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1. Introduction and main results

The purpose of this paper is to discuss some topological consequences derived from
Jones-Witten invariants for links in 3-manifolds. In [Jo], Jones obtained upper bounds
for the values of the Jones polynomial at roots of unity in terms of the braid index. In
the present paper we focus on classical invariants called the tunnel numbers of knots.
Let K be a knot in §3. We are going to describe a lower bound for the tunnel number
HK ) by means of special values of the Jones polynomxal and its generalizations.
The tunnel number is the minimal number of arcs Y1, ,7¢ so that the closure of the
complementary space of the regular neighborhood of K Ufyl U- - -U~y; is homeomorphic
to a handlebody. In Figure 1 we indicate that the tunnel number of a trefoil knot is
equal to one. It is clear that the tunnel number is bounded from above the minimal
number of crossings of the knot diagram and that the minimal number of generators
of the fundamental group of the knot complement is at most t(K)+ 1. This definition
of the tunnel number is also generalized in a natural way to a knot in a closed oriented
3-manifold. In the preceding article [Ko3], we developed a general framework of giving
an estimate for the tunnel number in terms of the Jones-Witten invariants, based on
the monodromy of conformal field theory. The scope of the present paper is to give
a refinement of the inequality obtained in [Ko3] and to present a more combinatorial
description using quantum 6j-symbols at roots of unity:.

To state our main results let us recall some basic construction for invariants of
framed links associated with the quantum group Uy(sl(2,C)) in the sense of Drinfel’d
[D] and Jimbo [J]. We fix a positive integer  called a level and we put r = [ + 2.
In this paper we discuss the invariants at ¢ = €2"V=1/7. Let Py (l) be a set of half
integers defined by

(1-1) Py(l) = {0,1/2,1,--- ,1/2}.

Here j € Py (l) corresponds to an irreducible Uy (sl(2, C)) module of dimension 2j+1.
Let L be a framed link in S° with m components. As was constructed in Kirillov-
Reshetikhin [KR], for A : {1,--- ,m} — Py(l), we can associa.te an invariant of
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oriented framed link denoted by J.(L,)). In this paper, we follow a normalization
due to Kirby-Melvin [KM]. If A = 1/2, then J.(L,1/2) is a variant of the Jones
polynomial given by '

(1-2) TA(L,1/2) = (2c05 ) t3P'LVL(e—”‘r/’_‘)

with t = e"V=1/27 where Vj, is the original Jones polynomial normalized as in [Jo]. In
the above expression the symbol L-L is the sum of the sum of the entries of the linking
matrix .. k(L;, L;), where lk(L;, L;) is the framing on the component L;. In the
case of a knot K assigned with a color j € Py (1), we have the following description.
Putting for an integer n = 0,1,- - ,1, Jrk.» = J-(K,n/2), we have a recursive formula

{n/2] . :
. i n-—1
(1-3) , JK,n = Z (—1) ( ; )JKn—2|"1

=0

where K7 stands for the v parallel push offs defined by means of the framing. Let us
notice that |[J.(K,j)| does not depend on the framing on K. For 7,5 € Py (l) we put

2 214+ 1)(27+ 1)
Sij-_— ;sin(z-*- )£J+ )W.

With this notation we have the following.

Theorem A. Let K be a knot in S3. Then, the tunnel number t(K) satisfies

ST (K G)P < 27t gp 2O,
JEPL(D)
which gives a lower estimate for the tunnel number.

Let us recall that we have a symmetry
(1-4) |J-(K, )| = |J-(K,1/2 - j)]

obtained in [KM]. Based on this, we can deduce from Theorem A that

v LK) +1
- ~ W< | — —
(1) S S I

for any j € P (l) such that j # 0,1/2, 5 #1/2 — 3.

