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Y:s5 and related topics

Masaaki KITAZUME (4t3% IESR)

Department of Mathematics

Faculty of Sciences

Chiba University
Yayoi-cho, Inage-ku, Chiba 263, JAPAN

In this note, we will introduce some idea to study the Yss5 group given in the paper

[CP] J.H.Conway and A.D.Pritchard : Hyperbolic reflections for the Bimonster and 3 F'iy4
in ”Groups, Combinatorics and Geometry”, Cambridge, 1992

and will report some observations together with some questions.

We denote the Monster simple group by M|, and the wreath product M 2 is called the
Bimonster. The following diagram is called Yss5, and is regarded as a Coxeter diagram
which gives 16 generators and some relations among them.




66

First we will collect some theorems on the presentation of the Bimonster.

Theorem A.

M2 =< }/555, (ablclab2c2ab303)10 =1>

Theorem B. Suppose that the group G is a minimal group that possesses an Ss-
subgroup S whose centralizer is isomorphic to Sy2 in which a 7 point stabilizer is conjugate
to S.

Then G = S;7 or the Bimonster M{ 2.

Theorem C.
M2 =< Ysss, fi = fi5(1,0 = 1,2,3,5 # j) >

fij = (abicidibjcjbk)gv {i,j’ k} = {1a2a3}

Remark. f;; corresponds with the root of the highest height of the Eg-lattice:

We will call such a relation an FEg-relation.

Theorem D.(The 26 node theorem)
The bimonster M2 contains 26 involutions, including the generators in Ysss, satisfying the
Coxeter relations of the incidence graph of the projective plane of order 3.

b1 c1 21

by c2 29

bs c3 23
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In [CP], Conway and Pritchard defined the Monster roots, which are some vectors defined
in the 16 dimensional space with the 19 coordinates
t )
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with the quadratic form

and the 3 relations

3 o~y
.

where < -,- > is the inner product.
The fundamental Monster roots are the vectors

a, b,-,c,-,d,-,e,-,f; (7, = 1,2,3)

given in Table 1. (In general, the term ’root’ means a vector of squared length 2.) We
denote by II the set of the fundamental Monster roots. The reflections r, (z € II) satisfy
the relation given by the diagram Ysss.:

The (infinite) group G is defined by

G=<r,|zell>.

Then by Theorem A, there exists some normal subgroup N of G such that G/N is isomor-
phic to the bimonster M 2.

The Monster roots are the vectors in the G-orbit II°. We will define an equivalence
relation between the Monster roots.

Definition.
r=y (z,y €% <7, =7, € G/N M2
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(Table 1) The fundamental Monster roots and the 26 nodes
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The following equivalence is a key of [CP].
Proposition 1. (Theorem 2 of [CP])

000024
v=]10002 2 26 ]|=
111111

Notice that the sum of the vectors
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000033
'U+b1=(0 0 0 2 2 2 6)=f3+263+3d3+403+5b3+6a+4b2+202+3b1,
111111 :

and this equals the primitive isotropic vector of the following Es-lattice.

f3 e3 dg c3 b3 a by co

Hence Proposition 1 is equivalent to

000033 000000

000222¢6/]=|000W0UW0P%0OQ0]|.

021111 110000
C

This means f3; = f3, one of the Fg-relations in Theorem C.
Now a simple question is ”What does happen on an Eg- or E;-diagram in Yys5 ¢”
The following equivalence (we call it an Fg-relation) is proved in [CP].

Proposition 2.(Theorem 4 of [CP])

000122 000211
0001225 }=]000211 4
000122 000211

The sum equals 3 x(the primitive isotropic vector of E’g—lattice).

000333
00033329

000333
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cg b3 a by ¢

Similarly the following ” E;-relation” can be proved by using the relations in [CP].

Proposition 3.

0 00022 000022
0011114}=1001111H14
000211 002011

The sum equals 2x (the primitive isotropic vector of E’7-lattice).

dg c3 b3y a by cg dy

We will explain the above relations by using the orders of the products of some reflections.

Let X = X U {e} be a subset of II such that the diagram of X is an affine diagram
E,,n = 6,7 or 8, and the diagram of X is a spherical diagram E,. Then we write e = e(X)
and denote by h = h(X) the root of the highest height of X.

Then the sum e + h is a primitive isotropic vector. Moreover < e,h >= —2, and
re(h) = h + 2e.

The FEg-relation is equivalent to h + 2e = e + 2h and

h+2e=e+2h < r.(h)=ri(e) < |rers]| = 3.
The E;-relation is equivalent to h 4+ 2e = h and we have
h+2e=h <= r(h) =h < |rerp| = 2.
The Ejg-relation is also equivalent to A = e and this means

h=e<=r,=r, < |r.rp| = 1.
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Remark. The numbers 3,2,1 are the determinants of Fg, E7, Eg-lattice. Is there any
mathematical background ?

Theorem C shows that
M2 =< Y555, Es—relations(VEg C Yss5) > .

The following is a natural question.

Question.
< Y555, B, Eg—relations(VE7, Eg C Yss5) >=

Remark. The orthogonal group O(11,3) contains

c3

fi e1 di e b a by cg dy e fo

satisfying the Fe-relation and f; = fi3, f2 = fos, (and (abjciabycaabse;)®® = 1)
It is known that

3.Fi4 =< Ysso, fi= fis= fro, fo=fas = far > .

Finally we consider the affine diagrams X contained in 26 node system given in Theorem
D. The 26 vectors are listed in Table 1 ([CP]). By using them, we can easily calculate the
orders |re(X rax)| in G/N = M) 2.

The cases (1)-(3) are contained in Y55, the set I of fundamental Monster roots. We
treated them in Propositions 1-3.

The cases (4)-(13) are not contained in Yss55. There is no diagram which gives a new
relation. '

An interesting fact is that for any X,Y of (4)-(13),

Ire()?)rh(X)l < lre(f’)rh(Y)l < (X)) 2 (Y)

where we denote by ¢(X) the Coxeter number of X.
Our final question is ”Is there any mathematical background 27
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(Table 2) The affine diagrams X and the order 7oy Th(x) |
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