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Perfect Isometries for Blocks with Abelian Defect

Groups and Klein Four Inertial Quotients
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1. Alperin's weight conjecture for the case of abelian defect

groups

Let p be a prime number, k an algebraically closed field of
characteristic p , O a complete discrete valuation ring with
residue field k aﬁd quotient field K of characteristic zero, G- a
finite group , b a p-block of G (i.e. a primitive idempotent of
Z(kG) ), P a defect group of b , e a root of b in CG(P) and E tﬁé
inertial quotient Ng(P,e)/PCG(P) . We assume that K is large
enough.

Alperin's weight conjecture states that the number 1(b) of
isomorphism classes of simple kGb-modules can be calculated by the
function of its local structure. When P is abelian, this is

equivalent to the following one. (0D

Conjecture 1. If P is abelian, then 1(b) is the number of

isomorphism classes of simple kNg(P,e)e-modules.
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This is known to be true if |E} < 3 by the results of Brauer
(cf.(3],Proposition (6G) ) and Usami [13] (except the case |E| =
3 and p = 2 ). Here we introduce the result which proves it in

the case E is a Klein four group ( and in. the case|E|=3 and p=2).
2. Reformed conjecture

First we want to reform Conjecture 1 in terms of a suitable
k¥_central extension.of E . Setting ﬁh(P,e) = NG(P,e)/P , EG(P)
=CG(P)/P and denoting by € the image of e in kEG(P) , it is well
known from Brauer that kEG(P)E is a simple k-algebra (i.e. a full
matrix algebra ovér k ) and , in particular, we have Z(kEG(P)E)':
k ; hence, by Skolem—Ndether's theorem , we have an exact sequence

] — k¥ — (kCa(P))*—T—> Aut(kCg(P)&) — 1
so that (kEG(P)E)* can be seen as a k -central extension. Since
NG(P,e) acts on kEG(P)E , we have a group homomorphismf: ﬁG(P,e)

o s
—> Aut(kCg(P)€) and then Ng(P,e) is the k"-central extension

of ﬁG(P,e) induced by (kEG(P)E)* : that is to say, ﬁé(P,e) is

the subgroup of
(3 , §) € (kCg(P)B)* x Ng(P,e)

such that w(a) = f(ﬁ) and we get a comhutative and exact diagram
1 — k¥ > (kCo(P))*—D  Aut(kGg(P)e) —> 1

Tid T'f ,[9
| — 5 k* — Ng(P,e) ——— Ng(P,e) ——> 1

o~
Now , the twisted algebra k*NG(P,e) is the quotient of the full

group algebra by the ideal generated by the elements A(Z , 0 ) -

’~
(A3 , 0 ) where Aruns over k* and (3 , n ) over Ng(P,e). ( We can
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define O*ﬁG(P,e) , since there is a unique section k%———a 0* of
the canonical homomorphism O*————9 k* .) Moreover, we have an
injective group homomorphism
Ce(P) ——— /ﬁG(P,e)

mapping z & EG(P) on (ze , Z) & ﬁG(P,e) and its image is a normal
subgroup of‘ﬁé(P,e) intersecting trivially the image of K™ , SO
the corresponding quotient is a k%—central extension of E . We
denote by ﬁ the opposite one ; that is to say , denoting'by
ﬁG(P,ef the set ﬁE(P,e) endowed with opposite product, we have
the exact sequence |

1 ——> Cg(P) —> f\I}G(P,e)o—;—e E———a 1
where Z éab(P) maps on (z& , Z)‘l . The following more or less
known lemma explains the fole of % ( see also [9), Proposition

14.6 in [lﬂ , Proposition 2.1 in [10} and Lemma 2.5 in [12]).

Lemma 1. With the notation above , there is an algebra
isomorphism
- -~ - _ ~
kNg(P,e)e = kCq(P)e @k, E

mapping ne on f(n) @0 (n) , where HENG(P,e) and 0 is an

o -
element of Ng(P,e) lifting n

~ ~
Let L be the semidirect product of E and P . Since the number
~
of isomorphism classes of simple k,L-modules is equal to the
AN
number of isomorphism classes of simple k%E—modules, we can

reform Conjecture 1 by Lemma 1 as follos.