In [W], Witten introduced a series of invariants for a link in 3-manifold based on .
quantum field theory with Chern-Simons action. A Dehn surgery formula of the
Witten invariant for s/(2, C) was studied extensively by Reshetikhin-Turaev [RT] and



Kirby-Melvin [KM]. Let K be a knot in a closed oriented 3-manifold M assigned with
j € P-(l). We suppose that there is a framed link L in S® disjoint from K and
(M, K) is obtained by the Dehn surgery on the framed link L. Let us denote by m
the number of components of L. The invariant we are going to investigate is

(1-6) Z(M,K;5) = C*9™B) ) " Spaay -+ - Soa(myJr (K UL, i UN)
A

where the sum is for any X : {1,--- ,m} — Py(l), C = exp(—3(r — 2)m/=1/4r),
and sign(L) denotes the signature of the linking matrix for L. In particular, in the
case ihe knot K is empty, we obtain an invariant of 3-manifold Z,.(M). Let us note
that we normalize the invariant so that Z.(S®) = 1, in contrast to the Witten’s
original normalization. Our result for the tunnel numbers of knots in 3-manifolds is
the following.

Theorem B. Let M be a closed oriented 3-manifold and let K be a knot in M. Then,
by means of the Witten invariant, the tunnel number t(K) has a lower estimate

ST 1ZA(M K )P < S Y,
j€P+(l) ’

Let T be a closed oriented surface of genus g and we denote by M, its mapping
class gzroup. To prove our main result we describe a projective unitary representation

p: My — GL(Hx)

constructed using an idea due to Moore-Seiberg [MS] and Reshetikhin-Turaev [RT].
By means of this representation we show

(1-6) Z(M,K;j) = S0 < v}, p(h)vo >
with some vy, v; € Hy if the knot exterior admits a splitting
E(K) =V - N(K))Un (-V)

with 2 handlebody V of genus g. Here N(K) is a tubular neighborhood of K, cl
stands for the closure, and h : 9V — 9V is a glueing map. The equality holds
when the glueing map is identity. Theorem B is a consequence of the unitarity of p,
and Theorem A is shown as a special case M = S° with an improvement using the
symmetiry derived from the Dynkin diagram automorphism.

Let us observe that in the case K is empty the unitarity implies

(1-8) 12.(00)]| < Saf



which gives a lower bound for the Heegaard genus of M. The inequality 1.8 kas been
obtained in [Wa], [Ko2] and [G].

The above interpretation of the Jones-Witten invariants in terms of the mapping
class group was studied in [Kol] and independently in [C] and [CLM]. Even in the case
of knots in S3 the above 3-dimensional point of view plays an essential role to show
our inequality, which reveals a close relationship between the special values Jones
polynomial and the quantum field theory.

Let us also recall that the topological meaning of the values of the Jones polynomial
at certain roots of unity is well studied (see [Jo]). Let M be the 2-fold branched
covering of S° branched along a link L. In the case 7 = 6, it is known by Lipson [Lp]
and Lickorish-Millet {LM] that

(1-9) [VL(e¥Y71/0)| = 3472
where d = dim Hy (M1, Z/3Z). Hence the inequality 1.5 implies in this case
(1-10) 2. 3¢B+ L 17 (K, 1)]2 < 2. 68K _ 9

with d(K) = dim Hy(Mg,Z/3Z) for = 6. A numerical computation in the case
7 = 5 shows that if a knot K satisfies

[V (27V=1/%)| > 2.1489...,

then we have ¢(K) > 2. Although we could not get an inequality sharper than this,
we can derive several interesting consequences (see Remark 4.10).

The paper is organized in the following way. In section 2, we recall basic iacts on
quantum 65 symbols at roots of unity and the associated invariants of framed links
following Kirillov and Reshetikhin [KR]. In section 3, we construct projective unitary
representations of the mapping class groups and we prove our main results. In section
4, we discuss a generalization of our construction for a complex snnple Lie algebra
based on the monodromy of the Wess-Zumino-Witten model.

Acknowledgement : The author would like to thank T. Kobayashi and M. Sakuma
for helpful conversations on the tunnel number.
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Figure 2

2. Quantum 65 symbols and tangle operators

Let us recall an explicit form of quantum 6j-symbols at ¢ = e2mV=1/r following
Killirov and Reshetikhin [KR] (see also [TV]).

