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Order of a holomorphic curve with maximal deficiency sum

for moving targets

by Seiki Mori

1. Introduction. Nevanlinna's defect relation remgins valid
for mutually distinct meromorphic target functions gl,...,gq on C
which grow more slowly than a given meromorphic function f on C

(slow moving targets), that is, the Nevanlinna characteristic

functions of those functions satisfy Tg (r) = o(Tf(r)) as r — o«
J

(j=1,...,9). (See N.Steinmetz (71 On the other hand, in higher

dimensional case, M.Ru - W.Stoll {4] [5] and Shirosaki [6] proved

a defect relation with defect bound n+l1 for slow moving targets to
the case of nondegenerate holomorphic curve.

While, A.Edrei - W.H.J.Fuchs (1] proved that a finite order
meromorphic function with 8(«, f) = 1 is- 0of positive integral order
and regular growth if it has the maximal deficiency sum 2.

In this note, we investigate the order of holomorphic curve
in some class with maximal deficiency sum for slow moving targets.

Let f : C —— P"(C) be a finite order and nondegenerate

holomorphic curve and f:= (f .,fn) a reduced representation of f.

0’

Let gJ (j=0,...,q) be slowly moving targets for f in general position,
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We show that if there exists an fi such that
O .
Nl(r,l/f.1 ) = o(Tf(r)) and Tl(r’fi./fi ) = o(Tf(r)) (j=0,..,n-1)
0 ] 0
and X 8(f, g7) =n + 1, then f is of positive integral order
j=0
and ofregular growth . In thé case n = 1, the theorem is sharp by
F.Nevanlinna's example. But in the case n > 1, I could not find

an example to show the shrapness 0of the theorem.

2. Preliminaries and statesment of result.

Let f : € — P"™(C) be a holomorphic mapping of C “into

Pn(C), and ¥:=(f0,. .,fn) : L — ¢n+1_ {0} a reduced
. 2 n 2
representation of f. Set lf(z2)l® := X Ifi(z)l
i=1

We define the characteristic function Tf(r) of f by

1 27 (6
T.(r) := — I log lf(re'”yll de@.
£ n J

We define the order Af and the lower order uf of f as follows:

log Tf(r) log Tf(r)
A, := lim sup and u = tim inf —/——
f r — log r f r — log r

We say that f is of regular growth if Af = uf.
For a meromorphic function ¢(z) : € —— C U (=}, its proximity
function ml(r, @), counting function Nl(r, ®) and the characteristic

function T,(r, ¢) are defined by

1
1 n + iB r
m,(r, @) = =— f log le<re )| d6, N, (r, ¢) := f n,(t, @) dt/t
1 27 1 1
0 0
and
'Tl(r, ®) = ml(r, P) + Nl(r, ®P),
respectively, where n,(t,¢) is the number of poles of ¢ in |z} < t

1



counting multiplicities and log+x := max (log x, 0.
Let G be a finite set of holomorphic mappings g : € —— P"(D)
- .
with n+2 < g := "6 < », Here we say that g is a moving target.

Assume that

(A 1) © 1is in general position. (cf. [531)
This means that at least one point 24 € £ exists, such that
#6(20) = q and 6(20) is in general position, that is,
I j n
det (gQ ) # 0, where G = {g":C — P (0, (j=0,...,q))
0<k,2<n :
and (gjo,...,g;) a reduced representation of gJ.
Let (fo,...,fn) and (go,...,gn) be reduced representations of
f and g, respectively. Define Nf g(r) 1= Nl(r, 1/h) and
. 2n i6 i6
n, (ry := 5% f log If(re )HH%ére )l 40 = o0,
8 0 [h(re 7y |
. .
where h(z) := 2 f,(2) g, (z) # 0. Then it is known that
i=0

Tf(r) + Tg(r) = Nf,g(r) + mf’g(r) + 0(1) (r — =),

1f f or g is nonconstant, then Tf(r) + Tg(r) — ® 3§ I — ©

and the defect &(f,g) for the moving target g 1is defined by

0 < 8§C(f,g) := lim inf "t.g " =1 - lim sup e g < 1
r — o« Tf(r)+Tg(r) r — o Tf(r)+Tg(r)
Assume that
(A 2) T j(r) = o(Tf(r)) (r — o), for all gj € 6.
g
Then the moving target gj is said to grow more slowly than f, and

the defect o&(f, gJ) is written as

27
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5C(f, g3) = 1im inf m (r)/T,(r> =1 - lim sup N (r)Y/T ().
r — @® f,g r — @ f,gJ

Let %6 be the field generated by G over €, that is, the field

generated by elements of the form gji = gg / gé, (i=0,...,n;

j=0,...,a) over €, where (gé,...,gi) is a reduced representation

of gJ. By assumption (A 2), Tw(r) = o(Tf(r)) as r — «, for

any ¥ € %6' Assume that
(A 3) f 1is linearly nondegenerate over %6,
that is, fO,...,fn are linearly independent over %6. Then

we have the following:

Theorem. Let f : { — Pn(E) be a finite order holomorphic
curve and linearly nondegenerate over %6, and (fo,...,fn) a reduced
representation of f. Let © be a finite set of slowly growing
moving targets as above. Assume that there exists an t, = 0 such

0
that N, (r,1/f. ) = o(T,.(r)) and T.,(r,f, /f. ) = o(T_.(r)) (r — =),
1 i f 1 i, i f
0 ] 0
q

(j=0,...,n-1). Then if S &(f, g¥) =n + 1, £ is of positive
i=0

integral order and of regular growth.