Conjecture 2. If P is abelian , then 1(b) is the number of
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isomorphism classes of simple k*i—modules.

Hence we must study the relation between OGg and O%ﬁ ,where
% denotes the unique primitive idempotent lifting b to Z(0G)
Wé denote fespectively by LK(E) and LK(G7b)-the Grothendieck
groups of the categories of K;i—modules and ordinary K-represen-
tations of G in b . We expect that there exists a special kind of

VaN
bijective isometry between Lg(L) and LK(G,b)
3. Preliminaries and the main theorem

Following [2]and[6] , we consider Brauer morphism BrQ for a
p-subgroup Q of G and (b,G)-Brauer pairs. Note that (P,e) is a
maximal (b,G)-Brauer pair and for a p-subgroup Q of P, (Q,eCG(Q))
is a (b,G)-Brauer pair contained in (P,e). One of the typical

properties of blocks with abelian defect groups is the following

one.

Lemma 2.(Proposition 4.21 in(2] ) Assume that P is abelian.
If (Q,f) is a (b,G)-Brauer pair such that (Q,f) € (P,e) and x
an element of G such that (Q,f)* ¢ (P,e), then there are z €
CG(Q) amdrléNG(P,e) such that x = zn . In particular, if U is
a set of representatives for the orbits of E in P , then
‘&u, eCG(U)ﬁtleU is a set of'rebresentatiVes for the conjugacy

classes of (b,G)-Brauer elements.

ey
It is not difficult to handle O,L , since there are a finite
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subgroup L' of T and a p-block b' of L' such that the inclusion
L'C L induces a bijective isometry LK(EB = Lg(L',b") and an
algebra isomorphism O;E Q?OL'g' (see Remark 5 in section 1 in [8],
Lemma 5.5 and Proposition 5.15 in[ll] ). Furthermore P is also
a defect group of b' and E is also the inertial quotient of b,
since P is the normal Sylow p-subgroup of L' and (P,Brp(d') ) is
the unique maximal (b',L')-Brauer pair. We remark that
(3.1) (qQ, BrQ(b') ) is the unique (b',L')-Brauer pair
for a fixed p-subgroup Q of P

From now on we introduce some general notation and results
without any hypothesis until we state Theorem 1 (i.e. E is
arbitrary and we‘do not assume that P is abelian for the moment).
We denote by CFg(G) and CFn(G) the sets of K- and O-valued
central functions over G, so that CFy(G)C CFg(G) , and we
identify CFK(G) with Kg? CFO(G) and with the set of central K-
linear forms over KG ( or OG ). We denote respectively by LK(G}"
and Lp(G) the Grothendieck groups of the categories of KG- and
kG-modules ( of finite dimension ) and we identify LK(G) with its
image in CFp(G) . We also identify any element of Lk(G) with its
Brauer character;that is to say, denoting respectively by BCFK(G)
and BCFy(G) (BCF for "Brauer central function" ) the sets of K-
and O-valued G-central functions over the set Gp' of elements of
G of order prime to p , we also identify Lk(G) with its image in
BCFo(G) and BCFg(G) with K ® BCFG(G). Recall that the inclusion
Ly (G) CC BCFH(G) induces an isomorphism
(3.2) | 0 %Lk(G) = BCFq(G).

Following Brauer, we denote by
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dg : CFg(6) ——m > BCFg (G)
the restriction map, which fulfills
(3.3) dg(Lg(G) ) = Ly (G)

° )

Moreover we denote by CFK(G) the kernel of dg and set LK(G) =
CF%(G)/\LK(G). It is clear that dg induces a bijection between
the orthogonal subspace of CFE(G) and BCFK(G) , and then the
inverse map determines a section of dG

eg BCFg(G) — > CFy(G)
and induces an scalar product on BCFK(G) ; thus, dg andeg become
ad joint maps.