We say that a tnple 1,5,k € Py(l) is adm1551b1e if and only if it satisfies the
conditions

li—jl<k<i+j

(2-1) i1+j+keZ
1+j+ k<L
We adopt the following convention of a g-integer.
q*/? —q ™2  sinnw/r

| [n] = qi/? —q=12 ~ sinw/r
For an admissible triple (a, b, c) we put
[a+b—¢)lla+c—b)[b+c—a] 1/2
A(abc) = :
[a+b+c+1]!
An ordered 6-tuple a,b,c,d,e, f € Py(l) is said to be admissible if the triples.
(a,b,¢),(c,d,e),(a,e, f),(b,d, f)

are admissible in the above sense. For an admissible 6-tuple the Rakah-Wigner symbol
is given by

a b ¢\
{d ; f} = A(abc)A(aef)A(bdf)A(cde) Y (=1)*[z + 1)Ix

{z=a-b-()llz—a—e=flllz—b—d—f]{z—c—d— €]
Xla+b+d+e—z2)lfa+c+d+f—2)b+ct+e+ f—2)}?
where the sum is for any non-negative integer z such that all expressions in the

brackets are non-negative. Normalizing the Rakah-Wigner symbol, the quantm 6j-
symbol is given by

{a’ b C}:(_l)d+c+2c-a-—b SOc&{a b C}RW
d e f "V So0 S0 L2 e f '




" For an admissible triple (¢, 7, k) and a trivalent graph depicted as in Figure 2, we
associate a one dimensional complex vector space HY. with basis denoted by efj. If

v}

(3,7, k) is not admissible, we define 'Hfj to be zero. When we reverse the orientation
of the edge corresponding to ¢ we use the convention that the same space is denoted

by the symbol Hf, j ‘We adopt a similar convention for j and k.

By means of the quantum 6j-symbols we first define the fusing operators

Fy : @513, @ HY, — ©:iH}, @ H;

F_:®;H.® Ha; — @iHey @ HE,
Fi(el,®e5e) =)

a
- C
1

y C b ] i
F_(e].® eﬁj) = Z { . Z } enp @ e;ic.

(2-2)

in the following way (see Figure 3)

Q, o

o, .,
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(3]
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)
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Figure 3

Let us introduce linear maps 24 and Q_

Qy : GBjHj — @j'HJ:

172 F21

given by

(2-3) Qu(e] ;,) = (1) T exp (ﬂz?rv —1(A; - 4, - AM) e

We define the braiding operators
By : ©M, ® Hj, — & H] ®Hj,
by

(2-4) By = F_(Qu ®id)Fy.



Figure 4 Figure 5

Thus we obtain the following commutative diagram.

-, F. ' ;
oM, @ HE, —— @M ® H,

Bil Q4 ®id1

Ol ® My —— &M, @ M,

Associated with the diagram (a) in Figure 4, the fusing operators give the linear
maps

Y0 @uHE ®@Hpj — HI @ Hig = C

73t

Y0, @kt @ Hi; — My @ Hig = C.

Normalizing these, we define the annihilation operators by

(2-5) \/ S0i/So0Y}} and (=1)%94/ So; /S00Y}:;

respectively. In a similar way, the fusion operators induce

.. . 8 1
Y{? :C= ng, ® Hip — EBkaj ® ﬂkj*

T

o4 . . .
Y7 C= M), @ Miy — @Ml © Hiy

associated with the diagram (b) in Figure 4. Using this, we define the creation
operators by '

(2-6) V S0s/Soo¥d? and  (=1)%4/505/S00¥g

respectively.
We put

k.lj2 n—ljn'

Hjy i = Gakl-""kn-—:EP.;.'(l)Hg;l QHM. @--- 7—[2



Let T be an oriented framed (m, n) tangle, by which we mean a union of oriented arcs
in R?x [0, 1] with boundary points contained in R? x {0}UR? x {1} as shown in Figure
5. Here the framing is represented by the blackboard framing in the sense of [K\M]. By
decomposing the tangle diagram into elementary diagrams and by associating to each
elementary diagram the braiding, creation or annihilation operator defined above, we
obtain a linear map.

J(T) : Hj,...., = Hiyoipn-

In particular, for an oriented framed link L with m components assigned with color A :
{1,---,m} — Py (l) we obtain an invariant of colored oriented framed link J-(L, A).
It turns out that this invariant does not depend on the orientation on the link L. In
the case A = 1/2, the invariant Jg, = J,(L,1/2) is characterized by the skein relation

: »t;]L+ —’t‘_l.]L__ = (t2 - t'—z)JLo

2-7
1) Jo=[2]=2cos§,

where we use the usual notation Ly, L_, Ly as in [Jo].
Let R be the representation ring of si(2, C). The above invariant defines a linear
map ' o -

(2-8) J(L,:): R®™ = C.

