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0. Introduction

Let E be an associative ring épectrum with unit. For
any CW-spectra X , Y we say that X 1is guasi E*—equivaleht to
Y if there exists an equivalence h ! EAY - EAX of E—modulé
spectra (see [10] or [51). Let - KO and KU be the real and
the complex K-spectrum respectively. We denote by SK the
Ky-localization of the sphere spectrum § = ZO . Since the

K*-localization of an arbitrary CW-spectrum X is obtained as
the smash product SYAX ([3] or [9]), we observe that two
CW-spectra X and Y have the same K*4local type if and only

if X 1is quasi S -equivalent to Y.

Kx
- ‘ 2 .
Let n 2182/2 - ZO and 7 : T - SZ/2 Dbe an extension
and a coextension of the Hopf map n : 21 - ZO . Their

cofibers C(n) and C(F) are quasi KOy -equivalent to 24 and
27 respectively. In [12] we first deait with CW-spectra X
such that KUOX = Z and KUIX =0 in order to study their
Ky-local types. Such a CW-spectrum X with XASQ = SQ 1is
quasi KO*—equivalent to either of ZO and 24 , and more
precisely it has:  the Same'K*—local type as either of ZO ‘and
C(n) (see [12, Theorem 1.2 i)] or [4, Proposition 10.67] ). In
particular, the cofibers C(n) and Z—SC(H) have the same
K*~loca1 type. |

The purposé of this paper is to determine completely the
Ky-local types of CW-spectra X with KUOXQKU X = Z®Z (see [13]

1
for details). Such a CW-gspectrum X with XASQ = (ZtVZO)ASQ
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: +4 0
is quasi KOg-equivalent to the wedge sum ZtVZO ) ZL {VZ )
/ / / - 2 \
ZthL , Zt+Lv2l or the following cofiber Y = I 1C(n ), C(n)
or C(nz) according as t = 1 , 2 or 3 mod 4 . A CW-spectrum

X 1s said to be a Wood spectrum if it is quasi KO*—equivalent
to C(n) , and an Anderson Speotrum if it is quasi KOy -equivalent
to C(n~) . In the previous paper [12, Theorems 1 and 2] we
have determined the K*—local types of Wood and Anderson spectra

except when t = -1 , applying the following powerful tool due

to Bousfield [4] (see [12, Theorem 4]):

Theorem 1. Let Y be a certain CW-spectrum such that

i) KU,Y 1is either free or divisible and [ZlY, YASQY] = 0 , or
ii) KUIY = 0 (or KUOY =0 ). Assume that a CW-spectrum X
is quasi KO*~equivalent to Y and the stable real Adams

operations w; on KO,Xe®z[1/k] and 'KO*Y®Z[1/k] behave as the

same action. Then X has the same K*—local type as Y .

1. Spectra with KU,X ¥ ZeZ and XAs@ = «ztvihrasa , t = =1

1.1. Recall that the homotopy groups niSK are given as
follows ([9] or [31): ZezZ/2 for i = 0 ; 7Z/2 for i = 0 mod 8
with i #Z 0 ; Z/2072/2 for i = 1 mod 8 ; Z/2 for i = 2 mod 8 ;
Z/m(2s) for i = 4s-1 with s =# 0 ; Q/Z for i = -2 ; and 0

otherwise where m(2s) is the numerical function defined

explicitly in [1] or [2]. We first realize generators of the
homotopy groups niSK except 1 = -2 by constructing maps
between small spectra. By the solution of the Adams conjecture

we get an Adams’ K, - equivalence

(1.1) A, : =27Sz/m(4r) » SZ/m(4r)

such that the composite map jAri : Z8r"l - ZO is the generator



pf‘ of the J-image, where SZ/m denotes the Moore Spectrum of
type Z/m . Set

- . . <8r-1 0 L . . <8r

P = JAL ¢ = SZ/m(4r) - Z and p. = Al 1 I - SZ/m(4r)
and consider their cofibers C(Er) and C(Br) for which there
exist K*—equivalences

. = 0 , . <8r+l "

(1.2) e, C(pr) - T and el z - C(pr) .
For r > 1 we denote .by
(1.3) p : C(p.) - Z8r+l and o’ ZO - C(p.)

