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Let M be a von Neumann algebra with a faithful normal tracial state 7 and N
be a von Neumann subalgebra of M. We construct a tensor algebra Ty (M) relative
to N ;

{ TH(M)=L*(M)® L) (M) ® ---® L*(M)
TS(M) = I3(N)

where L?(M) and L?*(N) are Hilbert spaces with respect to the trace 7 and ®
means the N-relative tensor product ® vy and

oo
Tn(M) =) _ TE(M).

=0

Then Ty (M) is also N-bimodule.

For z € M, a creation operator o(z) is defined by

{o(m)xl®---®xp=z®x1®---®xp, T ® - Qzp, € TH(M)
o(z)zy = zT0, zo € TY(M).

Then an annihilation operator o(z) is the following;

{ O(x)*xl ®x2 ® "'®$p = E(ﬂ,'*xl),’]:2® -..®xp
o(x)*ze = 0.

where E is the conditional expectation of M onto N with respect to 7.
A N-rank one operator (z; ® --- @ ) B (y1 @ - - ® yq) is defined by
{219 ®2)B(1N O DY) Hz21 ® -+ B 27)

=601 ® BRI <N B R 2, Y1 ® B Yg >N

where
<@ ®2e, 41 @ - BYg >nv=E(yg - (E(y3(E(y121)22) -~ Zq)-
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Let {u;}™_, be a Pimsner-Popa bases for M D N. Then o(u;) are isometries for
0 <7< n -1 and o(u,) may be a partially isometry such that

n

ZO(U;‘)O(U,’)* s 1TN(A/I) —-1X1

=1

A N-compact operator algebra Ky(M) is the C*-algebra generated by all of N-

rank one operators. A C*-algebra P¥ is generated by all creation operators and

an identity operator. Then the N-compact operator algebra K (M) turns out to
be a closed ideal of P3. A quotient C*-algebra O¥ of P by Kn(M) is called a
generalized Cuntz algebra. The coset of o(z) in O¥ = PY¥ /K y(M) is also denoted
by o(x) without any confusion. Note that if M = C™ and N = C, O¥ is a Cuntz
algebra O,([3]). A guage action «a of the torus T into Aut(O¥) can be defined by
ai(o(z)) = oe'z),t € T.
By the use fo Pimsner-Popa bases, the fixed point algebra (O¥)7 is isomorphic
to a inductive limit algebra of a reduced von Neumann algebra of M,(C)® ---®
M,(C)® N.

Theorem 1. If M D N is a factor-subfactor pair with a finite index [M N], then
there is a guage invariant state ¢ on O¥ such that

¢(o(21) - - o(zn)o(ym)" - - 0(y1)*)
= 6. m[;MN]_nT(E(iL'l o E(za_1E(zny; )yn_ 1) yn)

and ¢ is a unique KMS-state with respect to the guage action and inverse temper-
ature -log [M NJ.

Let G be a finite group. We consider the two following cases

M =L®(G)xaG, N =L>(G), -cannonical trace T on M
and

M=W*G)»xsG, N=W*G), cannonical trace T oﬁ M

where « is translation on G and § is a canonical co-action of G.

The Cuntz algebra O is generated by isometries Sg,g € G. A canonical co-
action 61 of G on Og is defined by 6,(S;) = S; ® A(g)([1]). A canonical action o'
of G on O\, is defined by a},(Sy) = Sh,.

Proposition 2. The generalized Cuntz algebras Of:gg%x"a nd Ovvg*gggxac are

isomorphic to Og| X5, G and O|g| X a1 G respectively.

Proposition 3. ([2]) The two crossed products Ojg| x5, G ‘and O\ Xar G are
isomorphic to Oygj-

For Coxeter graph A;, we construct finite dimensional von Neumann algebras
M and N as follows. For l=2m+1(resp. 1=2m) let N be the m-direct sum of
C and M be m+1-direct sum CHM; @ --- § M2PC (resp. M be m-direct sum
COM2 @ ---® M>). The inclusion of M O N is given by the bicolored graph of A;
and a trace 7 on M is defined by Perron-Frobenius eigen vector. An element of N
with only i-th component 1 and otherwise 0 is denoted by e;.



Proposition 4. Let M and N be finite dimensional algebras associated with Cox-
eter graph A;. Thenwe have

(1) for odd 1,(resp even 1),we obtain quasi Pimsner- Popa base {u;}**! such that |

6;;1, i=1,m+1 (resp. 1—e, only for i=m+1)
(51',3‘ (e,-_l + e,'), € N, otherwise

m+1 m+1

M = Z u;N, and Z uiu; = Al
=1 : i=1

where A is the Perron-Frobenius eigen value of X'X where X is adjacent matrix of
Ay

(@ B ={

() { eju; = uze;, fori=1,--- m+1j=1,---,m
€i1U; = Uq€q, 1:27 TR
(2) all non zero elements of {ejO(Uz‘)}:-n:-ilj:__ll are non zero partially isometries
which generate O .
(3) (0T is AF algebra which Bratteli diagram is the repetition of labelled
bicolored graph associated with XX

(4) OY is isomorphic to Cuntz-Krieger algebra O 4 ([4]) where A is the adjacent
matrix of the line graph ¢(A;) of A;.

C. Sutherland pointed out to us the above relation between the line graph of A;
and the matrix A
In the case of A5, we define the base {u;} by

(w =V3g (g 2/2) B0
0 32

u2:0@( 372 0 )@O

w30

Bratteli diagram of the fixed point algebra OM)T with unique tracial state is

<]

-

\

and (’)% = O, is as follows

| . 111000
1‘2}%4 123 456 111000
; N\ ;/‘ 000111
41 )’(y‘.\/\ 111000
‘1”*><5’6 123 456 000111
: B 000111

the line graph £(A4s) the adjacent matrix of £(As).
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The K-group Ko(OY) for As is integer which show that it is different from Cuntz
algebras . :

Remark 5. When von Neumann algebras M O NN have quasi-Pimzner-Popa base
(E(ufu;) may be a projection in NV instead of F(ufu;) = 1) Theorem 1 holds true
even for non-factor IV if the fixed point algebra has a unique tracial state.
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