More generally, following Broué {4}, for any p-element u of G

we consider the "twisted" restriction

dg : CFg(G) —> BCF (Cg(u))
mapping lx:eCFK(G) on the Cp(u)-central function over CG(u)p,
which maps s € CG(U)p, on CX(us) , and denote by

e¢ @ BCFg(Cg(u)) —> CFg(G)
the adjoint K-linear map , which is a section of dg

It is well-known that any idempotent of Z(kG) determines a
selfadjoint projector over CFK(G) which stabilizes CFO(G) and
LK(G), and commutes with eGedG , so that it determines a self-
adjoint projector over BCFK(G) stabilizing BCFO(G) and Lk(G)
In particular, for any element % of CFK(G) or BCFK(G) , we denote
by b.% the image of 7( by the projector determined by b and set
b.CFK(G) = CFK(G,b) and b.BCFK(G) = BCFK(G,b)

Moreover, for any p-element u of G , we have (cf. B]Appendixes)
(3.4) d; (b.X) = Br'ﬁ(b).dg(y() and eg(Bru(b_).% = b.eg(‘f)

for any # € CFK(G) and any PGBCFK(CG(U)) ( where Br = Br(u> ).
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Consequently, for any XGECFK(G,b) and any (b,G)-Brauer element
(u,g) we consider the central function

"X(u’g) = eg(g-dg (X))

which still belongs to CFK(G,b)Q Notice that we have

(u,g8) o
X208 (w) = X (up),
where g is the unique primitive idempotent of Z(OCG(u)) lifting

g. We remark that

(3.5) % - Z %(u!g)
(u,g)

and for any A, X'ECFK(G,b) we get

(3.6 (X, X' = (Z ) ¢ x(u-8) X'(u,g))G
u,g

whefe (u,g) runs over a set of representatives for the conjugacy
classes of (b,G)-Brauer elements.

Following[6], a central function A over P is called (G,e)-
stable if, for any (b,G)-Brauer element (u,g) such that (w,g)C
(P,e) and any x € G such that ((ux),gX)C(P,e), we have A(ux) = |
A(u) . In that case, for any rXGCFK(G,b)y we consider the new

central function

2.*X= 2 A(u)x(u’g)
- (u,g)

where (u,g) runs over a set of representatives such that (Ku),g)
C (P,e) for the conjugacy classes of (b,G)-Brauer elements, which
still belongs to CFK(G,b) and does not depend on the choice of
the set of representatives. We remark that

g-dgA*X) = Auw)(g.dg (X))
Then , by the main result in‘[6] , if A and %.are generalized

characters, so is Zﬁﬂx. Notice that , by Lemma 2, if P is
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abelian, a central function over P is (G,e)-stable if and only

E
if it is E-stable. We ‘denote by CFO(P) the O-module of E-stable
O-valued central functions over P

We are ready to state our main theorem (Theorem 1.5 in.ﬂZ]).

Theorem 1. With the notation above, assume that P is abelian
and E is a Klein four group. Then there is a bijective isometry

A CFO(’ﬁ> ——> CF,(G,b)

such that
e
4 (L (1)) = L (G,b)
and
(3.7) A M) =axa()

. E -~
for any A,GCFO(P) and any 76 CFO(L)-

(3.7) implies that A fulfills Definition 4.3 in[S] (i.e.
(3.7) guarantees the existence of a local sfstém in Broué's terms)
and therefore, by Lemma 4.5 in [5], 4 is a perfect isometry in
Broué's terms. ( We discuss perfect isometries in section 5.)

By Proposition 1.3 and Theorem 1.5 in [5] we héve a following

corollary.