' -r r -r r

the top cell projection and the bottom cell inclusion.

Let n leZ/Zm - 20 and 7§ Z& -» SZ/2m be an extension
and a coextension of the Hopf map n : Zl - ZO . We construct

the following maps of order 2 (cf. [12, (1.13) and (2.5)1):

- . ~ ' +
(1-4) o = I]Arl M 28r+1 - ZO y “]’:‘ = ‘JAI‘n . zgr 1 - 20 R

T
= -8r+1l . ,— 0 . ~-8r+1 -8r-1_,-
Mo, =i, ¢ Z r C(pr) - T, Hir = Jun o Z o - Z C(Pr)

where i, C(Er) - Z8rSZ/m(4r) and j : SZ/m(4r) - C(Hr)
denote the canonical projection and inclusion respectively.

Choose an extension and a coextension

28r+4 -

Z8r+3SZ/m(8r+4) - ZO and E SZ/m(8r+4)

r ° -

£

of the generator § of the J-image, and then construct the

r

following maps

_ o . -8r-5
(1.8) &, q = &pippyy ¢

3 - . % R - - - ~
Elp-1 7 dops1fp ¢ Z > C(Bopyr)
Consider the cofibers C(n) and C(7) of the maps n
leZ/Z - ZO and 7 : 22 -» SZ/2 . The homotopy groups

niSKAC(E) = ni+38KAC(ﬁ) are given as follows: Z for i = 0 ;

t
(93]

Z/2 for i = 4 or 6 mod 8 with 1 = -2 ; Z/282/2 for i
mod 8 ; Z/m(2s) for i = 4s-1 with s # 0 ; Z/20Q/7Z for 1 =
-2 ; and 0 otherwise. We next realize geherators of the

homotopy groups niSKAC(E) except 1 = -2 by constructing maps

between small spectra. Choose maps A C(E) - ZO and X ZS

> C(7#) satisfying ai = 4 and JX = 4 where 1 : ZO - C(n)

57
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and” J : C(n) - 23 denote the bottom cell inclusion and the top

cell projection. We now construct the following maps
. — -3 ., - 8r-1_, - 0
s, = Ao, 28111 - T “c(n) , s, = pA i X "Yc(n) » =,
_ ., <« 8r-1_/ - -3
(1.6) s_, =ZXp_,. : Z C(p.) » T "C(7) and
, - -8r-1_, - -8r-1_,~
sl =plx = “le(n)y - =7°F Cc(p,)

Take the composite maps h = in : SZ/2m -» C(hA) and K = mj

25772

C(7) - =%S7/2m where T : SZ/2 » C(¥) and J : C(7) » =
denote the canonical inclusion and the bottom cell collapsing
respectively and the maps n are the canonical maps between

Moore spectra. Then we can construct the following maps of

order 2 (cf. [12, (1.13) and (2.5)]1):

m. = hA_i =873 =73¢(n) m) = jA K ¢ =87 3¢y - 0,
(1.7) m__=hi_ : = 2" %c(p,) - z’3cgﬁ) and |
2= dh 0 20 %) - 2T (s )
Choose maps n 2682/16 -» C(A) and 1 : 240(5) -+ S8Z/16 with
Jn = 3v and @i = 3V , and moreover choose maps ﬁr: 28r+652/m
5 C(F) and G, : =27TC(7) - sz/m with Ju, = 88 and U1 =

