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PTIME degrees D decidability problems 2D\ T

HFRBAREZE HH T (Teruko Tsuda)

1 (Honest) p-time degrees

¥ ={0,1}, ¥ % ¥ LOBRIOEGL L, 20EHX*%. z,y,2,--- T,
WyEE% AB,--- ETHERTS. |2| X 2 ORE, (, ) II invertible,
p-time, pairing function T |z|, |y| < [(z,y)| EFX =T dID LT 5.

OTM (oracle Turing machine) 7* polynomially honest T% % & i, poly-
nomial p 2L L T, R D input ¢ ¢ oracle query y iI<xt L T |z| < p(|y])
THBHLEITES.

A 7 B p-T [ hp-T ] reducible, A <. B[ A< B] vt &L, Td
5tit, A% accept T3 &5 %4 p-time bounded (Bl %, £E® input o
t oracle query y iIZxf LT |y| < p(|z|) 2K Y 3z2) [ B, polynomially
honest | ¢, B % oracle ¥ 3% deterministic Turing machine AT 3
ZETHD.

7, A% Bl p-m[hp-m]reducible, A <2, B[A<" B] vt &, Td
% ¥ |%, p-time computable [ B2, p-honest Bl %, |z| < p(|f(z)|) ] function
f oo [f: oY U{+ -} BBEELTsEAS f(z) € B
r€EAS f(r)e BU{+} ]| bzt TH53.

Z N b D reducibilities FORERIZ, RO X 5 TH 5.
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A<MB = A<PB
4 y

A<t B = A<} B

% reducibility IC & % equivalent # A=, B A<, B& B<h A%
t L, A @ equivalent class % degh(A) H e EbF. Lk, 2N b D degrees
ZHBIC a,b,--- ETEDT.

Recursive join # A®@B = {0z : z € A} U {193 :x € B} TEET DS,
£ reducibility iIC2WT deg,(A & B) = deg,(A) V deg,(B) &7 b, base
set RICxF LT (S,<,); S = {deg,(A) : A€ R} I upper semi-lattice
TH5.

(S, <,) @ elementary theory % Th((S, <,)), € ® II,-theory (II,-sentences)
# I1,-Th((S,<,)) ¢ 5.

Base sets &, RO XS5 hdn%EXTW5.
REC  (recursive sets)

] R (all sets)
Base sets : LOW  (low sets)
I (C LOW)

ZZT, AD lowset THB LI, A =p 0 hdZrTHB. Tk, 11, K
D&BEFT. ([4])

(1) A€l T, B % recursivein A bl Bel

(2) ABel ol A®@Bel

bR theories @ decidability ICBIL THE O TV B FERIL, LT ok
TH5.

Th({(REC, <%)) i* undecidable T» 5. ([6])

Th((REC, <)) V& undecidable T% 3. ([2])

II,-Th({REC, <%)) i decidable T® 3. ([7])
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II,-Th({I, <)) it decidable T» 3. ([4]))

Th((REC, <)) i undecidable % 3. ([1])
Th((REC, <")) |& undecidable T3 3. ([2])
Th((R, <")) it undecidable T» 3. ([5])

2 Construction

(t) THWAFET, REC O p-time degrees @ structures D ZEAHY
b Dk (LOW, <) ICH VT HRILT 5.
Bl Z X,

Strong minimal pair theorem ([3])

Splitting theorem
Z ZTlk, splitting theorem DFEHHT, £ DR B %~ T

Splitting Theorem:

Vb,c s.t. ¢ < b Jasai[b=ayVa & c<ag,a; <b& agla]
Proof

{(®c,p.) } % p-honest OTMs @ recursive enumeration, B € b, C € ¢
t3 5.
Ag€Eap, A1 €Ear  RD K S ITHT 5.
Requirements %,

Rae : A # 2,(C)

Roet1: A1 # @.(C)
¥ 3 %. priority & R @ suffix DI & 5 5. &FHREF 5 switching points
% o)l vy Dy = {z: L < |2| < e} E L, H(N) % Dy T
attack X L7 requirement @ suffix &3 5.
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Ay, A %,

_ | B(z) if z€Dy&tN)=2e
Ao(z) = { C(z)  otherwise

Ay = | B@) O z€ Dy & t(N) = 2 + 1
W'=Y C(z)  otherwise

L EETD.
I DEFE LD construction T, Ry, Roep1 X AT LIIKTHILICE
D, FEHICZNEN B # .(A)), B# D.(A) bFEEEND.

BRE & 7 B witnesses D sets ¢ LT, Finite sets ® recursive sequences,
{(Vis}, {Ves}, ZHRL, V.= U, V.,,, Ve = U V., £ T3L, Choik
re. T3 » b index function T V, = Wy, V, = Wi € Ebtdb.

