET) 2FHEICE X QT H— B HR
TH22EEr»0HEBERLVWEY, KBoKkExo#EYLR
(EUBoEABOEAVWIELE) REETDLDRITHh T &S
V.

A W T, %0)4:5tKrawczyk%ﬁE%ﬁEfQ@%oFﬂgﬁé
MRT 22D, SHEOYTYyYHFIHERARVWEHRL WVKXHE
EH 2 RETZ2 chirxrRAVvhE, dBoEEZAWESA
L EBRZEERENAARBOREIORESABEL 2 2. % 7
ZTORXBMEBECEITLI2ROFEAEREVWT, RBOBEEZRHK
rRHMEE2EEIT R VWVAERACRBESEY I LB TE, FHE

BoZWHEKRBEEA2E S PEXLZ WZ & 2R 7.



FH TR XABTHVWIEKBMEEOHBIZI W THBHAT 2.
DCR"RBWLBIXMBMAXRXZIFLVOESGEZIMD)THRT. X 7z
XM EKBAXZbFL FLERBRXETHIOS L, $8FEEXNIE

%,

I

mid(1I) (BEXBoFPLIC X AHNT —, RNZ ML, %I
17 5 )

rad (1) (EXEoOEBEICTXD 7)

I 11 (EXMoHABEOR KB &3 7)

TxRYT.

XM KBXZFPL XEBEFHoBoBEER B OHE
* 20 L T

I, ¢ I, = {x1 % x| x1€14, x2€ 152}

¥/, RNZ ML, yvER"ODF¥IEFE2weE {=, <, =, >}

X W Yy © X; W Yi for all i (2.1)

TE®» D Z L ITT 5.

XKBAXXZ PV EREUTEKBITH O/, VAR J VAR &KIE
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N A —IAALLEZKRD/J VATED .

[F#& 1] (scaled maximum norm)

5 %2 5N 1z scaling vector u€ R », u>0ic ¥ L T, K HBN
7 P WVICI(R®")D J IV A%

b1l w = max { | I:1 /u: | for all i} (2.2)

T, XBEIFMNAD J LV A%

Al max { I ATl « | W IN .o = 1}

AL ull (2.3)

TED 5. B

u = (1,1, v, 1)t L B, BEOEBRBKME LI 5.
BHE ODCX=R"® B Y=R""NDEHFf% d LiHERITH I

MPES5IVNNDOERHZ —BRICKBEE® LW S.

[E& 2] (KEAZH XMHBHEKR)
X=R " Y=R™ DCXt ¥ 3. XBEBF:I(D)->I(Y)RBf:D-
YOXHEBHET» 3 LT,

F(I)D £(I) for all 1€ I(D) (2.4)

)

BRI T B2 eENVWS. T FBItoOXBIBETH B LI,

FB foo X B & B T,



F(x)=f(x) for all x€ D (2.5)

BRILIT Bz LI 1

MERBE LD -HERE sin logh POBEBRE O KM
SHRHERLETCABCERTES HoT, 2hb60HF
BEOMAADE TREB AN ENHMOKMEELAS I© £ B
TE5 Ll EHEHOBBAMAHBEA L 2EY, M

FELBERTORXMBMEKROOEZRIIEET H 2.

3. Krawczyko X [l 5 &

EHEEABEAXABI:DC R R 2 H W TE(x)=0&F»h T

{1l

2L+ % corx EUROEEFIMLIREKXBEO - b I
KrawczykD ER L X B 5 & 11,

K(I) = ¢ - L-'f(c) + (E-L-'F'(I))(I-¢) (3.1)

c mid(I) (3.2)
TS ZEFELEIBEATH, LIIToMa2%E2EMUT ST
, XEEBF IZEBI OXBMEMETDH 3.

ZoOK(I)icE L T,

7
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K(I) € int(I) ' (3.3)
(int()IR IO K HEE)

BRI THhE, BH=-2—-—+FPYREZ2ERT 25K

g(x) = x - L-1f(x) (3.4)

KN T AWM AERERESEBRTE, IRNIKE(x)=00 BB H —F

BT e BPRIEXIND BoOBBEL2LET 2 ICE,

(1) INoREEBEOoORZHHAELTB. HEHWERE Z 1T

I

(2) 128 BERERMBMeeLTB. DDEAVEEBRE 217 5.
REDFEH DD, LBLTWEEHEHLSB SN S.

