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1. Introduction

In this section we give a brief history of our subject.

In 1915, G.Polya proved following theorem.

Theorem 1. ([9]) Suppose that entire function f satisfies the

following conditions:

(1) £ is an entire function of exponential type A,

(2) f( N ) c 2

If A is less than log 2, then f is a polynomial with rationalf

integer coefficients.

In 1946, C. Pisot generalized Polya's theorem using Laplace trans
form and transfinite diameter. ([8])

In 1974, V. Avanissian and R. Gay generalized Pisot's result to
entire functions of exponential type in Cm using the theory of
analytic functionals. ([2])

In 1977, F.Gramain obtained several results about entire function f
of exponential type in Cl satisfying f(N) cOK

Here OK denotes the ring of algebraic integers contained in
algebraic number field K over @. ([4])

In 1988, A.Bazylewicz generalized F.Gramain's result to entire
functions of exponential type in c™. ([31)

We will generalize Bazylewicz's result to non entire functions of
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exponential type in Cm using the theory of analytic functionals
with non-compact carrier(a kind of Fourier ultra hyperfunction).
To close this section, we notice the special relation between the
theory of arithmetic holomorphic function and the Ising model in

statistical physics. ([7]).

2. Notations
Let K be a number field over @ with degree [K:@ ] = d = r+2s.
K(i) (1<i<r) and-E(r+j) = K(r+S+j) (1<j <s) are its conjugate
field.
6 1s defined as follows:
6 =)yd if K c R
d/2 if K & R
For algebraic integer a, we put

|a| = max |ai| (a;'s are conjugates over @ )

Then following inequality valids
log |a| = -(5-1)log|al

(inegalite de la taille)

OA denotes the ring of algebraic integers.
OéJ) denotes the ring of algebraic integers in K(J?

n

For -p(z) = X .anzn € K[z], we put p(j)(Z) =3 ar(lj) z e K(j)[Z],

where an(J) is conjugate of a,
7 (A) denotes the transfinite diameter of compact set A.

For the details of transfinite diameter we refer the reader to [1].
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Supporting function HA(z) of set A is defined by

HA(z) = sup Re <z, (>
r e A

|z | =[zl‘+|z2‘+...+‘zm|, (21,22,...zm) e c™

3. Some results on OK valued entire function of exponential type

In 1976-1977, F. Gramain obtained following theorems.

Theorem 2. ([4]) Let Kl be a compact convex set in € contained in
{ ¢« ¢|Im ¢|< z }. Suppose that f(z) satisfies following
conditions (i), (ii),(iii).

(i) f(z) is entire function of exponential type HK'

1

(ii) f(N) c OK

(iii) 1im sup 1/n loglf(n)ls c
n - 0

If log t(exp(Kl)) < -c(6-1),then f(z) = X Pb(z) bZ.

Where Pb(z) € K(8)[z] and 8 = {a : a algebraic integer, |a]| sec,

a is contained in exp(Kl) together with its conjugates over K.}.

Theorem 3. (A generalization of Polya 's theorem [5] )
(i) f(z) is entire function of'exponential type a

(ii) f™) ¢ Ok

(iii) 1im sup 1/ n log|f(n)]< ¢
n - 00

If log (ea—l) < —(6—1)1og(1+ec), then f(z) € K[z].

In 1988, Bazylewicz generalized theorem 2 to entire functions of

exponential type in Cn. Namely, he obtained following theorem 4.
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Theorem 4. ([31) Suppose that f(z) is entire function of

exponential type satisfying following conditions:

(i) For any & > 0 , there exists Ce > 0 such that

m

m
|f(z)|s C, exp(i;lH Ti(zi) + e lz]) . z=(2,,2,,.-2 )€ C
where T,'s are compact convex sets in €.

(i1) £(™) c oy

(iii) there exists a positive number ¢ such that

1lim sup 1/n log[f(n)'s c

n-> o

If log ¢ (exp(Ti)) < -¢(6-1) (1<i < m ), then
f£(z) = 3 P, (z) b7,

where Pb(z) e K(9)[z] and $ is a finite set of Oﬁ

4. Main result

Using the theory of analytic functional with non-compact carrier

we can generalize theorem 4 to holomorphic functions of exponential
type defined in the product of half plane. Namely, we can generalize

theorem 4 as follows.

Theorem 5. (Main result) Suppose that 0 < k'<.1 and function f(z)

satisfies following conditions

m . L
i=1{Zi’ Re z, < k}

(ii) For any & » 0 and &’ >0 ,there exists C, . 2= 0 such that

’

(i) f(z) is holomorphic in 0
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lf(z)l < Ce’a, exp(HL(z)+e|z|) (Re z; < -k'- 7))

m
where L is a convex set contained in I, _,{ ¢, e C:|Im:k b, < =,

Re :i > ai}.

(111) £((-1)™) < 0y

(iv) 1lim sup 1/n 1og|f(—n)|s c
n - 00
If 7 (exp(-T;)) < -c(6-1) (1< <m), then £(z) = I P (2) bz

where Pbe K(8)[z], and 8§ is a finite set of 02

5. Transformations of analytic functionals with non-compact carriers
In this section we recall Avanissian-Gay transform and Laplace
transform of analytic functionals with non-compact carrier.