3. Proof of the theorem.

We may assume that ij= i, (j=0,...,n). We may assume that
g; = 0 (j=0,...,n-1), by adding some constant targets in general
position,if necessary, and also may assume that gé = 0 (j=0,...,q),
by a unitary transformation of P . Set

i, 3 . . .
= =0, ... ; =0, ..., , g, .= =0,..., ,
gjk gk/go, (j=0, ,a4; k=0 n) S0 i0 1 (j=0 Q)

and
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h. = ggofy + ~-*+ gl f (§=0,...,a).

Then the assumption (A 3) yields hj(z) #Z 0. Let £(p) be

the vector space over C spanned by the set

p..

{ m §.g1 | P,, are non-negative integers with > p..= pJ,
0<j<q I g
0<i<n : : 0<Li<n

and (b ..,b,} be a basis of £(p+l1) such that [b

1" t
a basis of £(p) (s £ t). Then ¥Z(p) ¢ £(p+1) and (B.f

(j=1,,,.%; k=0,...,n) are linearly independent over C. Let

. n
_ J _ -
F. = hj/go = igo §jifi. (j=0,...,q).

Then bjFa (j=1,...,s; k=0,...,n) are linearly independent
K

over C. Since bij (j=1,...,8;k=0,...,n) are written as linear

combination of bjfk (j=1,...,t;k=0,...,n)> over €, there exsist

ke

mj

[b.F (1<j<s, 0<k<n); h_.(s+1<jst, OSmSn)J = (b,f (1£j<t, OSkSn))'C,
j Kk mj i"k

85> € € and C € GL((n+1)>-t, €) such that

kL

where h_. = > B2 b , (j=s+1,...,t; m=0,...,n). Then we have
mi k<t ™K
0<8<n
w( b Fk (1<j<s, 0<Lk<n); hmj (s+1Lj<t, OsmSn))
= W(bij (1<j<t, OSkSn))'det C.

Let o = (do,...,&n) (ak € (0,...,9)) be multi-indices. Put

W= w(b.F (1<j<s, 0<x<n); h%  (s+1<j<t, OSmSn))

o ey m _
and

W .= W(bjfk (1<j<t, OSkSn)) = 0.
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Then from a similar argument as above by using> Fa A instead of
-0 ‘ n
= . o
FO,...,Fn, we have wa = caw, where Ca € GL{((n+1)-t, L).
For any fixed =z € {, we arrange Fj 's in order that
k
IF.(z2)] £ |F. ()] g--+< |F. ()| <-+-<|F. ()] € =.
i is in g+l
Then we have
Nf¢z)l < A1(2)°|F.(z)l, (k=n+1l,...,q+1),
Tk
27 19 .
+
where I log Al(re1 ) d6 = o(Tf(r)) (r — ®), since A1 can be
0 .
represented by a combination of §jk's. Hence we have
sl - n
q-n+1 ( Hf(z)")
m
j=0( ]Fj(z)!) < A K1TF 1)
k
Thus we obtain that for any =z € C,
q ] ns
.go(_ﬂiigljg_) < a,(z,5)°3 nuf<z)u -
] |F.(2)] () g lF (]
J k=1 Jk
27 . i 6 .
where f log Az(re1 ) df = o(Tf(r)) (r — ®), - Therefore we have
0
q S n-1 n n-1
m (liﬂ S) < Az, ISP L 3 cm E IS m R IS ]a s T IFS
j=0IF | ‘ (' i=0 k=1 Jk i=0
Here the summation 2 = 2 is taken over all combinations of
) (Jk)
(j1 jn) and E = 2 is taken over all combinations without
’ ) ( )c (Jk)v .
(0,...,n-1). Hence we have
q S n-1 n
log T ("f" S) <log” 3 cm IR IS/ m IR 1%))
j=0 MF ()" i=0 k=1 Jx

