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Steady Trapped Solutions to Forced Long-Short

Interaction Equation

ARG 8K #BH ( Mitsuaki Funakoshi )

§1. Introduction

The resonant interaction between long and short waves is possible in several
fluid systems. In a two-layer fluid system, the interaction is possible between
a long internal mode and a wave packet of short surface mode whose group
velocity is close to the phase speed c; of the long internal mode!?).

Next, if a fluid flows over an uneven bottom topography at velocity V',
waves will be generated, as in the case of mountain waves in the atmosphere.
For bottom topography of large horizontal scale and small height, the gen-
eration of a long wave in a single-layer fluid can be described by the forced
K-dV equation in the resonant case in which V' is close to the phase speed of
this wave®*. The same equation is derived also for a stratified fluid system
when V' is close to the phase speed of one of the wave modes of the system
in the long-wave limit>®).

In this paper, for a two-layer fluid, both the resonant interaction between
the long internal mode and the short surface mode, and the generation of the
long internal mode by the resonant motion of the fluid relative to the bottom
topography of large horizontal scale, are examined simultaneously.

§2. Forced Long-Short Interaction Equation

We consider two-dimensional irrotational motion of a two-layer inviscid
fluid over a localized bottom unevenness, as shown in Fig.1. Here the upper
and lower fluids ( with densities p; and p, (> p; ) ) are assumed to be quiescent
and to have depths h; and h, far from the unevenness. (; and (; are free-
surface and interface displacements, and b' expresses the bottom unevenness.
Also z' and 2’ are horizontal and upward vertical coordinates, and t' is the
time.
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If velocity potentials of upper and lower fluids, ¢} and ¢5, and (7, (3, b, 2/,
Z', t' are non-dimensionalized using h; and gravitational acceleration g, gov-
erning equations are written as

¢1xa: + (blzz =0 3 C2 <z<1l+ Cla ‘ (218’)
¢2xa:+¢2zz:0, —T+b<Z<C2, (211))
Cit + P12C10 — ¢1. =0, | (2.1c)
' on z=1+(,
b1t + C1 + %[(¢13)2 + (¢12)} =0, (2.1d)
Cot + P12Coz — P1. =0, ‘ (2.1e)
Cot + PagCoz — P2, =0, (2.1f)
: b on z = (g,

(1 =AY+ G+ %[(Gblx)? + (612)%]} (2.1g)
_{¢2t + CZ + %[(¢2.7;)2 + (¢2z)2]} =0 s )

—by — by + P2, =0, on z=-—r+0b, (2.1h)

where non-dimensionalized variables are expressed by dropping primes, and
r = hs/h1, pr = pa(1—A).

We also assume that the bottom moves at non-dimensional speed V in
this reference system. Therefore, b depends only on x — V¢, and b — 0 as
x—Vt — too. Of course, the results shown below can be used under a simple
variable transformation also for the case of the uniform fluid flow at speed
—V over a quiescent bottom.

For flat bottom b = 0, the linearized version of eq.(2.1) has the following

two kinds of solutions :
(= aoei(’=k +c.c., ¢ = i(z()lxi(,z,lc)ei‘g=t + c.c.,
' ) ) (2.2)
(2 = pa(k)aoe! + c.c., ¢y =iaoxx(z,k)e!* + c.c.,

where

0 = kz — we(k)t,

o1+ 09+ \/(01 + 03)? — 4A0105[1 + (1 — A)o,09) }5 (23)

wx(k) = {k 21 + (1 = A)oy0y)
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k

px(k) = C1 — Wsl ,
vi(z, k) = wi]:k) sinh k(1 — z) — ox () coshk(1 — 2),
x+(z, k) = ~exbIG _l;gfl/wi(kﬂ coshk(z +7),

C; = cosh k,Cy = coshkr, S; = sinh k, 5y = sinh kr, 0, = tanh k, 09 = tanh kr.

The solution corresponding to positive sign in £ of the above expressions is
called surface mode, while that to negative sign is called internal mode.