SEr where v 23 - ZO is the Hopf map and m = m(4r+2)/8

Using these maps we can construct the following maps

n z:81"+3 5 2—30(

8r+3
r C

), 1’1]’?!2 (7—7_)"201

-8r-5

- -3 ., ~
C(02r+1) -» 3 “C(n) and

~-16r-9, -
" C(‘)21“+1)
Using. the composite maps ou_q = ar'}_i1 : C(Bl) - 20 and

ullo = jlﬁo : Zg - C(Sl) where o 27 - ZO is the Hopf map,

2]
-r-1 ~ nr12r+1 2
3
-r-1

(1.8) n

-8r-5

n j2r+lﬁr D> c(n) » =

we introduce the following two maps

(1.9) 0, = 2m¢l + ou_q C(El) - ZO and

m 0 -9
9& = 2 ei + ullak: - Z C(pl) .
whose cofibers are respectively denoted by SZm and SZ& for

m=1. Denote by V_ ~—~ and V  respectively the cofibers of

the composite maps iﬁ : leZ/Z - SZ/Zm_l and nj : Z]'SZ/Zm_1 -

SzZ/2 . The spectrum Z—2V$ is quasi KOy,-equivalent to Z4Vm‘,



and more precisely it has the same Ky-local type as VmAC(E)

{use [12, Theorem 1.2 and (1.3)]). Consider the following maps

o, = inle,al)+ijlon_jal) @ T'C(p,)aSZ/2 » sz/2" 7}
(1.10) el = (elal)in+(ul onl)iiy ¢ 2'87/2 - 5 %c(5 )asz/2™ !

¥ = Hd(e al)+in(on_jal) : E'C(5,)asz/2™ 71 5 sz/2

W= (e]al)Aj+(ulqoal)in @ 2152/2m"1‘~ z"gc(bl)ASZ/z
whose cofibers are respectively denoted by V. AV% ) AV& and
AV; . For convenience’ sake we set’ V1 = ZZSZ/Z , Vi = 8z/2 ,
AVl = 22821 and AVi = SZi . As is easily seen, )
(1.11) 1) Wi = -1 on K0,SZ, % K0,82] % z/4 , and ¥j = (] 9

on KO,8Z = KOZSZ$ = 7Z/2e7Z/2 whenever m 2 2

ii) wg = 1+2™ on KO, AV = K04Av; = Kozav$ = KOZAV& =

Z/2m+1 for m= 1

Applying Theorem 1 by means of (1.11) we obtain the

following result (cf. [4, Proposition 10.51).

Theorem 2. Let X be a CW-spectrum such that KU, X =
z/2™ on which wg = 1 and KUlX = 0 . Then X has the same

K*—local type as one of the following small spectra: SZ/Zm ,

2 2

m ..,z - - T -
SZ/2 °AC(n) , SZm s SZmAC(n) , Vm , = V& y AV and X AV&

1.2. Let X be a CW-spectrum with KUOX = 7Ze#Z and KUlX

= 0 . For such a CW-spectrum X we may assume that XASQ =

O)ASQ for some integer t =2 0 . When t is odd, X

is gquasi KOg-equivalent to the wedge sum ZZVZO , ZBVZO y 22v24,

26v24 or the cofiber C(n) . The Adams operation wg on

(ZZtv =

KUOX®ZL1/k] is. represented by either of the following two
matrices as left action (c¢f. [2, Theorem 7.18]):

t - t
_ (1/x o] [ okt o
Ak t,0 ( 0 1 and ATy q o= [1_kt/2kt )

When t is even, X 1is quasi KO*~equivalent to the wedge sum

39
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ZOVZO , 24v20 s ZOVZ4 or Z4VZ4 . If X is quasi KOy,-

4 4

equivalnt to either ZOVZO or Z/VZ , then wg on

KUOX®Z[1/k] behaves as the following matrix

A _ ( 1/k" o]
tm o n-kY) /m(t)k® 1

for some m , 0 < m < m(t) . If X 1is quasi KOy-equivalent to

either Z4VZO

or ZOVZ4 then Wg on KUOX®Z[1/k] behaves as
the matrix Ak,t,Zm for some m , 0 < m < m(t) . Applying