Moreover, it factors through the fusion algebra R, for the SU(2) Wess-Zumino-Witten
model at level | = r + 2 (see [V]). This linear map is compatible with the product
structure as shown in Figure 6. Here R, has generators v;, j € P4 (1) with the product

structure
o .
Vit V; = E Nijvk
k

where Nf; = dimH}; (see also [MoS1] and [MoS2]). As the notation indicates it is
clear from the above consideration that the invariant J.(X,j) for a framed knot K
coincides with the one defined in the introduction by means of the recursive formula

1-3.
- él\{é‘ . > %Nj‘ @

Figure 6




Let us recall that we have the following (see [KM]).

2.9 Proposition. Let T be a colored oriented framed tangle. We write J(T) for
J+(T). Then, with respect to the following local modifications of the tangle we have

_ Soj
J L= =3 ]
) o'~ Soo

JV\ j = exp2my/ —IAj J( s

; - Sij
J ¢
S;) 7 SOz
Here Aj is given by '
o JEG+1)
Aj; = —

2.10 Remark. Let us note that the sign convention adopted here is different from
the one in [KR] and [MoS1], where the creation and annihilation operators are de-
fined without the sign (—1)?7 and consequently the effect of local modifications in
Proposition 2.9 appear with signs.

3. Proof of main results

>
. ds jz J?
SAVAVAETAY
Figure 7

Let ¥ be a closed oriented surface of genus g. The mapping class gr oup of ¥ denoted
by M, is by definition :
My = Dz ffH / ~

whele Dif f+(Z) denotes the group of orientation p1eselv1ng dlﬂ'eomolplusms of ¥
and ~ stands for the equivalence modulo isotopy. We are going to investigate an
action of the mapping class group M, on a vector space Hx defined by

(3-1) Hs =&y, ,... ,Jg€P+(l)H

]ng
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Figure 8

(see Figure 7).

Let us recall that the Dehn twist along a circle C C ¥ is a diffeomorphim of ¥
defined by cutting the surface & along C and by reglueing after the rotation of 27 in
the positive direction (see Figure 8). It is known by Lickorish [L] that M, is generated

a, 2<i<g B, 1<i<g & 1<i<g
which are Dehn twists along circles shown as in Figure 8.

I V= e W P S
= e Q’ 'C\,\D/ \9

@ T [ o) [
Teeg) T T¢S)
Figure 9

To each z € M, we associate a framed (2g, 2g) tangle T'(z) in the following way.
Let Ty be a (2g,2g) tangle illustrated in Figure 9a. To each z;, (z = «,f,6) we
associate a (2g,2g) tangle T(z;) depicted as in Figure 9b and for z]! we associate its
mirror image T(z;?). Let Ty be a (2g,2g) tangle shown in Flgule 9. Given z € M,
we express z using Lickorish generators as z;! - -~ zi*, e; = £1 and we define a tangle
T'(z) by the composition

(3-2) T(z) =TooT(z5}) o--- o T(zy)-

~ Let T'(z) be an oriented framed (2g,2g) tangle defined for z € M, in the previous
paragraph by fixing a way of writing z in terms of Lickorish generators. We divide
the set of arcs in T'(z) into E°%(z), E'(z) and L(z) defined by

EO(fE) {1:07 C R? x {0}},
(z) = {v;0y C R? x {1}},
(z) = {707 = ¢}



1
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(see Figure 10).

We define-a linear map
p(z) : Hg — Hx

in the following way. For

N *
%*
U .. . .1 v . .
€ Mgt v € (Maitae)

we associate the colors to the arcs in E%(z) and E!(z) as shown in Figure 10.
As is explained above, each time we associate a color

A {L,2,--- ,m} = Pyr(l)

to the components of the oriented framed link L(z) =Ly U---U L,, we have a linear
map J-(T(z), ) : Hg — Hg. Let us denote by

< >t HE xHg — C

the canonical pairing with the dual space. We define p(z) by

< v, p(z)u > = \/5ij "'SOJ'g\/SOiL' -+ Soi, |

3-3 .
(3-3) Z Coi =N G5 1y -+ - Soagmy < v*, I (T (), Mu >
Y ,

where A runs over all colors on the components of the link L(z).