Let L be a convex closed set in Cm bounded in imaginary direction.
we define holomorphic test function space‘Q(L;kﬁ as follows:

4

ind, Q, (L ; kie! )

Q (L_;k%e/)={fe0'(L.) nC(L ) : sup|f(¢)exp((k* )¢ )< w}
b e £ > Sele
Q'(L:k)\denotes the dual space of Q(L:k). The element of dual space

is called analytic functional with carrier L. Now we define Laplace
transform‘%(z) of T € Q'(L:kﬁ as follows:

~~

T(z) = <T(, exp(zf)>
where z{ = zlfl+...+zm(m

Following Paley-Wiener type theorem characterizes Laplace transform

of Q' (L:K).



169

Theorem 6. ([10])

o~
Let T belong to Q’(L:k'), then T(z) is holomorphic function in D =
H?=l{zie € : Re Zi< —k’} and satisfies following estimate:

for any ¢ > 0, ¢’> 0,there exists Cs ! 2 ® such that

’»

(%) [?(z)ls C, . exp(H (z) + & |z|) (Re z, <-k'-¢&')

1

Conversely, if holomorphic function f(z) in D satisfies (%), then
f(z) is a Laplace transform of some T e Q'(L:kﬁ.
For the details of Laplace transform of analytic functionals,

we refer the reader to [10]

To define Avanissian-Gay transform we put following assumptions

(i) o < k/ < 1

(ii) pri(L) c {{ie C: llm L’ils b, < 7, Re [, 2 ai}

where pri(L) denotes the i-th projection of L.

Avannisian-Gay transform GT(W) of T € Q(L:k) is defined as follows

1

GT(W) = <T_, Hi=1(1 Wi(i ) >

¢

Avannisian-Gay transform has following properties:
Proposition 1.([71,[10])
(1) GT(W) is holomorphic in H?=1(C/exp(—Li)).

. . _ [ _1,IN _ _ _ -n -n
(ii) GT(W) = (-1)" % T( Ny, Ny, s, nm)w1 1 W, 2 R

(iii) for any eé> @ , and &’> 0, there exists C, .»2 @ such that
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ke’ ~k-e’

_8..4wm|

’
IGT(W)l < Cs,dlwi%_ﬁ%za

(iv) (inversion formula )

_ -m -z,-1 -z_-1 -z -1

T(z) = (2z1) IGT(wl,wz,,,wm)wl 1 W, 2 ce.W ST dwldwz...dwm
r

where I' = le sz anx’ Pi(lsi < m ) is the contour surrounding

exp(—Li).
6.Proof of main result.
In this section we will prove theorem 5. Following proposition 1is

essential in our discussion.

Proposition 2(Bazylewicz[3])

Si,j(l$151n) are compact sets in € and ¢ i,j= T(Si’j) are their
transfinite diameters. Suppose that Si jsatisfies following
conditions:
(1) Si,j= Si,j (i< j <r) ( i.e. Si,j c R)
Si,j+r = Si,r+jes (I8 J <8)
d
(i1) jH=1 Ty, < 1 (1<1i < m)
We suppose that
(J _ (j) ~1-n s .
g 2z) = % en® 2n z is holomorphic in ¢=1( c/ Si,j )

where aéJ)'s are algebraic integers in K. Then there exists
polynomials P(Zl’ZZ”’Zm)’ Qi(zi) satisfying following conditions

(1) Qi(zi)are monic (coefficient of highest degree term is unit.)



171

(2) %ig P(Zl,ZZ”’Zm) < deg Qi(zi)

3 g2y = Pz 2,2 m% o Olzp

Now we give the proof of theorem 5. By Theorem 4, there exists
T e Q (L: k ) such that f(z) = T(z). We put g(w) = GT(W). By (ii)

in proposition 1, we have

gw) = (-D" g _m £C-mw T

Now we put

e = 0"y m e ) i (1< § <aq).

(J)

€N

Each g is holomorphic in qfl{|wi|2 e€}.
Since g(w)is Avanissian-Gay transform of T, g(w) and g(J) (w) is

holomorphic in

- ] P——
g7 (e/exp(-Ly)) , JL, (&exp(-L)).

Here exp(—Li) is a closure of exp(—Li), and C/exp(—Li) is complex
conjugate of ¢/ exp(—Li).

We put Si= exp(—Li) and
K(J)

| S. if K
1
K(J)

s o |5 it K
i i

|wi‘s ec, other case.
Then g(J) and S(%) satisfy all assumptions in proposition 2. So we
have
_ = m
GT(W) - g'(W) P(W19W2!---Wm)/ I;]I_-‘-']_ Qi(wi)
where P and Qi's are polynomials satisfying the conditions in

proposition 2.

By inversion formula in proposition 1 and residue theorem, we obtain
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. -1 -z=1 -z_-1 -z -1
f(z) (2r i) J GT(w)w1 1 W, 2 ce oW M dwldwz...dwm

1

Zo law. .. .dw
m

2z )™ [ Powy, . w AT Q w) witT e .

_ Z
- ?: algebraic P7(z) 7o
integer
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