Theorem 1 we easily obtain

Theorem 3. Let X be a CW-spectrum such that KUOX = ZeZ
KUlX = 0 and XASQ = (ZZtVZO)ASQ for some even integer t
Then X has the same K,-local type as the following small

spectrum Y

i) Y = C(mpr) , C(mpr)AC(E) ; C(msr) or C(msé) for some
m, 0 £m< m(4r) when t = 4r ;

ii) Y = C(m&r) , C(m&r)AC(E) s C(mnr) or C(mn;) for
.some m , 0 < m < m(4r+2) when t = 4r+2

Theorem 4, Let X be a CW-spectrum such that KUyX = Ze7Z

KU1X = 0 and XASQ = (ZzthO)ASQ for some odd integer t
i) If X 1is quasi KOy-equivalent to the wedge sum ZZVZO s

then X has the same K*—local type as the following small

8r+2 _0
v

spectrum Y : Y = ¥ z or C(u;_lno) if t = 4r+1 ; and

8r—20(ﬁ) 0

Y = X vZ or C(m;_lnc) if t = 4r-1

ii) If X is a Wood spectrum, then X has the same

Ky-local type as the cofiber C(u;) or C(m;) according as t

= 4r+1 or 4r-1.

'For

2t+1vzo)

11
N

Let X be a CW-spectrum with KUHX = KU, X

such a CW-gpectrum X we may assume that XaASQ = (Z

ASQ
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for some odd integer t . Thus wg = 1 on KUOX®Z[1/k] and
wg = 1/kt on KU1X®Z[1/k] . Then X 1is quasi KO,-equivalent
to the wedge sum zovz® , vz’ , 2hvst , £Tvz?  or the cofiber
C(nz) . Similarly to Theorems 1.2 and 1.3 we obtain

Theorem 5. Let X be a CW-spectrum such that KUX = KU X
= Z and XASQ = (ZthleO)ASQ for some odd integer t = -1

i) If X is quasi KO,-equivalent to the wedge sum 23VZO s

8r+3 0
\

then X has the same Ky-local type as the wedge sum X =

or Z8r*10(ﬁ)vzo according as t = 4r+l or 4r-1

ii) If X 1is quasi KOy-equivalent to the wedge sum Z—lVZO

then X has the same K*—local’type as the following small

spectrum Y : Y = 28r+30(ﬁ)v20 or 28r+30

4r+l1 ; and Y = zgr’lvzo or >28r—1c(

(m_,_j(oal)) if t =

“—r;lo) if t = 4r-1

iii) If X 1is an Anderson spectrum, then X -has the same
Ky-local type as the cofiber C(u;n) or C(mé(nAl)) according

as t = 4r+l1 or 4r-1

1

2. Spectra with KUX ¥ KU;X ¥ Z and XASQ = (=~ vzl asa

1
2.1. we here realize elements of the homotopy groups
n_oSy = Q/Z and n_ZSKAC(E) Z Z/280Q/Z by constructing maps
between small spectra. Given an integer n =2 1 we take the
minimum r = r(n) = 1 such that m(4r) is divisible by n ,

and then set

-2 - 0’
Ti/n = MPLP_L f = C(pr) - 3
3 - ) . -2 -8r-1 ~
(2.1) Ti/n = MP_pPy ¢ b2 R C(pr)
. -2 .., -3 -
ty/p = Xty ¢ T 7C(pL) o T C(H)
/= Thmr ¢ Z 20 - = 0 e )

in which r = r(n) and m = m(4r)/n . Whenever fl/n is one
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of the maps given in (2.1) we simply write fa = Qfl/n for each
rational number o = 2/n . Notice that the cofibers C(ta)
and C(t&) have the same Ky-local type, and C(ta) and
C(t&)AC(ﬁ) have also the same Ky-local type. For simplicity