It is well known that the surface mode of wavenumber k; interacts reso-
nantly with the long internal mode if

(ko) = ¢y, (2.4)

is satisfied, where c,(k) = dw,(k)/dk is the group velocity of the surface
mode, and ‘

w_(k)
k

A=

={|1+r-y@+rr—1ar] 2}, (2.5)

k—0

Cp =

is the phase speed of the internal mode in the long-wave limit.

Next, if the bottom is uneven and V = c¢,, the long internal mode is
generated resonantly by the unevenness. That is, since the group velocity of
the right-going wave of this mode relative to the bottom is very small, the
amplitude of the generated wave is expected to become much larger than the
height of the bottom unevenness.

Aiming at examining the system with not only the resonant interaction
but also the resonant generation, we assume that, using (< 1), there exist
the surface mode of wavenumber close to ky and of amplitude O(¢) and the
long internal mode of amplitude O(¢*/3) over the bottom unevenness of height
O(€?). Furthermore, the horizontal scales of the surface-mode wave packet, of
 the internal mode, and of the bottom unevenness, are assumed to be O(e~%3).
Finally V —c, is assumed to be O(¢?/?). Under these assumptions, an evolution
equation for the surface-mode wave packet and the long internal mode can
be derived using the reductive perturbation method, as shown below.
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First, we expand the variables as

CH=EeY, =S, (=12, (@6
n=0
where qﬁj(n) and Cj(”) are assumed to depend not only on ¢, z and 2 ( only for
#;(®) ) but also on a stretched horizontal coordinate ¢ = %2 (z — Vt) fixed to
the bottom and a stretched time 7 = ¢*/3¢. Next, V and b are expressed in
the following forms :

V=Vy+e3V 4., (2.7)
b=e?H(¢), (2.8)

where function H, satisfying H — 0 as £ — F00, determines the localized
bottom unevenness.
The replacements of the differential operators

8_>£_|_ 2/38 9 _@__V2/3a+54/3_?_

9z oz ' ° a¢’ ot ot o€ or’
in governing eq.(2.1), substitution of expressions (2.6) ~ (2.8), and the ex-
pansion of boundary conditions (2.1c) and (2.1d) around z = 1, conditions
(2.1e) ~ (2.1g) around z = 0, and condition (2.1h) around z = —r, result in
the following equations in O(¢3*) :

(¢ + ¢l = N, 0<z<l,
Bl + $m = N{, —r<z<0,
(n) ¢(n) N:gn), ¢(n) +C(n) N(n) on z=1, (2.9)

() _ g0 = N ) _ g _ ) 0
on z=0,

(1= A — o) = AC = N,
) = N

, on z=-—r,

wheren =0,1,2,---,and N\® (m =1, 2, ---, 8) depend only on the lower-
order variables in eq.(2.6), or H, or their derivatives.
Since NO = NOD =0 (m =1, 2, --+,8), we can assume that

V=0, §V=9;, (j=1,2), (2.10)
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M = {Av, (2, ko)el® + c.c., o) = idx, (2, ko)l + c.c.,
dl) = Aé" +c.c, Cg = [1,+(k0)A€i9 + c.c., (2.11)
0 = kozx — wy(ko)t,
invoking eq.(2.2). Here ®;, ®, and A depend only on ¢ and 7. In O(e*/?),
solving eq.(2.9) with n = 2, we obtain

®= VO‘I’I& P = [(I)Zf — (1= A)®y], (2.12)
8 = &, U=L%
where &, and &, depend only on £ and 7. Furthermore, we have
W= Cg(kﬂ)’ (2.13)
W =c¢, (2.14)

as the compatibility conditions in O(¢%/®) and O(?). Therefore, if the values
of A and r are given, wavenumber k, and resonance speed V, are deter-
mined from eqs.(2.13) and (2.14). Finally from the compatibility conditions
in O(¢"%) and O(e%/?), we obtain an evolution equation :

1A, —iV1A¢ — pA¢e + 0 AB = 0, (2.15a)
B, = ViBg = B(|A]*)¢ + kH = 0, (2.15b)
where B = ng) and
_ _Ldhwy(k) V(e -1
2 dk? |0 2AVi-Ar)’

It is easily shown that the constants p and & are positive. The coefficients of

interaction terms, o and 3, are complicated functions of A and r, as given in

Appendix. Numerical computation shows that a and G are positive.
Equation (2.15) can be written in a simpler form

iST —iASx — Sxx + SL =0, (2.16&)
Lt - ALx — (lSlz)X + Hx =0, (2.16b)

by the scale transformation

S = AJB/k,L = Bap/s)'P, X = £(ka/p*)?, T = 7(k2a?/p)*>.
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Here v
—i(rzap)‘l/3 , (2.17)
expresses the small defference of V' from c,.