S =—2x— b YEOERRZAE T 25 OEHRIZ £2< H
B I 586EE»>8E»N0nb LAL, SHEOFHIZ /N
AEZRHWEZFHETHZED, BT LOoOFHEPITbOH DA
(3.3)0 &M e RB L bHERBEL

T, dFOEFEBREZAVESS HAUBOSEBHEIIBT S
L - £ ((x)l O LARARERBLBDI2LELDHDL. CofEzRERED
22Kk HEBrATOWMETREBHZEILCE W TEBEKT
Ba-YT Iy VERERTHD ZOEHeaDDEBFDHDD»o>T
WLV S EEEBVWE CZO0LIORABEBRZREEERT
Z2HBOFBRBICH LT, KrawczykO KRB EBR TR EBE R 0K

BMERF 2MBIT2 LW EHRATERLBEWAEEED, =2
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#1

% B,

»H 5.

PR EHOEE LY 2 HEL TV 3.

2T, »2ELUBxoBPHB XN RLE Zh%iExXxITLT

DEIPRAEITOBEZFZ XS LHBoETHERZHVL, M
HE B LEL=ft (x0)& L & B &I,

' (xo) 72 (I £(x0) I ta 8 2)< 3 (3.5)
7z

T O HULUT, 200 6 BENM—-—BERTI2 2 Lp

ENhB. T bbb,

"xo)"th N f(xa) 2R BULULEHDLIIBRBER S ZRET

LR 5.

niZx U T, KrawczykO KRB E B % AW 25 &1, xo0%

X BIZRICRELLRZTh T ZFoIPHE —BERT H B 2

HESEEKREL. #oT, BK+SBVELUBSES L
To, IBABYTHEBBLEZICHROE » A& IC %
LB HB COLIOREMNBEBOREL E#EY R
KME®RETBZ7ALIT Y XL ELT, XBMIBIDHEB S

RBELZHMHRERBEzZzZESNMSIRER TN TWLWENL L ST
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4. EEBOYV T Yy Yyl eRARVWEXHBEER®

KE#E#AEZ2AVEEROZ AR AR T #EZYHXH
B3I, EHBOVT Yy YT EHWERBEBE & %

RET2 4HBOEFHIBWTIERBELZAOABEOKRZZXOREHN

2|
i
0
J
o

DX, EFEHBOYV T vYEEBEBS LT WWSBL

J

=
Fit
S
o

BT H 3 H-T, KEEELIBWITHLBHEKED
BT ARBHBRTTH 5.

KrawczykO KB EBROBROER L > T W30, F
iﬂiﬁ@%@fb%. Krawczyka)[ZFsﬁgfzzK(I)t;t, Wy = 2 —
P v REOEDDODER (RX(3.4)) o XBMEHEHEL-> TW3CZ
LPEEBRTH»D. XHEaHZEAE YT ZHLoFHELELT B
MICBEBE -2 - P UyREODEGgOHFEBEZXBMERICE &
A0 THLE KBMobhLToEERXRBAICEBY 2 M5
D enclosurex AW T, ¥YPYEoFHERRIIVDXBAaHEL X2
LERIELTWVWS., Colk>RXMBMaBoBBREIR —BIC

mean value form& MBI hTW3. Zh% RKXROEHEH1ICRT.

[F® 1] (mean value form)
UCR?® f:U-R™"2C!'H L+ 2 EKBMICcI(W)ixNLT K

1T 5 A



A D {t'(x) | x€ 1} (4.1)

EWEvT LI B corsEr XHEEHBF:I(U)-I(R")%

F(I) = £(c) + A(I-c) (4.2)

c = mid(I) (4.3)
TE» 3 &,

F(I) o {f(x)| x€ 1} (4.4)

BRI YT S5 A

Y 2 2T, 2 ®Omean value fornT R EH B OEBRICHE 5 <

o

H 1 XML LA WS N W, Taylord EH 2 H W h i

)

EEMsEERWEXBEBEBEHOBRELESN B, 22 TR,
Cch AL TEBEHBEODY 7y y YyRFINIEHWERBEE&o
Bl E Xz 5.

¥ ¢, 1K DTaylord FH I X 2 mean value form#% R 7.