Corollary 1. If P is abelian and E is a Klein four group ,
then the following hold with the notation of Theorem 1.
(i) A is a perfect isometry from LK(i) onto LK(G,b)-
(ii) A induces a bijective isometry from Lk(i) onto Lk(G,b) and
hénce Alperin's weight conjecture ( Conjecture 2) holds in

this case.
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3

(iii) The algebra isomorphism ZC from Z(K%f) onto Z(KG%)
determined by the isometry A maps Z(O;i) onto Z(OGE).

(iv) A preserves the height of irreducible ordinary characters.
In particular , all the irredicible ordinary characters of
G in b have height zero and Alperin-McKay conjecture holds

in this case.

(v) A preserves the elementary divisors of the Cartan matrices.

4. Local systems for blocks with abelian defect groups

Before we introduce Theorem 2 in this section , we assume
only that P is abelian ( and E is arbitrary ).

By Lemma 2 E controles the fusion of (b,G)-Brauer pairs
(resp. (b',L')-Brauer pairs ). Then in the summation of (3.5) we

have only to make u run over U.

Applying inductive method, we hope to construct a bijective

isomet-ry'A.Q from CFO(CE(Q)) onto CFO(CG
Ce(Q)

subgroup Q of P where £ = e . ( That is to say , first wey

(Q),f) for each p-

construct it for Q=P and we hope to construct it for Q=1 finally.)
We note that (P,e) is also a maximal (f,CG(Q))—Brauer pair and

(u,g) is a (f,CG(Q))—Brauer element contained in it for any

Cg(Q<ur)

element u of P, where g = e . By Lemma 2 CE(Q) controles
the fusion of (f,CG(Q))—Brguer pairs , and by (3.5) fér any X e

CF (C.(Q),£)

(4.1) = = U (g.d" X
x= 2 U, G o G@ )



where UQ is a set of representatives for the orbits of CE(Q) in
P. Similarly we note that (P,BrP(b')) is the maximal (BrQ(b'),
- -B i d , B b')) i b'), -
CL'(Q)) rauer pair and (u rQ(u>( )) is a (BrQ( ) CL,(Q))
Brauer element contained in it for any element u of P by (3.1).
By Lemma 2 and (3.5) for any ﬂ € CFK(Ci(Q))
(4-2) 7: p
, u.eUQ
since we can omit BrQ(u)(b') by (3.1) apd (3.4).

el (a? My,
ca(@) o)

Let X be an E-stable non-empty set of subgroups of P and
assume that X contains any subgroup of P containing an element
of X. We call any map[ (G,b)-local sjstem over X , 1if r is
defined over X énd sends Q€ X to a bijective isometry

Mo ¢ BOFp(Ca(Q)) = BCF (Co(Q) » £)

C.(Q) . . .
where f = e © , and fulfills the following two conditions:
(4.3) For any Q € X , any 'q € BCFK(CQ(Q)) and ény s € E ,

we have
.o - %).
o (s (1
(4.4) For any Q € X and any ’16 LK(GE(Q))’ the sum

u u
Iy Sog@ [ oo Copc@ 1)

Q

is a generalized character of CG(Q) .

We examine these conditions to give more explicit expressio

For any Q €X and any ' € CFK(Ci(Q)), the sum

(4.5) A (M) = 3§ en oy¢ CHUPNEDY)!
Q uéUQ CG(Q) \—Q(u) CL(Q)
is certainly an elemeﬁt of CFK(CG(Q),f) (cf.(3.4),(4.1) and
C
(4.2)), and we have,Setting g = e G(Q<u>) ,

65

n.
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(u,g) u u 1
(4.6) N = eCG(Q)<|‘QQD<dCi<Q)<7>>)

and therefore, for any ' € CFK(Ci(Q)) we get (cf.(3.6))
( AQ(,1)’ AQ( ﬂ'))CG(Q)
u

>R CISPPNG/ DT bR @, DI
JFu, (o ea(@ T eacqawr)

. 7')ci(Q)

( recall that egG(Q) and egf(Q) are isometries !). Hence for

any Q€ X we get a bijective isometry

(4.7) A= 5> el ° ,duA
Q ueu cG<Q) rQ<u> cL(Q)

Q
from CFK(Cﬁ(Q)) onto CFK(CG(Q),f) and condition (4.3) insures
that AQ does not depend on the choice of UQ whereas condition
(4.4) demands that L (C,(Q),f) contains AQ(LK(C’E(Q)) which
actually implies the equality
(4.8) Ay (L (Cp(Q)) = L (CL(Q), D)
since both members have orthonormal basis of the same cardinal

(cf.(4.7)). Moreover, notice that dCG(Q)Q'AQ = {—QodCi(Q) (cf.