For z,y € M, we fix a way of writing = and y in terms of Lickorish generators and
we define (2g,2g) tangles T(z), T'(y) and T(zy) in the above way. Corresponding to
this we have oriented framed links L(z), L(y) and L(zy). We put

(3-4) o(z,y) = sign(L(zy)) — sign(L(z)) — sign(L(y))

and we define é(z,y) by

E(z.y) = Co=
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Let us recall that a closed oriented 3-manifold M is ‘re’presented as
M=V U,(-V).
with a handlebody V and a glueing map h : 0V — 8V. This description is called a

Heegaard splitting. The minimal g such that M admits a Heegaard splitting with a
handlebody of genus g is called the Heegaard genus and is denoted by g(M).

3.5 Proposition. ' The above construction defines a pro jectfve]y linear representation
p: Mg — GL(Hg)
with a 2-cocycle {. Namely, we have
p(zy) = &{(z,y)p(z)p(y)

for any =,y € Mg,. Moreover, with respect to a basis of Hxy

k:lg 1.7

6071®e'n '® ® tr Iy dgy K1y kag—1 € Pi(l),
p(z) is represented as a uni tary matrix for any z € M g

Proof: To show the well-definedness of p(k) for h € M, let us first recall that
a key step to show the topological invariance of the expresstion 1.6 in [RT] is the
following equality for the tangle operators corresponding to Kirby moves (see [K] and
[FR]). For the tangle diagrams I' and I'' as shown in Figure 11, we have

(3-6) lzso, (Tyix, < inyd) = Jo(@y i1, in).

In our situation this equality can be applied to any local modification of the above
type, allowing also the arcs in E°(h) and E*(h) as strands passing through the circle
in the tangle diagram I'.

t, 11

Figure 11



Let us also recall that associated with a decomposition of h into a product of
Lickorish generators we can construct a link in S° so that the Dehn surgery on this
link gives a 3-manifold obtained as a Heegaard splitting with a glueing map h (see
[Ro]). In our case the Dehn surgery on the link L(h) gives a 3-manifold V, Uy (—Vj).
The arcs in E*(h), i = 0,1 appear as a spine of the handlebody. Now we apply a
relative version of Kirby’s theorem (see [K] and [RT]) and we can conclude that if k
and h' are isotopic the associated tangle diagrams T'(h) and T'(h') are obtainable one
from the other by a finitlely many steps of Kirby moves shown in Figure 11. Here we
- allow any arcs in the tangle diagram as strands passing through the circle. Hence the
equality 3.6 implies p(h) = p(h’).

Now we describe the relation between p(zy) and p(z)p(y). First, let us notice that
the linear operator p(Tp) associated with the tangle Tp is the identity operator. This
can be shown by considering the composition Tp - Ty in the following way. Applying
Kirby moves, one sees that p(Tp) is idempotent. Since p(Tp) is non-singular, this
implies that p(Tp) is identity. Combining with the definition 3.3, it is easy to deduce
the assertion p(zy) = &(z,v)p(z)p(y)-

Noticing that the entries of the fusing matrices are real at ¢ = e2™V=1/7 it follows
from the orthogonality of the quantum 65 symbol (see [KR] and [RT]) that the braid-
ing operator is represented by a unitary matrix with respect to the above basis. The

13

unitarity of p(z;) for the Lickorish generators follows immediately by looking at the

above tangle representation. This completes the proof.

Now we are in a position to prove our main results. Let M be a closed oriented
3-manifold and let K be a knot in M. We denote by E(K) the knot exterior. Namely,
E(K) is the closure of the complementary space of the tubular neighborhood N(K).
If the tunnel number of the knot K is ¢(K), then we have a splitting of the knot
exterior :

B(K) = cl(V = N(K)) Ur (=V)

with a handlebody V of genus g = ¢(KX) + 1 and a glueing map h : 8V — 9V. Here
the knot K is embedded in a simple position as shown in Figure 12. More precisely,
there exists a separating disc D properly embedded in V with 8D C V such that K
is embedded as a core of the solid torus obtained by cutting the handlebody V along
D. Let us note that cl(V — N(K)) is a special case of a so-called compression body.