[FB® 2] (11X DTaylor®d EF B IC & % mean

value form)

UCR?® f:U-R™"% C2H & 35 XBICcI(ikxLT K
M 3L & 17 5 A

A DO {f'(x)| x€1} (4.5)

AW T 5. ok E, KXBEEHBF:I(U)-»I(R®)%
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F(I) = £(c) + £  (c)(I-¢c) + + A(I-¢c)(I-c¢c) (4.6)

c = mid(I) (4.7)
TE® % &,

F(I) D {f(x)]| x€ 1} (4.38)

BRI T 5 A

LEEBH] (EFHEH 2 )
cthel& ¥ 3¢, ¥HEOEHEHIC LD

1

f(xth)=f(c)+f’ (c)h+ § (1-t)f’ ' (c+th)h2dt (4.9)
0

BRI Y % ctthel, hE€I-c&2FRET % &,

1

§ (1-t)f" ' (ct+tth)h2dt

0

1
€ A(I-¢)(I-¢)§ (1-t)dt

0

= + A(I-¢c)(I-¢c) (4.10)

BRILT B PDLEZID, FEFEBFRZ2OLEZ R

|

s

T KkBEHE T BHAEF x,yEIRXH L T,
£f' (x)-f"(y) = Ao(x-y) for some Ag € A (4.11)

AW T 0T, SBHEHBOIKBIZYV Ty YiITH RIS
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bOWXHEED HAaoZlrtiFMmMELhzZEaBEBROYU 7Yy vvyE
BT h B
Z O mean value formZ AW X RBEBIC X208 Hki1AH#

CHBMOBEODREHZBRBIRODOWT, RoOEHE3IZRT.

[E® 3] (EFEBOY 7Yy YN ERHWEKXBE®)
UCR?® f:U-R*%C2 & ¥ 2. H2XMIoe I(U)IT DN
T, KX MiTanz

M = E - L-1f (co) - (L-1A) (Io-co) (4.12)
(co = mid(Io))
T, REREBXZI FLVE

V= co - L 'f(co) + (E-L-'f"  (co))(Io-co)

- 3 (L-"A)(Io-co)(Ig-co) (4.13)

co = mid(Io) (4.14)
TEBRTE EEL ERELAN LE (ol B3 25840

BT H2) EXEITH, AZAD L " (Io)%k W 72 ¢ K M &K IT

5l L T 5.
z z T,
V C I (4.15)
vl <1 (4.16)

pwmEnd o E, BUTFTBRIT S
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(1) ToW ABERXLE(X)=00 Bx*P M —FET 5.
(2) KK ®=%Z

Iavyr = In N [Cn - L_if(cn) + M(In'cn)]

(cn mid(In))
TEBT B L,
x* € I, for all n.
Il rad(Iava) 0l = 0B MIE - Il rad(Ia) |l
Ol ARV A
(3) Vxo€EIlo» o HEITLIHEE= 2 —F vy RE
Xn+1 = Xa - L7 1f(xa)
X L T,
xn € 1o for all n.
Xn — Xx¥ as n—
I xa-x*1 = I L=t f(x) Il /(1= M1 )
loxn-x*1 = I M " L-2f(xo) I /(1= M| )

BRI T S5 N

A HORTIC, ROFME1 &2 T T B L.

(4.

(4.

(4.

(4.

(4.

(4.

(4.

(4.

17)

18)

19)

20)

21)

22)

23)

24)

(M E 1] AZzox n X B fTH, BEax pXEITH & 3 3 & %,

mid (B) =07 5 I2,



AB = | Al B = [-]
= [-1,111 Al |

»RILT S5 N

=% L, [X, Y] (X,
%= % nh £ h, 175X,

KT

E B 3 0EtHERY.

[EEBH] (EH3)

¥ ¥, HE&e:lo— R

g(x) = x - L-1f(x)
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Al TBE, | AL I BI]

B | (4.25)

YREXEMITHN) B, FBH S0 LR, T

YORKBT2EH2 LT Z LD %KME T

"

(4.26)

TE&ZET DL, g IMIZHINEBR LS I NERLE 2 2 C

DA o N I

g'(x) = E - L-1f"(x) WX ¥ % mean value form% 1, %

LTHERY % L&,

E-L-'f" (co)-(L- ¢’

&% %5 0T,

M D g’ (Io)

DRI B GBS

b DT H D » 5,

o

"(I6))(Io-co) : (4.217)

(4.28)

(4. 13)d gl LT EE2 28EHAL &
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vV DO g(Io) (4.29)