It should be noted that eq.(2.16) for flat bottom (H = 0) is exactly solv-

able through the inverse scattering method and admits an N-soliton solution

A = Vi(kap) ™ =

decaying at infinity”®. The one-soliton solution is
(S = 200 + v) ssech[s(X — vT — X,)]

! xem%ﬂ_gx+mx-QT+¢4} (2.18)
L = —2s%sech?[s(X — vT — X)),

\

where v, s, Xo and ¥y are arbitrary constants and

Q=s— ivz + %/\2.
Also X + v > 0 must be satisfied.
§3. Steady Trapped Solutions
For localized bottom unevenness (H — 0 as X — £00), we define steady

trapped solutions to eq.(2.16) as those satisfying
ISI =f(X)’ ng(X)a (31)

where |
f(X)—0, ¢g(X)—0, as X — too. (3.2)

The solutions are composed of a trapped long-wave solution and a trapped
coupled solution, as shown below.
3.1 Trapped long-wave solution ,

The trapped long-wave solution is expressed as

S =0, L=§Hu) (3.3)

The divergence of this solution as A — 0 means that the difference between V'
and c, should be neither large nor too small in order that waves are described
well by eq.(2.16) ( For very small |V —¢,|, the adoption of a different scaling or
the introduction of damping effect may be required. ). Hereafter, we assume
that A is non-zero.
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3.2 Trapped coupled solution
We assume that

S = f(X)exp{ilp(X) - OT]}, L=g(X), (3.4)

where f, ¢ and ¢ are real functions and {2 is a real constant. Only the T-
dependence given in eq.(3.4) is allowed by eq.(2.16). Substituting eq.(3.4)
into eq.(2.16), we have

20" + N f' 4+ ¢"f =0, (3.5a)
"= ( Q4?4+ ) f — fg=0, ~ (3.5b)
fA—H+ X =0, | (3.5¢)

invoking eq.(3.2), where primes denote differentiation with respect to X.
Equation (3.5a) can be integrated to give

-1
fz((P' + iA) =a,

where a is a constant. If a # 0, the condition (3.2) demands that ¢’ — +o0 as
X — Z£o00. Since this situation contradicts with the assumption that surface-
mode wavenumber is close to kg, we choose that a = 0. Therefore, we have

1
¢(X) = —5AX + Xo, (3.6)

where X, is a constant. Substituting egs.(3.5¢) and (3.6) into eq.(3.5b), we
obtain an equation for f :

" 1 3 1 1 2 —
P43+ (—5H A+ -)f =0. (3:7)

Boundary condition (3.2) and eq.(3.7) produce an eigenvalue problem with
eigenvalue (2 for specified function H and value A. Here it should be noted
that ) must satisfy the condition

1
Q> Z’\z’ (3.8)
because the main terms in eq.(3.7) at infinity are
1
4 (5N = Q)f = 0. (3.9)

4
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§4. Trapped Coupled Solutions for Sech’-Type Bottom Unevenness
Hereafter, we restrict our study to the following symmetric bottom un-
evenness :

H = asech’qX, (4.1)

where a = 1 (corresponding to a mountain ) or o = —1 (a valley ), and ¢ is
a positive constant.
4.1 Analytic solutions

Equations (3.7) and (3.5¢) with H given in eq.(4.1) have a symmetric
analytic solution

[ f = /aF 2rgsechgX, (4.2a)
| 2= %Az +q*, : (4.2b)
| 9 = —2¢*sech’¢X, (4.2¢)

if A satisfies o + 2Ag% > 0.