Figure 12
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We put ‘
| vj = e); ®el; ®egy @ -+ ® ey

which is a basis ’of

My, @H; @H ® - @ MYy = C.

With this notation we obtain the following.

3.7 Proposition. In the above situation we have

Z:(M,K;j) =S4’ < vj,p(h)vg > .

Proof: Let us close the (2g,2g) tangle diagram T'(h) to get a plat diagram as
in Figure 13. This is a link diagram expressed as L(h) U L where L contains 2g
components Lq,--- ,Lag. The color on L; is equal to j and the color on the other
components is zero. Let us recall that by the Dehn surgery on the framed link L(h)
we get our 3-manifold M with link L in it.

L L Ly
NN
T(h)

IVAVEDY,

Lgu, L

*¢ Figure 13

Let us consider the above situation with K = L;. Noticing that the fusion operator

0 .oy 0 240 10~
ij, :C = Hé] ®H:”1 - HJJ' ®H00 =~ C
is an identity map, we obtain the assertion from definition 1.5 and 3.3.

Now the proof of our main results is completed in the following way. We obtain
from Proposition 3.5 that < v}, p(h)vg > is an entry of a unitary matrix. Hence it
follows that

S 1<l p(h)w > P <1,
JEPL(Y)

which shows Theorem B. In the case M = S we have

Z.(8%, K3 ) = Jo(K, j)-



15

Moreover, by means of the symmetry principle due to K1rby and Melvin [KM] we

have
!Jr(K,J) = Jr(Ll U L2 u... Lga A)l

for A(1) =7 and _ ,
A(k)=0o0rl/2, 2<k<yg.

Combining this symmetry with Theorem B, we obtain Theorem A. This completes
the proof.

4. Comments on generalizations and discussions

We discuss briefly how our results can be generalized to an arbitrary complex simple
Lie algebra G. We refer the readers to [Ko3] for a more detailed descrlptlon We fix
a positive integer ! and we adopt as the set of colors

(4-1) Pi()={)ePy;0<()0) <1}

where (-, -) is the Cartan-Killing form normalized so that (6, 6) = 2 for the longest root.

Let L be an oriented framed link in S3. By looking at the monodromy representation

of the Knizhinik-Zamolodchikov equation in Wess-Zumino-Witten model at level |

(see [TK]), for a color A: {1,--- ,m} — P4(l), one can define an invariant of colored

framed link Jg (L, A) where we put 7 = [ + h* with the dual Coxeter number h*.
The phase factor derived from the change of framing in Proposition 2.9 is expressed

by the conformal welght

(A, )\ + 2p)

‘ 2(1+ h*)

where p is the half sum of the positive roots.

Now in the situation of Theorem B, the Witten invariant for G at level [ is explessed
as

Ay =

(4-2) Zg.o (M, K,\) = C™MD NS0 1) -+ SopuimyJor (K U LA U p)
' 7

where the sum is for any g : {1,--- ,m} — P,(l). In the above expression C and Sy,
are given by :

< ldimg')r\/—l)
C=exp|——r———

4(1+ h*)
(43) s _ 1 “vol AW H 5 (A +p,a)
A= [F he)renk(©)/2 \ vol AR ST e +h

aEDy

Here vol AW is the volume of the weight lattice, vol AT is the volume of the coroot
lattice, and A stands for the set of positive roots. Let us notice that C can be
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written as (exp2mv/=15%) =3 with c the central charge of the Virasoro algebra acting
sn the integrable highest weight module of highest weight A. We also recall that Sg
zppears as an entry of the modular transformation S matrix on the characters of level
. integrable highest weight modules determined in [KP] and [KW].

Several approaches have been developed to establish a more combinatorial descrip-
Zon of such invariants for classical Lie algebras (see [M], [TW], [We] and [KT]). The
zssociated representation of the mapping class group is related to the monodromy

-epresentation of the conformal field theory on Riemann surfaces (see [TUY]).