V. C [{z,n) : s[Bs(z) =1 & ®(0,,7) =0 & 0, = C, ) p¥] }

Ve C [{2,n) : 35[ Bs(z) = 0 & Be(0m,2) =1 & 00 = C; | p] }
thdEHICERENS. 2T, pf = {ye ¥ |z] <p(ly]) & |y <
Pe(lz])} T, {on} & dom(o) = p{, mg(o) C {0,1} R B D finite
functions @ recursive enumeration & 3 %.

F /-, witnesses % certify 3£ ®IC, IRD A sets W 3.
H= {¢:3z,n) € Wy [z € B& 0, =C|p® for some e] }
H= {¢:3z,n) € Wa[z & B & 0, =C | p* for some e] }

Limit lemma #* &, recursive functions h, h #*FLEL T,

H(z) = lim h(z, 5), H(z) = lim h(z, s)

FIERIC, B, C IC2oW T, B(z) = lim Bs(z), C(z) = lim Cs(z) €5 5.

Construction:

FABHBASL 1(s), 7(s) XN TN, stage s TONR L > TWBXME D
¢ requirement R @ suffix #Fb§. F/, LIST % certify S htTwhiw
requirements @ Y X b, ¢ % global counter ¢ 3 5.
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Stage 0
c=20,100) =1 =0,7r0) =0, LIST = {all requirements }, V.o =
V.o=0 t L, (stage) 0 % testing phase &3 3.
Stage (s +1)
I(s) =1Iny ¥ L, Rywy % LIST OHT highest priority Z#F> require-
ment & § 5.
Case 1 s 7' testing phase T 5255
Case 1.1 t(N)=2e THB5H4.
Case 1.1.1 p.(ly) < |z| < s+1 %3 z TROGHDO VTN
ERF=TIOPHFEET DHE.
(1) Bst1(z) =1 & ®.(Cs41,2) =0
(2) Bs1(z) =0 & ®.(Csy1,z) =1
2D &S ag/hD x ZES. (1) Z2RA-TROE,
Vae,sr1 = Vaes U {{z,n) }
(2) 2K TR 0IE,
Vze,s+1 = Vze,s U {(z,n)}
t435. 22T, 0,=Ce 0%
Case 1.1.1.1 mﬂ)k)‘?‘h#’i’}'ﬁfc?‘%ﬁ‘.
(i) h(0(2¢),s+ 1) =1 and
(Iz,n) € Vaest1) [ Bsy1(x) =1 & 0 = Csy1 | 7]
(ii) h(6(2¢),s +1) =1 and
(3(z,n) € Vae,s41) [ Bs1(2) = 0 & 00 = Cop1 | 1% ]
ZDYE, Ry W certify ERAEZO, N:i= N+1, Iy =
(current value of counter ¢) £ 3%. L T, Ree & LIST
b ¥, s+ 1 % waiting phase t 3 5.
Case 1.1.1.2  Otherwise.
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(s+1)=I(s) tBE, TALNIIMD LARw.
Case 1.1.2 Otherwise.
(s+1)=1(s) tBZ, TN IIMD L.
Case 1.2 t(N)=2e+1THIEHH.
Case 1.2.1 p(ly) < |zl < s+1 %% z TROZEBFEDOOFR
PRETIONFET 555G,
(1) Bsy1(z) =1 & @.(Csy1,2) =0
(2) Bst1(z) =0 & @.(Coy1,2) =1
2D X3RO x #ELD. (1) 2FK1ITHOIT,
Voeti,s41 = Vaer1,s U {(z,n) }
(2) 2R =T HOE,
Vaest,041 = Vaey1, U {(z,n) }
¥ $5.°227T, 0, =Cysy1| 07
Case 1.1.1.1 KRoVEFENI»ZFKELTES.
(i) h(6(2¢ +1),5+1) = 1 and
3z, n) € Vaer1,o41) [ Bor1(z) = 1 & 00 = Cop1 | 7]
(i) 2(6(2e +1),s+1) =1 and
(3(z, 1) € Vaer1,41) [ Boy1(2) = 0 & 0y = Cyp1 | p? ]
CDEZE, Roeyr I certify SNAEBEO, N =N+1,ly =
(current valueof counter ¢) ¥ 3 5. L T, Roey1 % LIST
BBk E, s+ 1 % waiting phase £ § 5.
Case 1.1.1.2  Otherwise.
(s+1)=1I(s) t&E, NN Lirv.
Case 1.1.2 Otherwise.
(s+1)=I(s) tBZ, ZNLHNIXMDH LRV,
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Case 2 s 7* waiting phase T» 554
Case 2.1 s=Iy ODBE.
I(s)=Iy ¥ &BZ, s+ 1 % checking phase £ 3 5%.
Case 2.2 Otherwise.
s+ 1) =I(s) &, 2NN IMD L.
Case 3 s #* checking phase T» 2545
Case 3.1 RDOGZM:%F /=7 requirement R, (r < r(s)) #*HLET S
58, ‘
(1) h(8(r),s) =0 and
(V(z,n) € Vis) [ Bs(z) =0V o0 # Cs | ]
(2) 7(8(r),s) =0 and
(V(z,n) € V;s) [ Bo(x) =1 V 0y # Cs | 9E ]
Dt ¥, R, X injure TNAEELEV, 2D XS /b r ZELD,
R, # LIST iCAN%. s+ 1 % testing phase £ § 5.
Case 3.2 Otherwise.
r(s+1) Z R, () DRD requirement ® suffix & L, s+1 % testing
phase ¢ § 5.