(4.5)) and therefore we get (cf.(3.3) and (4.8))
[ (ep(@)) = 1, (C (), 6)

which then implies (cf.(3.2))

(4.9) [ (BCF(CR(Q))) = BCF(Co(Q), ).

Consequently , since (4.9) is true for any R € X and the maps

u u . .
dCi(R> and eCG(R) send O-valued functions to O-valued functlons,
we have for any Q € X

(4.10) {\ (CFO(CE(Q))) = CFO(CG(Q),f) .

Q
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An immediate consequence of the definition of AQ’ which does

not depend on conditions (4.3) and (4.4), is that for any Q € X,
C,(Q)

any A € CFK(P) and any '€ CFK(CE(Q)) we have

(4.11) An(2xT) = A% 4.

These (4.8),(4.10) and (4.11) show that for any Q€ X , ZIQ
(for CE(Q) and (CG(Q),f)) fplfills the similar conditions to
A (for T and (G,b)) in Theorem 1. (Hence, if 1€ X , then 4=
Al is a required one in Theorem lf ) Since CE(P)': k%>< P, we
can easily prove that there are exactly two (G,b)-local systems
defined over{R}@f.(4;ll)). ( Notice that ;up to sign, there is
just one possibility for the isometry er.)

We want to extend X and r step by step. Assume that X does
not contain all the subgroups of P and let Q be a subgroup of P
which is maximal such that Q € X . We will discuss now a
necessary and sufficient condition to extend rlto a (G,b)-local
éystem IT' over the union X' of X and the E-orbit of Q . Since
any subgroup R of P properly containing Q be€longs to X , for

any u€ P - Q we still have the map (as in (4.6))

u u
°ce(Q)” l—Q<u>°dcf<q>‘ CFp(p(Q) == CF (G, 5)
C.(Q)
where f = e We consider the sum
° u u.
A = Z e or od
Q uEI%f42 ‘CG(Q) Q (u) Ct(Q)
where ,‘as'above s U' is a set of representatives for the orbits

-4

of CE(Q) in P and by4condition (4.3) again , AQ

does not depend

on the choice of U

Q
Denote by f the image of f in kEG(Q) , where we set CG(Q) =
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CG(Q)/Q'. We also set Cﬁ(Q) = Cﬁ(Q)/Q . In [12] we proved

following propositions ( Proposition 3.7 and Proposition 3.11 ).

Proposition }. With the notation and the hypothesis above ,

-
AQ induces a bijective isometry

2° . CF°(CA ~ cr°(C F
AQ : CFK(CL(Q)) = CFK(CG(Q) , £)

such that ZS(LK(EE(Q)) C L§<EG(Q) , ).

Proposition 2. With the notation and the hypothesis above,
the (G,b)-local system r over X can be extended to a (G,b)-
local system [ ' over X' if and only if the bijective isometry
AZS can be extended to a NE(Q)—stable bijective isometry

A,  CF (Cr(Q)) = CFK(CG(Q) » £)

Q
Z C = L (C £ .
such that Q(LK(GE(Q)) K(CG(Q) , £)
-—Q
Now we try to extend AQ to a NE(Q)—stable bijective
isometry ZKQ . When E is a Klein four group , we obtain the

following slightly stronger theorem (Theorem 4.2 in [12]) than
Theorem 1.  Unfortunately we do not succeed when E is cyclic of

order 4
Theorem 2. 1If P is abelian and E is a Klein four group ,

then there is a (G,b)-1eocal system over the set of all the

subgroups of P.