—8r—lC(5r)

we hereafter set Da = C(Br) and D& = = with o =

2/n € @ and 1r = r(n) both of which have the Same-K*~local

type as ZO . The exact seguences

’ 0 3 ‘ LI
0 = Sy 4C(xy) = Sge= = Sg D) > Sk ,Clxl) = 0

0 = Sg_yC(tg) = SgeCln) =

are respectively given in the following forms:

) )
Sg-gDg ~ Sg-C(ty) - 0

n 0
0 1 (e 0) n
0 - Z&Z/2 ‘= Zez/2 - Q/Z - Q/z - O
(2.2) : n o n
0 - VA - Z - Q/7Z - Q/Z - 0
where n 1s the denominator of « € Q@ . Then we can show
Proposition 6. Let o and B Dbe rational numbers.

i) If the cofibers C(t&) and C(té) have the same
K*;local type, then o = f mod Z

ii) If the cofibers C(t&) and C(té)' have the same
Ky-local type, theﬁ o« = f mod Z

For any rational number o = #/n we now construct the

following two maps

o , L2 - -3 -
(2.3) w, = Iine, + Qt1/4n ¢z C(pr) - 3 “C(n) and
PR P ’ . -2, = -8r-1_,-
wh = emndj + 8ty ¢ E C(n) » = Cc(p,.)
where r = r(n) 1is the integer used in (2.1) and e and e;
are the K,-equivalences given in (1.2). Notice that the

cofibers C(wa) and C(W&)AC(E) have the same Ky-local type.
As is easily seen, the exact sequence
0 - SK—lc(wa) 2 SKODa - Sch(n) - SK~2(wa) - 0

is given in the following form:



2n 1 0
: (2/2 2n)
(2.4) 0 = Z (Q-)) 772 (Q/‘“‘J/Z) 7/26Q/7 Sz s

where o = 2/n € Q . By virtue of (2.4) we can show

Proposition 7. Let o and B8 be rational numbers, If

the cofibers C(wa) and C(WB

, then o« = 8§ mod 2Z

) have the same K ,-local type,

Let X be a CW-spectrum such that KUGX = KU, X = Z and

XA8Q = (Z—leO)ASQ . If X is quasi KOg-equivalent to either

2

of ZBVZO and C(n”) , then S X = Z and Sp_oX = Q/Z

K-1

For such a CW-spectrum X the exact sequence

0 - 8 - KO_4X = F-ZX -+ S X = 0

K-1% K-2
is written into the following form:

n o n
(2.5) 0 » Z - Z - Q/Z - Q/Z - 0

with some o = &/n € Q where F denotes the fiber of the K-
localized unit tp * SK - KO . Then the cofiber sequence
-1 1 . .
SK(p) - Ad(p) » Z 78SQ - T SK(p) induces an exact sequenég
0 - Sy qXeZ .y =~ Ad )y X = SQX - Sy oXez ., - 0

given in the following form for each prime p

n .
(-Q (2. /n 1) n

- P P - -
(2.6) 0 Z( Z(p)®Z(p) Q Z/p 0

p)

with some Qp € Z(p) satisfying Qp = ¢ mod nZ(p)
For the rational number o« = &/n obtained in (2.5) we set

B = a or oatl according as (QZ—Q)/n € 2(2) is even or odd,

where Qz is given in (2.6), Then we obtain the followihg

result as one of our main results.