n-1 .
+ log (NEI%T /W [F 1) + log A,(z,5) + 0(1)
i=0 °
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and
. n-1 s n s
log” 3 W |F |7/ m [F, ™)
()' i=0 k=1 Jk
+ n | S S (n+1)(t-s)
< log 3 tlw l/7¢m IF, |7 C(IF l+---+IF__ 17 £l y ]
¢y k=1 Jx
+ n-1 s S (n+l1)(t-s)
+ log (W IF, |- (lF |+ - +]|F [HZ £l VARR' !
. i 0 n-1 o]
i=0
+ + Pl s Sy oy (n+l) (t=5)
= S log D+ log ( W IF. | CIF |+ -+|F DRER /lwl-1c |y,
, o . i 0 n-1 [od
(G i=0 .
< 2 log+Da + log 1/1W| + log+H¥M(n+1)(t—S)
¢!
+ n-1 _ s i~ . s .
+ log { IF NS CF ]+ -+|F__. 1%y + 10g 1/]cC],
. i 0 n—1
i=0
n S s (n+1){t-s)
where D_ = W _|/7¢ ™ |F, |PCF [+ -+|F_[Z)Ifl }  and
Iod o J 0 n .
k=1 K
we write E(z) = u(z)/ fom for a function u(z) with homogeneous
form of degree m 1in fo,...,fn. Thus we obtain that
q S ~ ~ -
(1 log T (ﬂiﬂ—g ) < 3 log'p, + log"1/IW| + log"pEy"TII(HTS)
j=0 lel ¢!
+ 1 *nﬁllﬁ [SCIF J+--+|F D% + 10g71/1C ]
0g 2o 1 0 n-1 08 a
sn n-1 s +
+ log (J£N77/ W lFil ) + log A,(z,s) + O(1),
i=0
By integrating both side of (1) on a circle |z| = r, we obtain

a 3 pT £l 1 P2 ~
X S f log TF T d0 < 0(T (r)) + 5= f log 1/|wW| d8@
J

=

j=0 0 0
n-1 1 2n .
+ (n+1)(t=-s)-T_(r) + 2s+ 2 —=— f log |F.| d6
f (=0 27 0 i
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e N A FY S
+ S’izo N IOIOg TF—IT do + \ro log A?.(Z’S) dg + 0(1) (r — o),

by the lemma on logarithmic derivatives and the assumption

Tl(r"fj/fo) = o(Tf(r)) as r — o, (j=0,...,n-1). Hence we have
(2) % = I-nlo LIl 40 < (n + (ne1d>d = 1) + 0(1)) T ()
2 N & TF. s f
i=0 0 J
Lo, N
* 3 f log 1/|w| 486, (r — =®),
ns
0
We note "that
2n ] 27
1 N£0 Hg |l 1 £l
m .(r) = == log —5—— d8 = — log d8 + o(T.(r))
£, gl 2r J thH 21 J !Fjl f
(r — @ ), (j=0,...,q). Therefore dividing both side of (2) by

Tf(r) and taking a limit infimum as r — «, we obtain

! j t 1 PPN s
2 8(f,g") < n + (n + 1)(= - 1) + lim inf (5= I log —— d8)/s T, (r).
.2 S . 2n ~ f
j=0 r — o 0 Wl
From Steinmetz' lemma [7, p.1381, we see inf t/s = 1, S0 we obtain
p — @
that for any small £ > 0 there exists p such that tg/sg < (1 + nfl)'
Hence we have
q - . 1 2n + 1
> scf,g’y < (n+ gy + lim inf (=3 I log — dG)/sS'Tf(r),
j=0 r — o 0 [ W]
d ]
Thus if > 8(f,g") = n + 1, we have
j=0
2T
. . 1 r + 1 . . . ~
1 - € < 1im 1nf(;§ log — d@)/sg~Tf(1) < lim inf Tl(r,W)/sg-Tf(r),
r — o " Jyg | W r —
where W = W(z,ss) depends on SS. Also, we have
T, (r,W) £ — log ( W(b_ f . ,..,b, £ ,..,b.f ,..,b, £/ W |f, | ) d8
2
1 2 0 170 t8 0 1™ n t8 n k=0 k
2n n t
1 M Cor
* o r log T |fkl dé + m- N (r,0,f)
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: n
= 0(Te(r)) + ¢t > T.(r,f, ) = (tg + 0(1)) T (r) (r — ®).

Thus we have

1 - & < lim inf Tl(r,ﬁ)/ssTf(r) < 1im sup T

r — © r — ©

1(r,W)/ngf(r) < tg/sg'
This yields

27
1 - &< (t /s )-lim inf 5 f log'—— d8 / T (r,¥).
r — o 0 | Wl

Therefore we deduce that

0 < lim sup (Nl(r,W) + Nl(r,l/W))/Tlcr,W) < 2g.

r — =

From Edrei-Fuchs' theorem [1, p.2981, if

K := lim sup {Nl(r,W) + Nlcr,l/W)}/Tl(r,W) < 2g,

r — «

then there is an integer ¥ such that

(3 Y - 10e(y. + 1)rg £ p_ <X <V + ey +1)¢€
’ W W

Thus, we deduce that W o= W(z,ss) is a meromorphic function of order x_
, , o

and of lower order pu_ satisfying (3). On the other hand, since

W
(1 - S)Sng(r) < Tl(r,W) < (1 + S)SSTf(F).
Hence we obtain that the order and lower order of f are equal to
the order and lower order of W ,respectively. Now taking p —

and & — 0, we obtain that f is of positive integral order and

regular growth. This completes the proof of the theorem.
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