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ON SIEGEL WAVE FORM ON THE COVERING GROUP OF Sp(2,R)
SHINJI NIWA 5 7T ,(@ —_
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In this paper, we shall show that the complete analogué of the shimura correspon-
dence of modular forms of half integral weight holds for Siegel wave forms of degree 2.

§1. Commutation relation of differential operators

As usual, we consider an element in the center of the universal enveloping algebra of
Lie algebra of Lie groups G as a differential operator on G. Generators of the center
of the universal enveloping algebra of 5p(2, R) are given in {13].

Put

/10 0 0 1 0 0 0
01 0 0 0 —1 0 0

=1, -1 0 |’ Hy= 0 0 -1 0}
\o 0 0 -1 0 0 0 1
(o 1 0 0 _ (o 0 0 o\

y. 100 0 0 v, =00 01

T ho o0 o0 o 2700 0 00 04
\o 0 -1 o/ \o 0 0 0/
(0 0 0 1\ /O 0 1 0

. to 010 {0 o0 o0 o0

X3 = 0 0 0 ¢}’ Xa= 0 ¢ 0 0}
\o 0 0 0 \¢ 0 0 o/

X—1=!Xi) (3=1}273>4)

Then the generators of the center of the universal enveloping algebra of 5p(2, R) in [6]
are

Ihn =H{H,+ HyHy+6H,
+ 2H2 +‘4X_1.X1 + 8X..4X4 + 4X_3X3 + SX_.zXz,

Loy =16X_4X_sXaXs+ 16X _4X_3X3X4
— 32X _4X_9XoX4+16X_2X_2X3X3
F 16X _ 4 X 1 X1 X4+ 8X_4H1H, X,
+ 8X _4(Hy — H3) X1 X3 — 16X _4 X1 X1 X5
F16X_ 35X _3XaXa+16X_3X_2X2 X3
+8X 3 X _1(Hy — Hy) X+ 4X _sHy Ha X5
+8X_s(Hy + Hy) X1 X2 + 16 X_2X 23X X3
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~16X_2X_1X_1 X4 +8X_3X_1(Hy + Hy) X5

F 16X s X 1 X1 Xz — 8X_oHyH, X,

+4X_(HH\ X+ H H HH,

— 16X _4Hy Xy +32X_4Hy X1+ 32X_4 X1 X5
432X 3X 1 X4—8X_sH X5 +16X_5 X1 X,

+16X_pX_1 X5 — 16X _5(Hy + H) X,

+ 24X _{H\ X1 +2H{H{H,

+ 6H HoH,

— 48X _4 X4 — 24X_5X5 — 48X_, X,

+24X_1 Xy — 2H\ Hy +12H H,

+ 6HyHy — 12H, + 12H,.

We define the Weil representation » of G = Spa(R) on V = M;1(R) by putting

B s\, [% A1
r ( 0 E) fl = | =exp@mtr(SCXi Xo +22)))f | 2 |,
Xq Xa

A 0 X : 5/2 Aid
X2 X2A
0 E X1 :
"\-g o)z ="%
XZ VJVv
exp(2mitr(*Y1 Xo + Yo X1 + 2%e)) f (
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for f € S(V x V),S="'S € Mys(R), A € Myo(R) where E = (é ‘1)) y=1or

é, g) put J(g,Z) = det(CZ + D).

This definition of r for the genera,tors determines r for general ¢ € G up to a sign.
We determine a branch of 1/J(g,Z) by —n < arg(+/J(g,iE)) < n. For X € V put
pz(X) = exp(2niZ[X]) and determine the sign of r(g) by

r(Qez(X)=+/J(g,Z 90gz(X

—i according as det A > 0 or < 0. For g = (

Put

=/ J(h,9Z)\/ (g, Z)[ /I (hg, Z).

Define the double cover G = {(g,6)lg € G,e = £1} of G by putting (b, €)(g,¢') =
(hg,ec'a(h, g)) and define a representation 7 of G by #(g,€)f = er(g) f.
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We can also define representation p of the "orthogonal group” G on S(V x V) in the
following manner. First, we define linear mapping o by

0 a ¢ =—f
—a 0 —b -—c
qX=|_c b 0o 4
J ¢ —-d O
for
a
b
X=1]c| €M 1(R)
d
f
Then g € G acts on V x V by
. T11 ‘ T2
X1 Z21 T2z
z =lot]liglo]| zn gl,o7 g a]| 232 g
Xy T41 T42
51 52
for
T11 Z12\
X1 21 T22
feid = 31 T32 € M5‘2(R) =V xV
X2 a1 Ta2
r51 52
Put

pl9)f(X) = F(X7)

for f € S(Vx V), g € G. Then the representations 7, p induce the representations (dif-
ferential representations) of the center of the universal enveloping algebra of 5p(2, R)
which we denote by the same letters », p. With this notation, we obtain

THEOREM 1.

