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Generalized Classes of Multivalent Functions

with Negative Coefficients.

Tadayuki Sekine
BmET (BXE)

1. Introduction and Representation
Let An(p) denote the class of functions of the form

o0
f(z)=z? — 3 ag.z"(a.20, and p,n€N)
k=p+n -

which are analytic and p-valent in the unit disk U={z: | z | <1}.
Let A,(p;{Bx}) denote the subclass of A,(p) consisting of

functions which satisfy the following inequality

o o]
2 B:<1 (B+>0,n€N) .
k=p+n

By means of A.(p;{Bx}) with particular values of n or B,
we have the following representation for subclasses of analytic

and p-valent functions with negative coefficients([1],[2],[3] and
[51).

* _ g (1+B) (k—=p)+ (B—A) py
(L) ThAB) =4p 51 ) i

_ (k[ (+B) (k—p)+ (B—A) pl)
(1L2) €, (AB) =4 (pi} TETIET J @
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_ (R (1+b)
(L.3) T, (a,b)-UAKp)QZb(l_a) pﬂ (2n.

k2 (1+b) )

b (1—a) p) (21

(1.4)  C,ab)=Aypf

k"“ﬂ([ﬂ).
p—a

(15)  T* (p,a) =A[p

(16) € (poa) =Ayp =0 3.

’ m—1+k
0wy e sfanmaen [T
k—p

p,m

2. Distortion theorems
Theorem 1. If f(z)€ A,(p;{B«}) and Bx<Bys+.,then we have

+n
|z [#*m .

IZP”}élf(z)|§LZV+BI

ptn

(2.1) Alax{&lzl“~Bl

p+tn

The estimate is sharp for the function

z ptn

(2.2) | f(z)=z B

et+n

Let p=1 in Theorem 1. Then we have
Corollary 1([4], Theorem 1). If f(z) € A,(1;{Bx}) and Bx=By.:

then we have

L

1

n+1

21 ls1 7 (2) ISls 1+l 21

(2.3); Max{O,lzl—B B

The estimate is sharp for the function
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n+1

z

(2. 4¢) f(z)=z—Bﬂ+1

Let n=1 in Theorem 1. Then we have
Corollary 2. If f(z)€ A,(p;{Bx}) and B,<By.,, then we have

1

p+1

|

p+1

I z |p+1 .

(2.5) Max{O,!zl”—B lzI"*‘}élf(z)lélZl"-i—B

The estimate is sharp for the function

zp+l

(2.6) f(z)=z"—B1

p+1
Theorem 2. If f(z)€ A.(p;k{Bx}) and Bu<By.,, then we have

1

p+n

(2.7) Max{d.Plzl"“—B lzI”“’"}§|f' (z) |

1

p+n

splzlP '+ |z |o*n L,

The estimate is sharp for the function

1

(2.8) f(z)=z"— (p+n)B,+,,zP+"'

Let p=1 in Theorem 2. Then we have
Corollary 3([4], Theorem 2). If f(z) € A,(1;k{B«}) and

Bx<B«+:, then we have

[z]".

|zl"}§|f' (2) 151+

n+1 n+1

(2- 9 ) Ad(] XY{O’I'_ l;l

The estimate is sharp for the function -
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1

o _ n+1
(2.10) f(z)=z TENN AR

Let n=1 in Theorem 2. Then we have
Corollary 4. If f(z)€ A,(p;k{B«}) and Bx=<Byx.,, then we

have

1

p+1

Izl"}élf’ (z) |
1

p+1

(2.11) Max{O,P|zl"“1-—B

splzie 4+ z e+,
pllBII

The estimate is sharp for the function

— P 1 p+1
(2.12) f(z)=z TS Bp+hz .

¥e now show the distortion theorems for f¢°(z)(2£j<ntl).
First we need the following lemma.

Lemma 1. Let

IJ‘[ (k—=1+1i) = é: Akt (j22,REN)

i=] i=l|

Then

j J
'glAl (n+p) ' = TI(n+p—1+i) (n,p€EN).

i=2

The proof is the same as that of Lemma 1([4]).
Putting p=1 in above Lemma 1, we get Lemma 1([4]).
Using Lemma 1, we havé
Theorem 3. If f(z)€ A.(p:k*{Bx}), Bx<By+, and 2<q<ptn,

then we have
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j
(2.13) (1) 1f 9 (2) |= o (ptl=i) [z

ﬁ(n+p-1+i)
i=2

| z]etn=d

(p+n) q’le‘n

: J
1F9 (2) 12 T (p+l—i) |z|*

llf(n+p—l+i)
i=2

(p+n) q_pr+n

j
T (n+p=1+i)
i=

(p+n) “"!Boin

l z |p+n—j

(2.14) (D) £ (2) |s

(pt1< j<ptn).
Let p=1 in Theorem 3 (1) . Then we have
Corollary 5([4], Theorem 3). If f(z)A.€ (1;k*{B.}),Bx<B,.,
and 2<q=<ntl, then we have

_]jI(n+i)

(2.15)qlf P (2) |s—2F

n—j+1 < 's .
S 4D 7By 2] (22 En+l)

Let n=1 in Thorem 3. Then we have
" Corollary 6. If £(z)€ A, (p;k*{B«}), Bx<B«s: and 2 q=sptl,

then ve have

,l‘i[z(p+i)

(p+1) " 'B,uy

| z |79+,

J
(2.18) 1 fY (z) |s Iﬁ (p+1—i) |z]* '+
i=

ll[ (p+i)
i=2

(p+1) “"'Bon

2=ji=p),

p—i+l
|z | ,

J
£ (2) Iz TT (pti=i) |21 -
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fI(p+i>

i=1

i=p+1) .
(p+1) " 'Boes (j=p+D)

If (i) (z)|=
Remark 1. Substituting some values for B,.: in Corollary 2,

we have the following estimates of f(z).