BB PULLoEERE, (4.15), (4.16) 2 &b ¥ % &, g

-

IpBWTINIZRIDERES DB INEBRTH D LB H P

. chicky, HEOO), P WHMNEBREREIZIDFS

BRIC()YoB Y ERT. (4.19)0 B IEZ, (4.17)¢&
ME1L1ICXDY
rad(Inss+1) = rad(ca - L-1f(ca) + M(Ia-ca))

= rad(M(In'Cn))

= rad([-1,1] 1 M] | Ia-cal )
= IM! I In'Cnl
= | M| rad(I.) (4.30)

Ll rzers, MAD ) VA ZERLIT P S.
(4.18)D R M 2 BRMETRT. 4, n=kT (4. 18)B WL L T
Wad k9% ZokE U110 AITHE2HRII. N LT
FHE 1 2BALEDLBOTHS» 5, g(la)EaHh, o> Tx*
(gD ABH) 28T, &> Tlas1bx*2 & 2L B 5 b» 3.

PlEic&ky, WB)oRIBRENLEZ R



5. XB o E

22T, AR CTRESIWhEEXEEBRBLE2EBICEUR O X
EZEFMICAVDIHBARCODVWTRERRT 5.

EB 3 OMIALEBER T 22T, IodHF bhcecol BIF % ¢
(co), T'(co)fllic, ADT' ' (I WMAEZTHEHROY 7 ¥ v
VIHNABMLETDH S, ZhirloR 6 FTRBLNS EO>KT
-1, AL T

AD £ () (5.1)
P T b0 WVWBRE LTS 20 &k D AR, B C2H
TEBBRUBERAZSOSEIBEET S 2okt hid, 5x56
Nlcoll W LT, FTHEH3OHRIT S EDBRIo(FLMBcoT d
Z2RXM) DEETZIH»PEILPOAE FEITL2HEADIDG
B ERBEBMICRIRAE L & 5.

L L, ZoWER (4.13), L. 15)ERAEHH B &>
iz, Iowﬁﬁﬁbcﬁa@“éﬁﬁsz\%itf, B, XHEMEER
rRHVEEREZObOTH B 2h TR FEFABLELEIWOLSE
V.

27T, WIS HEFHEZ IVEHT TB»oKH
HEzZz2E8IT R VWbHbOREZBMMABZLEEZEZSD Zhid, K

ODEHE 4D KDL B



[ & B 4 ]
XKBMIe I (RN TLI2XBEB/HVI) %
V(I) = ¢ - L-1f(c) + (E-L-tf'(c))(I-c)
-+ (L-*A)(I-¢c)(I-c) (5.2)
(¢ = mid(I))
TE®» . L, ERBEMTYH LIZEMNZIEXBETHN AR
X M M&izgh e d 5.

¥, RKHEIZ

I = [-w, wl + ¢, wE R ™ | (5.3)
T X 7.
DLk %,
v(I)c1l & (5.4)
| L-tf(c) | + | E-L-'f" (c) |l w + & (] L-*A] w)w = w
(5.5)

BRI T S5 R

EBH ORI, RXROHFHE2 %R T.

[WE 2] ABZRBITI LT SLE nid(B)=0% 5 &,

| A+B| = [ Al + | B (5.6)



PRI T S N

EH 40EHZRT.

[EEBH] (EH 4)

V(I)cCI

©® V(I)-¢c € I-c

& | V(I)-c| =w (5.7)
ThHdH»H, (5.5)kD,

| V(I)-c | =

| L-*f(c) | + | E-L-tf" (c) | w

t + (L L-tA] ww (5.8)

EREER V.

WME1LICkD,

(E-L-'f" (¢))(I-c)=[-1,111] E-L-*f" (c) | w (5.9)

+ (L-*A)(I-¢c)(I-¢c) + ([-1,11 1 L-*A] w)(I-c)

+ [-1,13C] L-t*A] w)w (5.10)
BRI TH. Thbb (5.8)FIHFL,3HEIERATHEZK

MThdb, #E2ZHW?SL,



| V(I)-c|

| = L-1f(c) + (E-L-*f’ (c))(I-c)

-+ (L 'A)(I-¢c)(I-c) |

| L-1f(c) ] + |} E-L-tf" (c) | w
+ (] L-tA] w)w (5.11)

By s PDECIVEERERRNZ R

¥z, (L4100 EHER ROEFEHLODLIIIIKBMEREZ2S

FhWEHRHIZCEZXTHBR IO N S.