(La) = 3o(l0) =5,

(L) = = 7p(La) + T=p(La)? = plL1) + 10.

§2. Standard and generaliged Whittaker functions

For a symmetric matrix T, we call functions f(g) = k(Y ) exp(2n:itr(TX)) of g € G
satisfying [n f = 61/ and Lof = 6, with some functions h of Y and X+1Y = g1 F € H,
generaliged Whittaker functions. These functions for definite T' are investigated in [10],
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[16] We deal with Whittaker functions for indefinite 7' here. By the same reasoning
as in [10], [16], we can probably show the followings which we assume hereafter. If

F(Z) is a Siegel wave form satisfying F(Z + noN) = F(Z) for all N ='N € Mo, 2(Z),
[F =8 F and LyF = 63F, F(Z) is expanded as follows:

F(Z)= Z A(T,Y) exp(2mitr(T X))
250 T:zngtTEMz,g(Z)

where 1f T' is indefinite

A(T,Y) = f& AW, Y)ds

where
W,(T,Y) = W.(S,YIN"Y]),S = ((1) 0) T = S|[N] =NSN,
W( (VY Q \NAEEANS 0\(\/37 O\\
\o Jlo 1) e 1/ 0 ),
= y’iz / ] exp{-—%mklkg‘é}((k% + 1)(]»2 + 1){2” + 1 );"/2
. oo .
K, @rty[(k2+ 1) (R + 1) (a2 + 1))
Fls +1/24+21)/2, (s +1/2 = 11)[2;1/2; k)
F{(s+1/2+w2)/2, (s +1/2 — v2)/2;1/2; —k3)dkydka,
and
(1) 1= (M + A2 = 2)/8,62 = ((Ar — 22)%)/256 — (A1 + X2)/32 + 3/64
with

v = (=14 2/A10)/2, vz = (=14 2/2,)/2

A,(T) is a constant determined by the uniquness of the above expansinon. We call
A (T) a Fourier coeffiiciet of F.
Following [20],[21], we define an embedding of SL(2,R) x SL(2,R} into Sp(2, R) by

&y 0 Z}]‘ 0
L/(al bl\ (ag bz\\ {/ an 0 bg\
\\(31 dl/ C (1,2,1/ ¢ U d { }
0 Ca 0 dg
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which is consistent to an embedding (zy, 29) > s{21, 22) =

z 0 R .
0% zz> ol Hy x Hy tnto

H,. We desczibe the "Mellin transformation” of F' which is analogous to {11} and gives
2- 23 i §
rise to the spinor [ function of F. The ”Mellin transformation” of F' is

L{ng, 81,82, F / / / f F(s(zi+iyr, wa+iya))y; 1 ya' Ydzrdyrdzodys
2 0 mfng -2

m¢0

where

I(sl,sg)—/ W, —oy (S, B 21T g

=22 1 (g 4 5y — 1/2+ 1) /2 + 1)
P((Sl + g — 1/2 - vl)/2 + I)T((Sl + g9 — lf2+ Vz)/z + 1) )
T((s1+ 82 —1/2 — 1) /2 + 1) /T (51)T(s52).

We note that when sy = sq, the serics in L{ng, 51, 52, F') essentially equals the spiner
L function of F. If a function W on & satisfies

LW = a;w; LW = 84W,

/ g 0 0\_ /1
1 0 01 fo

I
d((iEnml:
= exp(2ni(zg + z3)) W((g,¢)),

W((g,e)(k, ') =W((g, ) [/ J(k,iE)

for all k € K = GNSO(4), we call it a Whittaker function. Tt is known that such
a function 1s unique up to a constant multiple if it exists. As stated in [20], we can
construct a Whittaker function using the above generalized Whittaker function. We
describe an explicit formula of a Whittaker function W. Obviously, W 1s determined
by the values

Ty T2y \
o T3 1 ( g

S DO
ja—y

The values are

W =i [ [ v

exp(—'n-(yt’z/(ékt) + 4ty ft'? + 2tfy + 457t fy)) ¢ T3dsdt
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where

o0 o0
w(s, t') = t'2/ f exp(—2mskykat')

Ko(%t’\/(k% + 1) (k2 +1)(s2 +1))

F((1/2 +»1)/2,(1/2 = 1) [2;1/2; —k3)

F((1/24+ va)[2,(1)2 — v) 251/ 2; —k3)dkqdk,,
61 =561/2 5,8, = =84+ /16 — & + 10 V

With 51,52 in (1)