Theorem 8, Let X be a CW-spectrum such that KUyX =

KU;X 2 Z and XASQ = (z"lsz)ASQ

i) If X 1is quasi KOy-equivalent to the wedge sum ngZO

0
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then X has the same Ky ~local type as the cofiber C(t&) for

some o € @ with 0 < o < 1 .
ii) If X 1is an Anderson spectrum, then X has the same

Ky-local type as the cofiber C(WB) for some B € Q@ with 0 <

B < 2

2.2, Let Ngm,2 ° ZZSZ/4m - SZ/2 Dbe a map_satisfying
n4m’2i'= 7 and jn4m,2 =7 . Using the compositeée map ﬁ_l =
n240’211 : C(Bl) - Z6SZ/2 we introduce the following map
(2.7) ine; + (oal)i_q : 210(51) - SZ/2
whose cofiber is denoted by AMl . The map 2(prA1)
zgr'lc(al) - C(Bl) is factorized through AM1 as Z(DrAl) =
jMvr for a suitable map v _ Z8r+1C(51) - aM; where Jy + aM
- ZZC(El) denotes the .canonical projection, becéuse ozn = 0
and gp,. = 0 for any r = 2 . For any integer n 2 1 we set
(2.8) Vi/n T mvr(p_rAl) : C(BQ)AC(Bl) - aMy
where r = r(n) and m = m(4r)/ﬂ‘. For any rational number
= ¢/n we now introduce the following map
(2.9) w, = iyile neq) + Qv yp ¢ C(Er)AC(Bl) - AMy
where iM : SZ/2 - AMy denotes the canonical inclusion. Note

that the cofiber C(wa) is quasi KO*—equivalent to the wedsge
sum ZleZ . For simplicity we hereafter set Da,l
C(Er)AC(El) » which has the same Ky -local type as ZO via the
Ky-equivalence e Aeqy . Since tHe induced hbmomorphism @k
SKODa,l - SKOAM1 is expressed as the matrix (Q}4n 192) : ZeZ/2
- Z/286Q/7Z and Oux G SKIDO(',1 - SKlAM1 is an epimorphism, the
exact sequence
0 = SgiClog) = SgDy 1 = SgesMy = SgeCley) = 0

is written into the same form as (2.4).

Similarly to Proposition 7 we can show

1

o
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Proposition 8. Let o and B8 be rational numbers. If
the cofibers C(wa) and C(wB) have the same K,-local type,

then o = 8 mod 27

Let X be a CW-spectrum such that KUyX = KU, X £ Z and

XASQ = (Z‘leO)ASQ . If X is quasi KO,-equivalent to the
wedge sum Z_lvzo , then SK—2X = Q/Z and SK—1X = ZeZ/2 or Z
according as W% =1 or (é %) on KOlX = Z/28Z/2 . For such

a CW-spectrum X the exact sequence
SK—lx - KO_lX - FOX - SK—ZX - 0

is written into the following form:

_ (n 0) o n . -
(2.10) VA: YW - Z - Q/Z - Q/Z - O if SK—lx = 7Z8Z/2
n I n 3
Z = Z - Q/Z - Q/Z - O if sp (X 2 Z
with some o = 2/n € Q . Then the exact sequence

is given in the following form for each prime p

(2.11) 1) In the case when S X = Z®Z/2 and p = 2',

K-1
n 0
B 0] (2,/n 1 0) n
0 = z.502/2 LY 7,067, 6272 - Q - 2z/2° -0
ii) In the case when Sg-1X ¥ Z or p 1is odd,
n : ;
(—Qp) (Qp/n 1) n -
O ey 7 Ee)®py v @2 e 20

Here Qp € Z(p) satisfies Qp = 2 mod nZ( “for each prime p

P)
Similarly to Theorem 2.3 we obtain the following result as

another of our main results.

Theorem 10. Let X be a CW-spectrum such that KUgX =

KU,X £ Z and XASQ = (2_1VZO)ASQ . Assume that X 1is quasi

1
KOy-equivalent to the wedge sum Z_lvzo

i) If wg =1 on K01X = zZ/287/2 , then X has the same
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Ky~ local type as the cofiber C(t&) for some o € @ with 0 <

o < 1
i1) 1f yp = (§ 1] on KO;X = z/2e2/2 , then X has the
same Ky -local type as the cofiber Z-ZC(wB) for some f € Q

with 0 < 8 < 2
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