Let K be a knot in a closed oriented 3-manifold M. Generalizing Theorem B, we
“ave a lower estimate for the tunnel number ¢(K)

14) > ]Zg,,.(M,K;/\)P < SppHHE)F),
' AEPL(D) ’ '

Ve avlso‘ notice that considering the case K is empﬁy, _wé have the following lower
=ound for the Heegaard genus (see [Wa}, [Ko2] and [G]).

= . —g(M
+5) 1Z6.-(M)] < So™

Let us discuss the case G = sl(n, C). We denote by ¢;, 1 <17 < n-— 1, a set of simple
ssots and so, the reflection on the weight lattice defined by s4,(v) = v — (v, o).
“he set of weights Py (1) is written as

n—1- n—1 ‘
)= {ZaiA,-;a; €Z,a; >0, Zai <l
1=1 =1

=ith the fundamental weights A;, 1 <7 < n— 1, which is naturally identified with the
szt of dominant integral weights for the corresponding affine Lie algebra G at level

Hence we have a Dynkin diagram automorphism for the affine Lie algebra, which
'::duces an automorphism on the set P;(l). This automorphism is isomorphic to a
wwclic group of order n generated by o defined by

a(A) =C(A) + 1M

=here C is the Coxeter transformation sq, - - Sq,_,. In [KT] we described the phase
Zctor coming from this action, which implies that for a knot K in S® we have

+6) g+ (5, o (M| = g (K, M)

Let us notice that ¢ has a fixed point {/n Z"_l A; if 1 = 0 mod n and is fixed point
Zze otherwise. We suppose that A € Py(l) is not a fixed point of o and that X is not

zzatained in the orbit of 0 € Py (!). Then, we have an inequality

7) YT e (E NP < a0 g MO+,
Py

|‘w
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We recall that the skein (or HOMFLY) polynomial Pr(a, z) for an oriented link is
a two-variable generalization of the Jones polynomlal (see [Jo]) characterlzed by the
skein relation:

Po=1
(4-8) 2 _
a PL+ - G,PL_ = zPLo.

Let us suppose that n > 3and [ > 2. Cbhsidering the case when A € P.,.(l) corresponds
to the vector representation, we have '

sinm/r

- Pg(s™,s—s1) = g.r(K,A)

sinnw /7

for s = e™V-1/r, Combining with 4.6 and 4.7, we obtain a upper bound for the above
special values of the skein polynomial. A similar estimate can be formulated for special
values of the Kauffman polynomial by examining the case G = o(n, C), sp(n, C).

Our construction may also be generalized to certain links. Let L = L; UL; be a link
with 2 components in a closed oriented 3-manifold M. We define its tunnel number
t(L) to be the minimal number g+1 such that the link exterior E(L) = cl(M — N(L))
admits a splitting

E(L) = (V! = N(L))U (V% = N(Lp))

with a handlebody V! of genus g and its second copy V2 with a reversed orientation.
Here we assume that L;, 7 = 1,2, is embedded in V* in a simple position as shown in
Figure 12. In this situation we obtain for A\; € Py (1)

(4-9) | 3 1Zon (M, Lid, Ag)fP < Spp HPHY
A2€P4(1)

where A; is a color on L;, 1 =1, 2.
4.10 Concluding Remarks.

(i) It was shown by Jones [Jo] that if an oriented link L is a closed n braid, then
‘ . n—1
(4-11) IVL(ez"m/r)l < (2cos g) , T=23,4,---.

The unitarity of the monodromy representation enablcs us to gcnel alize thls inequality

in the form
Sox
lthw<(;)
00

using the framed link invariant with color A € Py () for each component of L. Com-
bining with our estimate of the tunnel number, we can deduce several consequences.
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For example, if a knot K satisfies the equality for 7 =5 and » = 3 in 4.11 (see [Jo]),
then we have t(K) > 2.
(ii) For a connected sum of knots we have

S
(4-12) Tg (K12, N) = Jo (K1, 0)Jg (K3, ) g~ %,

For a knot K, let us consider K}j---§K (n times). Our result can be used to give a
lower estimate for the tunnel number of such knot in terms of a function of # which
is of linear order with respect to n.
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