§3. The Shimura correspondence

In this section, we define Shimura correspondence by a theta lifting and compute the
"Mellin transform” of the lifted function, which is a sort of convolution of an original
function and a theta function

0(Z)y= Y exp(2miZ[N]).
NeMa1(Z)

For an odd integer N, put

To(4N) = { (é g) € Sp(2, Z)‘ C =0 mod 4N} ,

(v, Z) = 6(vZ)/6(Z) and let x be a Dirichlet character. i a slowly increasing function
I(Z) on H, satisfies Lif = 8 f,Laf = 64F,71(vZ) = j(v,Z)x(det D)F(Z) for all
= é g €T =T4(4N), we call f a Siegel wave form. I fUnI‘\U f(vZ)dw = 0 for
all unipotent radicals U of maximal parabolic subgroups of G, we call f a cusp form.
We assume f is a cusp form hereafter. Since f(Z + N) = f(Z) for N ='N € M, ,(Z),
J(Z) is expanded as follows:

f(Z) = Z a(T,Y) exp(2mitr(T X)).

2T =2Tc M3 2(Z)

Since o(T, Y[N]) = a(T[IN"1],Y),

({0 ) (5 )G D))
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is expanded as the Fourier series in z. The uniqueness of Whittaker functions implies

@ (6 w) (¥ ) [ D))

mn 0 0 0 1z 0 0
—S et 0 m 0 0 01 0 0
" 0 0 1f(mn) O 00 1 0
n#o o 0o 0o 1/m/ \o 0 -z 1/
ty 0 0 0
0 t/y 0 0 - i
0 0 1/t 0 ’
0 0 0 1/\/tfy
Z (m3|nlt, |n]y) exp(27rma:){ ’ Tf n >0
-, 1fn<0.
. n A0
E 0 O '
Let Sp be ( 0 2 0 ) Put k(X) = exp(ntrSp[X]) for X € M;,(R),
0 0 FE .

a,bc,d€ (1/%&7\1’)z},

)
| )abch\/—Z}
i

a,b,e,d € V4 Z}

Define a character x' by x'(n) = x(n ( M) and theta functions by

lo
@)= Y x"aNdetlo)r(g)p(h)k (10) ,

Lhelodoclolrely

O(Z, W) = ©'(g,h)\/I(g,:E)

for Z = giE, W = hiE € Hy. Put h(Z) = f(—(4NZ)~1)/V/det Z and consider
F(W) =/ R(Z)O(Z, W)Y [Y2dXdY[|Y]? (Z =X +iY).
T\H,

C D d
in T¢(4N) where o

I‘S(4N)={(é g)ESp(ZZ)IBEOmodfiN,DE(: 2) mod4N}.

Then it is easy to see F(yZ) = x"*(d)F(Z) for all y = (A B) with D = (2 b)

Put

L4N(31,32)= ( Z X:(n)n—n—oz-2) ( Z X:(m)mu—-:z-l) )

nZ0,(n,4N}=1 m#£0,(m,4N}=1

Then we obtain
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L(4N §1, 82}

2N 2N
=/ f / / m1+zy1,$2+zy2))y t Yo' da’ldyld:cgdyg

= 31, 32)1—‘ 81, 32)L4N(91; 32)

Z z a,f‘g(?7?,2‘?7,)“"”“Ll/“?n”H Z ¢ 22 Z exp(2midnfc)

m#fOn>0 c>»0 (¢,d)=1,d mod ¢

where c(s1,82) is a product of powers of 2°1,2°2 N*' , N*? 7% x*? 2 N,n and

F'(Sl,SZ)
=n*1 " Y20 (g5 — 80 + 1) [2)T (82 + 81 + 2)/2)/T(s1 + 1)

/ f W(t}y) exp('—"27"15‘/y)y~ 3/2}-{',1+1/2(27fy)i92m S/Zdtdy
0 0
)

=c'(sy, 82
P((s1+824+2—=1/24+11)/2)T((s1 + 82 +2~1/2—14)/2)
P{(—sy+82+2—1/2+2) /2T ({~81 + 82+ 2~ 1/2 ~24)/2)
({51 +824+2—1/24+1)/2)T((s1 + 92 +2~—1f2—1,)/2)
P((—91 +82+2— 124w} /)T ((~81 + 52+ 2= 1/2 —11)/2)
T(sy + 1) (=81 + 82+ 1)/2) T ((s1 + 32+ 2)/2) 2
P(sa+ 1) "((—31+32+1 V20 ({81 + 84+ 2)/2)0 (51 +1)

with a product ¢ (31,32 of powers of 2°1,2°2 N*' N*? g1 x°2 2 N, .
T"(sq, 52) essentially equals T'(sq, 52) at Iea,st When 8o = 8.

-~
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