0000000000
08210 19B¥2 112-116

Notes for Starlikeness Conditions of

Analytic Functions

Rikuo Yamakawa (Z @ T K I bl BEXR)

1. Introduction
Let A denote the class of functions f which are
analytic in the unit disc D={z: |z|<1}, with
1.1 : =0 and 7 (0)=1.
And let S* be the usual class of starlike functions
in D ,i.e.

zf (z2)

S ={fEA: RW

>0, zED}

On the starlikeness condition for functions of A,
we now investigate the following well known problems:
Problem 1. Find the maximum value of 7 for which
f€A and
(1.2 lf7(2)-1I<1, z€D

imply that f is starlike 1in
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(1.3 D.={z: |z|<r}.
Problem 2. Find the maximum value of 7 for which
fFeEA and
1.4 lf"(z)=1l<7r, 2z€D
imply that feS*.
Ve denote by 7, and 7, the maximum value of the
first problem and of the second problem, respectively.
For 7»,, T.MacGregor [1] showed that
71 22/V 5=0.894- --.
Recently, M. Nunokawa in [3] proved that 7,>0.926---, and
in [4] Nunokawa et all improved, that is 7,>0.933---. On

the other hand, P.Mocanu [2] showed that the function

+
(1.5) F(2)=—22+ 22 +6log >

belongs to A and satisfies the condition (1.2), but
does not belong to S* Therefore 7,<l. For 7, in the
same article Mocanu also proved that
72 22/V 5=0.894-- .
In this short paper,modifying the MNocanu's example,

we show that

(1.6) r1<0. 9982



114

and

a.m 72 <0.9962 .

2 . Exanmples

Example 1. Let

+
2.1 f(z)=(2—a’)z+%22+a(u’-—1)log o a' zED,
where log 1=0. Since
2 _ > +
2.2) f’(z)=2—a2+az+i(—“———1—)=1+z“7 L
z+a zZ+ta
we easily deduce
FO=r0-1=0
and
| F2(z)—-1I<1, =z€D.
If we let
f(z2)=s+it, zf (2)=u+iv
and z=7 ¢'?, then we have
. -
s=@Q—a?)rcosb +%r‘cos 20+g—(—a§~£log (r*+a*+2a r(;osé?)
—a(a®—1loga,
in@
t=(2—a’)rsin9+ir’sin 29+a(a’——1)Tan“—Ls—l~I—l———,
2 a-+rcos@

a’(a?—1)(rcos@+a)

u=0Q—a?)rcosf+a ricos 20 +a(a*—1)— r2+qa?+2a rcosb
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and

a?(a?*—1) rsin®

v=02-a*)rsinf+a r’sin 20 +——— .
r*+a*+2a rcos@

And it is evident that Re[z/f'/f]>0 if and only if

2.3 su+tuv>0.

But by putting

2.4 a=1.1 r=0.9982, 6=2.743,

we deduce su+tv=-913x10°<0, which shows that f 1is not
starlike in D,,i.e. 7,<0.9982.

Example 2. Let

(2.5) y(z)=(1-—§—)z+ 22+ blog (z+a)—bloga.

2(a?—1)
Since

b .z(az+1)

(2.6) g (Z)=1+a(a2—~1) g

evidently ¢g&€A, and
B b
2.7 | g (Z)—1</C="'—2——I. zED.
a(a?-1)

Let
g(z)=s+it, zf (z)=u+iv

and z=7re*®?. Then we deduce

b b
s=(0——)rcos@ + r2cos 20 +73—10g(72+a’+2a rcos@)— bloga,
a .

b
2(a?-1)
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b : b ) 7sin@
=(1-— in@ +—————7%sin 20 + bTan™ ' ———,
( a)rsn) 2(a2—1)r sin an a+ rcos@

b(r2+a rcos@)

b b
u=(1—;) rcos @ +———7%cos 20 +

a?-1 r2+a?+2a rcos@’
b : . a b rsin@
= [ + 3
v=_~1 a)rsmt9+az_1r sin 20 PR Y——
Substituting
2.8 a=1.1 6=0.2301, r=1, 0=2.743

we obtain su+tv=—436x10°<0, and
2.9 k =0.9961038: - -,

which yield 7.<0.9962.
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