5. Perfect isometry
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In this section we introduce some Broue's terms. Let (H,f)
(resp. (H'",f')) be a pair of a finite group H and its block f

(resp. a finite group H' and its block £').

Definition 1 (Definition 1.4 and Proposition 4.1 in YS] ).
A bijective isometry I from LK(H,f) onto LK(H',f') is called a
perfect isometry if it induces a bijection from CFO(H,f) onto
CFO(H',f') and a bijection from BCFK(H,f) onto BCFK(H',f'). (We

can extend I K—linearly.)

Such special kind of bijective isometry has various

properties as follows.

Proposition 3 (Proposition 1.3 and Theorem 1.5 in [51). If

I is a perfect isometry from LK(H,f) onto LK(H',f')‘, then the

following hold.

(i) I induces a bijective isometry from Lk(H,f) onto Lk(Hj,f')

and then 1(f) = 1(f').

(ii) I induces a bijective isometry from the Z-module generated
by the characters of projective OHg—modules onto the Z-
module generated by the characters of projective OH'?'—
modules.

(iii) The bijection between primitive idempotents of ZKH% and

ZKH'%' defined by I induces an algebra isomorphism between
ZOHT and ZOH'E'
(iv) I preserves the height of ifreducible ordinary characters

and the elementary divisors of the Cartan matrices.
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Let (P,fP) be a maximal (f,H)-Brauer pair and for any p-
subgroup Q of P , let (Q,f,.) be a (f,H)-Brauer pair contained in
Q

it.

Definition 2. Let Bmf(H) be the category whose objects are

(f,H)-Brauer pairs and whose morphisms from (Q,f.) to (R,fR) are

Q
the homomorphisms from Q to R induced by the inner automorphisms

of G which send (Q,fQ) onto a pair contained in (R,fR). This 1is

called the Brauer category of H for f£f.

Hypothesis for pairs (H,f) and (H',f') (Hypothesis 4.2 inl%]).
We suppose thatP is a defect group of f and f'. We also

suppose that the inclusions of P in H and H' induce a equivalence

(H').

of Brauer categories Brf(H) and BrF,

Definition 3( Definition 4.3 in (5} ). With the above
Hypothesis, a linear map I from CFK(H,f) to CFK(H',f') is called

compatible with the fusion, if for every cyclic subgroup <u) of

. . {ud> v
P, there exists a linear map I from BCF
p D' K(CH(u),f <u)) onto

1
BCFK(CH,(u), f <u>) such that
f' ‘du = <u>° . u
( (U) H')GI Ipv (f<u> dH ),

Here the family {I;?>| (u)ng} is called the local system of I.

Definition 4 ( Définition 4.6 and '"good definition" in its
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Remark in [5)). We say that the pair (H,f) and (H',f') are the
same type ( in '"good definition" ) , if the following conditions
are satisfied.
(i) The Brauer categories Brf(H) and Brfx(H') are equivalent.
(ii) There exists a family of perfect iéometries

19 0 egie) —— e @8 ) [ag v

such that if for any Q we denote by

Q N

Q

Q

the map induced by I , then IQ is compatible with the

fusion and its local system is

{IQ <uY

1

@€, )

Broue conjectured that if b has an abelian defect group‘P )
and (P,e) is a maximal (b,G)-Brauer pair , then (G,b) and
(NG(P,e),e) are the same block type (Conjecture 6.1 in [5]).

By Lemma 2 Brb(G) and Bre(NG(P,e)) are equivalent. Notice that

by (4.5) for any p-subgroup Q of P and any u € UQ we have

u . u
8’ch(Q) ’ AQ - rQ<u>° dci(Q)

and in particular, rQ is the restriction of AQ to BCFK(OE<Q))'

Then by (4.8),(4.10) and Theorem 2,this conjecture holds when

E is a Klein four group ( and it also holds when [EI €3 ).
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