Next, if f is much smaller than 1 for all X, the nonlinear term in eq.(3.7)
can be neglected. Then eq.(3.7) with eq.(4.1) is transformed into the Legen-
dre’s associated differential equation :

d* f df p
— YL 9 — = 4.
where n = tanh ¢ X, and
_ o 9 1 1.,

Here we assume that g > 0 without loss of generality. Symmetric localized
solutions to eq.(4.3) exist only when

p=v—2N+2>0, (N=1,2,---), (4.5)
is satisfied, whereas antisymmetric ones exist only when
p=v-2N+1>0, (N=1,2,--), (4.6)

is satisfied. We refer to these solutions for each N as the N-th symmetric
and antisymmetric modes. The N-th (symmetric or antisymmetric) mode
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has N—1 positive zeros if 4 and v are integers. This seems to be true also for

non-integer 4 and v. Using eq.(4.4) in condition (4.5), we find that the first

symmetric mode exists for all A satisfying A/a < 0, while the N-th symmetric
“mode (N > 2) exists only for

As L
a~ 2¢(2N -1)(N-1)

Whereas, eqs.(4.4) and (4.6) give that the N-th antisymmetric mode (N > 1)
exists only for

0>

(4.7)

0>2>-——
a~ 2¢2N(2N -1)

Therefore, more ( symmetric or antisymmetric ) modes are found for smaller

positive —\/a. Moreover, the {2 values for the N-th symmetric and antisym-
metric modes are

(4.8)

Q-_—iv—i;-+%q2(8N2—12N+5)—q(4N—3) i?—%, (4.9)
and
o=ty 2yleen _av i —gav -1 i -2, (10)
4 A2 4 A
respectively.

4.2 Method of numerical computation
The trapped coupled solutions for ¢ = 1 were computed numerically. That
is, solutions to the equation

" 1 3 a
P+ 3+ (=5
satisfying f — 0 as X — 00, were computed for each A, a and () values by
the following method. We first assume that f approximately satisfies eq.(3.9)
for X > Xe > 0, using a large constant Xe. Then we obtain

f =1 exp(—‘[Q — A2/4X), fOI' X 2 Xe, (4'12)

where 14 is a constant. If we integrate eq.(4.11) from X = Xe to X = 0 with
the initial condition computed from eq.(4.12), we have f(0) and f'(0) values
for each vy (Hereafter, we refer to f(0) and f/(0) as f; and fj). Therefore,

sech’X + %)\2 -Q)f =0, (4.11)
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by computing them for a wide range of 1, we obtain a curve drawn on the
(fo, f}) plane. We call this the (fy, f§) curve.

Next, if there is a trapped coupled solution, it can be considered as the
connection of a solution f,(X) for X > 0 and a solution f,(X) for X < 0. The
connection conditions to be satisfied are that f,(0) = f,(0) and f£,(0) = f,(0).
Here, if f(X) is a solution to eq.(4.11), then f(—X) and —f(—X) are also
solutions. Therefore, f,1(X) = fu(+=X) and f,9(X) = — fu(—X) are also the
solutions for X > 0, and they satisfy f,1(0) = £,(0), f/,(0) = —f,(0), and
fr2(0) = = f£,(0), f;3(0) = f;(0). Consequently, the intersection between the
original (fo, f§) curve and either of the (fy, — f}) curve and the (— fo, f§) curve
implies the existence of a trapped coupled solution. Ambng the intersections,
those satisfying f; = 0 correspond to symmetric solutions, whereas those
satisfying fo = 0 correspond to antisymmetric ones. Other intersections with
fo # 0 and f} # 0 imply the solutions which are neither symmetric nor
antisymmetric. Hereafter, we refer to the solutions as asymmetric solutions.