[ & 5 ]
EKBMIEI(ROEBMAN AN BE €3 XBMERN(D %

M(I) = E - L-%f"(¢) - (L-tA)(I-¢)

(c = mid(1)) (5.12)
TED S EREL, ERELFH LAEMNEEXEGN AR

XEiILEITdeysa 7 KBIZ

I = [-w, w] + ¢, we R™ (5.13)
Tx 7.

ZoLE,

Ml < 1 @ ; (5.14)

I | E-L-f'(¢)] + | LAl wl <1 (5.15)
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BRIMLYT S N

(B 1 (5 ®5)

P MCI) 0 = 1 E-L-t£ (e) |+ I L-tAl wl (5.16)
2R 4R V.

#WE 112X,

(L-tA)(I-¢) = [-1,10 ] L-*A [ w (5.17)
BRI ko THHE 2 %M 3 L,

o mCI) |

I NGO

I I E - L%t (c) - (L-tA)(I-¢c) | |

I 1 E-L-tf" (c) | + | L-tA] wl (5.18)

ORI B N

EH 4, EEHLICLY, HAUBEcEHVWEXRA I = [-w, w]
tc WK —BEBTHIZEDOEHEIRE
I L'if(c')l t+ | E-L-'f " (c) | w

t (1l L-*Al w)w =w (5.19)
I E-L-tf" (c) | + LAl wl <1 (5.20)

D 2O of BBHELEELUBcEERAHNZHBE>OEULY 5 X
ShfzeZx, a0 ARERXZEZH/EIXRIIIPIMVDIBELE T 3

»ESIPEHNET S LR RS,
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L2L, KBEEBEPREEZOLLELEIWZR, Z2HhTHIEHOD

BN 2RXRAEAKXTH D,

e xRk Lo

Z D

BHEICRZ PLVWDIOEE 2 HE T 3

MES*BRT2ED0DHED — D&

LT, RDODEITFTEDPEZXL N B

HBHBRZ P ILuwoEBBEEL, w=8ueBWITAERSHKIT

258 9P HET
XMokKzEET
2T WHwio
KBRET S Z L
TE %2 ®BIHRE
X, Bz W u=(1,1
AT eIk 3.
scaling vectork
(5.19)r L & 42 &
2k EHE
TOHEER-
X, (5.20)iF & I
{oAFEX0MRC
hZR W & [-u,

it & h 5.

5.

%

Y

X 5

X -

® I

ES

)

(

B

Iz 5

I

i@

ul

Zhiz, XKBoKRKEx2oDODHEZAZEILL,
LMY 5. HEAKXDscalingd & )
HA OuERBEHOL - -0k
T, ZE2HOoA -V -0 5 D>E % RN

BlLTHoBEHBIASNL T WLWE WE A

LDt LTBBRILAKBKEBEORE TA

2, (5.200)d J v Ak LT, u¥%
scaled maximum norm% % h i,
E-L-tf" (c) | u, (I L-tA] w)u) & H W
Hl B T % 3.

&, (5.19)F T s @D2ZKRAE
Znf@ 01X AERXN LB Th 5 02n
Boasdhid, 2o d» o6 s %2 ERT

fc OPFRI(x)=00MH — B oOEFEEHIR
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A TR, BEBRHOYTYyYIFTIAERWT BHEMBHLZK
MOKXKEZSTOREPARTIILVWIHRHEEZER > ZXHBEE R
zRELE Tk X20FXBMEBIBUTLIBOEFEHEHNEICS
WT, BoRFEf2zEKMBERZ2aITLLVAEACRE S
22 LB TEBHZ L ERLE

SHBOBELL TR MELHERIEF> s %05
h 3. 2&%@%&’6&#, BEUWce R"o BEFMEZ 75 BT,
f(e)ef'(c)EHWVWT WS, chsofiil, ZFBOHFEHBCS
WTRERBCHETEZERZVWEZY, FBOBREZFTMHmIKE LR
ERIELBI SR (ZhidKrawczykd 5 #ETHLRERBETH %) .
f(e)et' (c)2c2E U /N LRXBEIHTLIXBMEREZAWNT
FET R ThRCOBMBEIBBRBCT X2 M, 20&>5%

INE R EBEELEDES>REZRZSZDPIAHTDH 5.

HEF HEABEEHSEBRXREADRXHR %ﬁ%ﬂﬂﬁb%b:%’é
Hv 2 LBFAHEO-—HR XHENREHEB#HDE B

MHAFZREREMEZEOWBY 2% T .
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