End of Construction.

Verification:

Claim 1 Construction "C, testing phase 7* » waiting phase IC4H 3T 5.

Proof Case 1.1 D& %#Zx 5. Case 1.2 DA dFEEE. B £¥ ¢ ©
550, p(ly) < |z|, B(z) # ®.(C,z) 8% z #FEETZDT, TD LS
iR/ ¢ #ES. I, B(z) =1, ®.(C,z) =0 ¥t Td L, T93%D s
T, By(z) = B(z), Cs |} p* = C|p? TH 25, Case 1.1.1 (1) 2°F /= &
N, (z,n) € Vae = Wy(2e), z € B, 0 = Clp®. #-T,0(2e) e H. 1L, Vv
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SFTd Case 1.1.1.1 DEHEIRTREINEVET B L, h(6(2)) =0, Bl b,
0(2e) ¢ H 2y, FET 2. O

Claim 2 4 requiremment X, B4 BBREI L 2 attack kb,

Proof R, %, #&R[E attack N5 X 5 /& requirement DT highest
priority 220 dD 335 &, H 5 stage 2 b TIE R, X Y higher priority
% ¥ requirement & attack N\, T, T HICTHED stage s T
ik, H(0(r)) = h(0(r), s), H@(r)) = h(d(r),s) TH 3. Case 3.1 £ b, h
X 95D stage s T R, it injure * T, h(8(r),s') = h(4(r),s') =0. &
AHD, IRD stage s'+1 T R, 1T attack b2 H,Claim1 X b, 5
t>s+1Th(r),t)=1FkiE h(l(r),t) =1 255 NEFETH
5.0

Claim 3 4 requirement IX/:-EN 3.

Proof Ry 274 EINB It %ZRT. Roey1 DHEE D FEE.
L, H6(2)) = H(6(2)) =0 t T3 ¢,

V(z,n) € Vo [B(x) =0 V 0, #C|p?], BD

Y{z,n) € Vo [B(z) =1V g, # C}p?].
Fh, X LICT%ED stage s T, H(0(2e)) = h(8(2e),s), H(H(2e)) =
h(6(2e),s) TH 3. Claim 2 2> Ry, ZHRE L A attack ThixLH b,
+BED s T Vaes, Vaes it fix 5. 0T, ENL X X LI +35%ED
t T,

V(z,n) € Voo U Vai [ Bi(z) = B(z) & C; | pf = C| p?]
¢, ExX Y, Case 3.1 OFHEIEFTA~ I, Ry, 1T injure N3 2 LI
o, FETS.

SF 0 HO(2) =153k HO(2)) =1TH 5. Hlxi¥, HO(2e)) =
1¢3%. Blz)=1& 0, =C\|p* 3 (x,n) € Vo ZENIX, 5 stage
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s+ 1T, (z,n) € Vaest1 — Vaes. #o T, Bs;l(x) =1, ®,(Css1,2) = 0,
0n=Cos1 ) pE. £ ZBH Clp? = Cop1 |97 = 00 THE B D, 3,(C,z) = 0
b, HEDIC Ao(z) = B(z) # @.(C,z). O

Ll kD Ay, Ay DHER DS, ¢ < ag, a1 < b. BHIC, b < degl? (4@ A;) =
(ag Va)) <bhdztid,input z LT, Iy <|z|<Iy+1%4%3 N,
H(N) REELT, t(N) =2 b y=0z, t(N) =2 +1 % b y=1z tF
niZ, B(z) = Ao ® A:1(y) X W ERERX 2, £/, C <P B X v ARERXH»
Bond. a|a AL A, OO

3 Problems

- PTIME degrees @ structures ZFH~x% BB®D 1 2%, 5EICE T %= decid-
ability ICBS 3 2 #E R IC#HE < open problems, #i x 1T, |

o Th((S,<!)); S = I, LOW, R, or A} i¥ undecidable 7 ?

o TI-Th((S, <)) i¥ undecidable %" ?
%% BEAI0 undecidability IC /BB X £ TEX BRDTH S,
2% b, (finite) partial orderings @ theory @ undecidability #* ©, language
L(<L) o formula ¢ T

V(P, <p) p.o. Ja (finite parameters) s.t.
({b€S5:(S,<r) Fwsy(ab) }, <) = (P, <p)

25db0EROFBITHS.
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