In the numerical computations, Adams predictor-corrector method was
used to integrate eq.(4.11). Here Xe was determined as the minimum value
satisfying both

)
lVTOlexp[—%/Q —A/4Xe] <e1(02— i’v)’

and

4 1.,

mexp(—QXe) <e(2- Z)\ )
for small ¢; and €,. Here €; = ¢5 = 1078 was usually used, and the accuracy
was checked by comparing with the result for ¢; and €, 107! times smaller
than the previous value.
4.3 Solutions for negative unevenness (a = —1)
4.3.1 The case of A > 0

For A > 0, in addition to symmetric solutions, antisymmetric and asym-

metric solutions are obtained. Figure 2 shows the (v fo? + f§2,9) values of
these solutions for A = 0.5. The solutions on the main branches of sym-
metric and antisymmetric solutions, expressed by S; and A;, asymptote to
the first symmetric and antisymmetric modes introduced in §4.1 in the limit

v fo? + fi?2 — 0, respectively. Also the £ values in this limit agree with those



22

computed from eqgs.(4.9) and (4.10) with N = 1 and ¢ = 1. Moreover, these
solutions have no positive zero even for non-small /fo2 + f{?, similarly to
these modes. As m increases, a few subbranches appear near the
main branches. Most of them are always close to the main branches. The
solutions on the subbranches are close to the superposition of the solutions
on the main branches and one or more one-soliton solutions (2.18) for flat
bottom with v = 0 and { = §, as shown in the inlets of Fig.2. Two sub-
branches of asymmetric solutions, however, part from the main branches as
v fo? + f§? increases. The solutions on this part of these branches are quite
different from symmetric or antisymmetric solutions near X = 0.

Figure 3 shows the solutions for smaller A (A = 0.07). The solutions on
branches S; and S, asymptote to the first and second symmetric modes in
the limit \/ fo?2 + f;2 — 0, whereas those on A; and A, to the first and second
antisymmetric modes. Moreover, even for non-small \/fo? + f}2, the solutions
on branches S; and A; have no zero, and those on Sy and A, have one zero,
similarly to the corresponding modes. Although there exist many subbranches
near these four main branches, they are not shown in Fig.3 as long as they are
close to the main branches. Only an asymmetric subbranch diverging from
Sy is shown. Moreover, a symmetric branch S, 3 is found just below S,. The
solutions on this branch are not related to the symmetric mode. They have
two non-small peaks at X far from 0, as shown in the inlets. The peaks move
to X = *o00, as f; tends to 0.

As illustrated in Figs.2 and 3, for each A, the numbers of symmetric and
antisymmetric main branches and the asymptotic {2 values of these branches
as /fo? + f§> — 0 can be predicted from the localized solutions to eq.(4.3)
(except for the branches such as S, 3).

4.3.2 The case of A < 0 |

For negative unevenness with A < 0, we find no solutions. This is consistent
with the non-existence of the localized solution to eq.(4.3) for A/a > 0.

4.4 Solutions for positive unevenness (a = 1) |
4.4.1 The case of A <0

For each negative A, one or more branches of symmetric or antisymmetric
solutions are found. The number of branches and the 2 value in the limit
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v fo? + fi? —0 can be predicted from the solutions to eq.(4.3), as in the case
of negative unevenness with A > 0. Since )\ appears in the form A/a in
eqs.(4.7) and (4.8), the range of — A for the existence of each mode for positive
unevenness is the same as the range of A for negative unevenness. Therefore,
as in §4.3.1, more branches are found for smaller |A|. |

The (fo,2) values of the solutions for fairly large |A| (A = —3) are shown
in Fig.4. Only one symmetric branch S; is obtained for this A . The solution
asymptotes to the first symmetric mode as fy — 0. Whereas, unlike the case
- of negative unevenness with A > 0, {2 decreases with the increase of f;. Then
 the branch finishes by arriving at Q = X? /4, where the solution cease to decay
exponentially as X — +o00. An example of the slow-decay solution is shown
in the inlet of Fig.4.

For smaller |A|, more branches are found, as illustrated in Fig.5. Figure
5 shows the existence of three symmetric branches ( S;, S; and S3 ) and
two antisymmetric branches ( A; and A, ) for A = —1/30. The number of
zeros of the solution on each branch is the same as that of the corresponding
mode. All branches have smaller ) values for larger \/ fo2 + f;? and finish at
2 = \2/4. Analytic solution (4.2) is located on branch S;.