% _14B+ (B—A) p
(2.17) I.f f(Z) ETP (A,B) Bp+x— (B—'A)P N then

___(B=A)»p
1+B+ (B—A) p

|z |? lz|**'&| f (z) |
(B—A) p

p+1l
1+B+(B—A)plzl

slz|o+

({13, Theorem 3).

_ (p+1) {1+B+ (B—A) p)
(2.18)I Ff f (z) ECp(A,B) B.n= (B=A) p° R

then

(B—A) p?
(p+1) {1+B+ (B—A) p

izlp—

}JZV“élf(z)l

(B—A) p?
(p+1) {1+B+ (B—A) p}

(cf. [1], Theorem 4).

Iz lp+l

slz|*+

_ (p+1) (1+b)

2 ADTF £ (2) € T, (a,b) [Bon=—spci=ay |, then

2b (1-b) p
(p+1) (1+0b)

|z |?— lz|**'s|f (z) |
2b (1-b) p

(oD by 2T

Slz |+



([2], Theorem 6).

_(p+1) 2 (1+b)

(2.20)I f f(z) €eC,(a,b) |Bpu= 75 (1=a) p° y then
2b (1-b) p? \
P P+S
2= T avpy (2IE (2]
2b (1—-b) p?
< P p+1
sz ey 2!
({23, Theorem 7).

p+l—a

(2.2)IFf f(z) €T* (p,a) |Boi= , then

p—a

p—a
pHi—a FrELL

[ Pl < 14
|z | |z | _If(z)lélz|+p+1_a

({3], Theorem 3.1).

(p+1) (p+l—a)

(2.22)1f f (z) €C (p,a) (B, = |, then

p(p—a)
o p(p—a) i1
| z | (nH)(p+kﬂ)lz| slf(z) |
slz|P+ p(p—a) |z |+

(p+1) (p+i—a)

([3], Theorem 3.2).

2.2 IF f(z) ENp’m(Bp+1=3(m+p)), then

1
3(m+p)

1

3mEp) [z|**" ([5]).

|z |"— lzl'=lf (z) [=]z]+

Remark 2. Substituting some values for B,., in Corollary 4,

we have the following estimates of f’ (2z)

123
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1+B+ (B—A) p

* —
(2.24)If f (Z) GTp (A)B) Bp+l_ (P+1) (B_A) D

_(p+l) (B=A) p
1+B+ (B—A) p

plz|~! lzlr=lf" (z) |

(p+1) (B—A) p
1+B+ (B—A) p

splz| '+ lz|”

({1], Theorem 3).

(2.25)qIf f (z) ECP (A, B) (BP+1=1+L3;_(§)_;13 p

), then

(B—A) p?
I1+B+ (B—A) p

plzl|st— lzl*s|f” (z) ]

(B—A) p?
1+B+ (B—A) p

splz|~'+ lz]|°

(éf. [1], Theorem 4).

1+b6 -
2b (1—a) p

(2.26)I f f(z)ETp(a,b) Boi= ), then

_2b(l=a)p
1+b

plz|*! lzl*=lf" (z) |

2b (1—a) p
1+ 0

splzi~+: |z 1°

([2], Theorem 6).

_ (p+1) (1+0b)
(2.201F f(z) €C,(a,b) | Bon=—"—m— 53

), then

2b (1—a) p?
(p+1) (1+0b)

plz|= lzle=lf" (=z) |

2b (1—a) p?
(p+1) (1+0b)

Splz|*'+

|z |?
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([2], Theorem 7).

p+l—a
(p+1) (p—a) /)’

(2.28)Iff(z)ET*(p,a)(Bp+1= then

o (p+l) (p—a)
p=1__ p ,
plz| P tl—a lzlr=lf" (2) |
., (p+]) (p—a) )
S p—1 P.
splz|~'+ P ¥l—a | z |
(t3], Theorem 3.1).
(2.29)I f f (z) EC(p,a)(B,,+l=w—— , then
p(p—a)

p|zlp-l———-Pp(f1:§’ lzl°sl 7 (2) |
p(p—a)

< r—1 - 7 P

Splzl|'+ T — |z |

([3], Theorem 3.2).

3(m+p)

L th
p+1)te"

(2.3001f f(z) €N, . |Byu=

plzli——LFL 1 egip (2) 1splz)rie—2FL (L)

-3 (m+p) 3(m+p)
([6]).

Remark 3. Substituting some values for B,., in Corollary 6,

we have the following estimates of f” (z)

(.3DIF f(2) €C, (A.B) (Bp=—ip ((%__’;))‘;2), then
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v, (p+2) (B=A) p* | o1y sn
p(p—1)lz] ¥B+ (B—A) p |zl '=slf” (z) |

(p+2) (B—A) pP*, ..

sp (p—1) |z|?+

fr (2 1534824 oy,

- 1+2B-A

_1+b
(2.3)If f(z) Ecp(a,b) B"“_Zb 1=a) pz) , then

by 2(p+2) b (1—a) p*, ”
p(p—1)lz| (p+D) (140) lz|'slf (2) ]

b2, 2(p+2) b (1—a) p* -

(cf. [2], Theorem 7),

3b (1—a)

£ (2) 1S= 5 (p=D).
_ ptl—a
(2301 f £ (2) € C(p,@) | Bor=—3T1) » (5a0) |, then

p (p+l) (p—a) el £
T L 2SS ()|

p (p=1) |z|*%—

p(p+2) (p—a) oo
o |z | (p21)

s=p (p-1) |zl 2+

(cf. [3], Theorem 3.3),

17 (2 183822 (p=n (11, G0
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