For positive unevenness with A < 0, the solution similar to those on the
subbranches in Fig.2 is not found. This is probably because the one-soliton
solution (2.18) with v = 0 does not exist for A < 0. Moreover, no asymmetric
solution is obtained in this case.

4.4.2 The case of A > 0

For positive unevenness with A > 0, symmetric and asymmetric solutions
are found, although eq.(4.3) has no localized solution for A/a > 0. Antisym-
metric solution is not obtained in this case. Figure 6 shows the (fy,f2) values
of the solutions for fairly small A (A = 0.2). There is a main branch Sy whose
) value decreases at first and then increases as f; increases. Analytic solution
(4.2) is on this branch. The solutions on Sy have only one peak for f, > 1.13,
whereas they have two peaks for f; < 1.13. There are also subbranches of
symmetric and asymmetric solutions near Sy, as shown in Fig.6. The solu-
tions on these subbranches are close to the superposition of the solution on Sy
and one or more one-soliton solutions (2.18) for flat bottom with v = 0 and
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Q) = 0, like the case of negative unevenness with A > 0. However, unlike this
case, the peaks at X far from 0 always have the same sign as the central part
of the solutions, as shown in the inlets of Fig.6. In addition to branch Sy and
its subbranches, there are branches of asymmetric solutions connecting the
right-hand and the left-hand parts of Sy. These branches may be associated
with their subbranches. Moreover, the solutions on the central part of these
branches are quite different from those on branch Sy or its subbranches.

§5. Conclusions

In a two-layer fluid system, the forced long-short interaction equation
(2.15) describes both the resonant interaction between long internal mode
and short surface mode, and the wave generation by the resonant motion of
the fluid relative to a bottom topography of large horizontal scale. For local-
ized symmetric bottom unevenness of sech?-type, this equation has coupled
solutions corresponding to steady waves trapped by the unevenness. When
the unevenness is negative, the steady trapped solutions, computed as the
localized solutions to eq.(3.7), are found only for A > 0. The solutions are
composed of one or more branches of symmetric, antisymmetric, or asymmet-
ric (neither symmetric nor antisymmetric) solutions. Some of them have many
peaks in short-wave envelope f. For positive unevenness, steady trapped so-
lutions exist both for A > 0 and A < 0. The solutions for A > 0 are either
symmetric or asymmetric. Moreover, a variety of solutions with many peaks
in f are obtained for this case. The solutions for A < 0 are composed of
one or more branches of symmetric or antisymmetric solutions. For positive
unevenness with A < 0 or for negative unevenness with A > 0, the range of
A for the existence of each branch of the steady trapped solutions is partly
predicted by the solutions to the linearized eq.(4.3).

The one-soliton solution (2.18) for flat bottom can be thought as a steady
progressive wave far from the localized bottom unevenness. Moreover, S =
0, L = ¢¥(X 4+ AT) (¢ is an arbitrary function), the solution to eq.(2.16) with
H = 0, is also a steady progressive wave far from the bottom unevenness.
The interaction between the steady trapped waves shown in this paper and
these two kinds of progressive waves coming to the bottom unevenness may
be an interesting theme. Its characteristics will be shown in the near future.
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Appendix

The constants a and 3 in eq.(2.15) are given by
o = ko { A1 — ko?/&*) (69 — 61) + 2A(kob1 /% — 1)/ &V
+VA (1 = ko2 [@*) (61 + 65 — Ady(1 + kod1/0?))
—2((1 = A)(1 + 6182) + Ako1(1 — kob5/0?)/0?) &V ]
[(Ve = 1) 41 + (1 = A)G152) — 2ko(61 + &2) /@],
B=—-r{(1—-A)WVo(&d? — ko?/D?) — 2(1 = A)koVZ/®
—20V2(1 = A)(Cy — koS1 /%) (8 — koCy /%) «
—[@*Vo(Va? = 1)(1/82% = 1) + 20 (Vo2 — A) /82 ](C1 — koS1/@?)? }
/2(Ar - %4)7
where & = w,(ko), Cy = coshkq, S; = sinhkg, &, = tanhky, &, = tanhkr.
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