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The rigidity of universal solvable Lie algebras

of Iwasawa subalgebras.
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Introduction.

An p-dimensional Lie algebra g is called rigid if all nzn-
dimensional Lie algebras near g are isomorphic to g. Nijenhuis &
Richardson proved that g is rigid if its Chevalley cohomololgy
group Hz(g, g) = 0 ([N-R]). As necessary conditions, Carles proved
that rigid Lie algebras over the complex numbers € have to be
algebraic and satisfy several.other conditions ([Ca] Prop 4.1).

In this paper we treat the rigidity of solvable Lie algebras g
over . In 8§ 1 we show that rigid g are isomorphic to the
universal solvable Lie algebras u(n) = n x I'. Here n are the
nilradicals of g, and 7 are maximal abelian subalgebras of Der(n)
composed of semi-simple elements. Although the rigidity of low
dimensional solvable Lie algebras were obtained([C-D], [Bel), in
general dimensions there are not many known examples of rigid
solvable Lie algebras except for Borel subalgebras of semi-simple
Lie algebras([L-L]). From § 2 we try to compute H2(u(nc), u(nc))
and check their rigidity when n are nilpotent parts of Iwasawa
decompositioﬁs of semi-simple Lie algebras over R. When the
semi-simple Lie algebras are normal real forms, u = u(“c) are
isomorphic to Borel subalgebras, and H2(u, u) = 0 by [L-L]. In this
paper we determine Hz(u, u) and the rigidity of u when n are
nilpotent parts of real simple Lie algebras of real rank 1. Those
results are shown in Proposition 3.2 and 3.4. For other several
cases, Hz(u, u) are given in Remark 3.3 without their proofs. We

can conclude that not full but partial generalization of {[L-L] is
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possible.

§ 1 Universal solvable Lie algebras

Let n be a nilpotent Lie algebra over €, and let Der(u) be its
all derivations. Choosing a maximal abelian subalgebra T of Der(n)
consisting of semi-simple elements (another 7~ and 7 are conjugate),
we define the universal solvable Lie algebra u = u(n) by the semi-

direct product n x 7, where 7 acts on ﬁ naturally.

‘Proposition 1.1. Let g be a non—nilpotent solvable Lie algebra.
If ¢ is rigid, then g is isomorphic to u(n), where n is the largest
nilpotent ideal of g.

proof). If g is rigid, then g is algebraic and splittable
([Ca] Proposition 4.1). Then g is isomorphic to a subalgebra of
u(n) ([Ma] Theorem‘7), that is to say, there exists a non-zero
subspace Tl of f and g ~ n Ti. If Tl = T , then we can choose a
continuous family of subspaces Iy ¢ T (0 <t £ 1) such that n » Ty
(0 <t < 1) is not isomorphic to g, because there are only finite
number of subspaces 7° < 7 such that n ¥« 7° =~ n x T1 ([Ma] Theorem
7). Hence we get a non-trivial deformation of g. This is a

contradiction, whence Tl = 7 and g =~ u(n).

Remark. In Proposition 1.1 we can remove the word "non-
nilpotent" because of Colloraire 4.4 (ii) of [Ca]. 1In [C-D] and
[Be] rigid solvable Lie algebras were determined completely when
their dimensions are not more than 8. There is a conjecture "No

nilpotent Lie algebra is rigid".

§ 2 Reduction of the computation of Hz(u, u).

Our purpose is to find rigid solvable Lie algebras, and we
compute 2-cohomology groups of u = u(n) for several types of u. Let
u =1 x 7 be a universal Lie algebra for a given n. Since u is the

semi-direct product of n and 7, and the action of 7 on n is
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semi-simple, we can use the following:
Lemma 2.1 (Hochsehild-Serre [H-S]).

Hi(u, u) = s Bi(r, ¢) & BN(n, w)T (i = 0),
j+k:i

where Hi(u, u) and Hk(n, u)T are the cohomology groups with respect
to the adjoint representations, and Hj(T, C) are the ones with

respect to the trivial representations.

Remark. By this lemma, as necessary conditions for Hz(u, u) = 0,
we get the followings
Hl(u,vu) = HO(u, u) = 0 when dim 7 = 2, and
dim H! (v, u) = dim HO(u, u) when dim T = 1,

because Hj(T, C) =~ i (T ) =0 if and only if 4 > dim 7. Here the
latter condition is equivalent to the condition dim Der(g) = dim g
since H!' (g, g) = Der(g) / ad(s), H'(s, ¢) = 3, and g / 3 ~ ad(g).

It is remarkable that the necessary conditions for the rigidity in
[Ca]l] Proposition 4.1(i) are no more than the necessary conditons for

Hz(u’ u) = 0.

In order to compute Hk(n, u)T, we use the weight space
decomposition of n with respect to 7 : n = ® w, , (W c T*). Then
A €W
we have the following:
Lemma 2.2. For a positive integer i, assume R T 0
( not necessarily distinct Apoattt, XL €W ), then we get

1

Ci(n, u)T = Ct(n, n)T. For i =2 2, we have Hi(n, w = Hi(n, n)T, and

for i = 1 we have the followings:
Hl(n, u)r = { D e Der(n) | D is nilpotent and D n,ocomn, (x € W)} and
Ho(n, u)Tv= 0.

proof). Let us write ¢ € Ci(n, u)T as e =@ + ¢ (¢ € Ci(n, n),

0 by writing down the conditions

¥ € Ci(n, T) ), we get w

{Y'((p +7¢)}(X)\]7°°'y Xli) : 0 (Y € Ty 'X)\le nlly°"1 X)\ie nli),

and using the assumption. Therefore Ci(n, u)T = Ci(n, n)T, and for

i 2 2 we have H'(n, u)! = Zi(n, s dCi_l(n,_n)T = H¢(n, mT.
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When ¢ = 1, nT = 0 since 0 ¢ W. Then Co(n, u)T = uT = nT x T =T,

hence chn, u)r= Z'(n, n)T/ d7. Here Zl(n, n)T= { b € Der(n) | DYy =
YD (Y € T)} and dT = T. Since Der(un) is algebraic, for D €
Zl(n, “)T Dg and D, € Zl(n, n)T where p = Dg + Dy is the Jordan

decomposition of p. Here Dy, €T by the definition of 7. Hence we

get
H'(n, v} = { D € Der(n) | D is nilpotent and DY = YD (v € T)}
= { D € Der(n) | D is nilpotent and D n,ocony (x € W)}.
Next HO(n, W) = { ¢ € cOn, w)T = uf| de = 0 }. Here de = ¢
because ¢ € u! = n! x T = T, and we get Ho(n, wl =0

Remark. About the vanishing of Hi(u, u) (¢ = 0, 1), there is a
similar result in Proposition 4.1 of [L-L] which is obtained by a

different method.

Corollary 2.3. Jf x = 0, x + u # 0, and dim n, = 1 (A, o € W),
then H¥(u, u) = 0 (¢ = 0, 1) and H(u, u) = HZ(n, m)T.
proof). By the assumptiohs Hi(n, u)T =0 (i =0, 1), then we get

Hi(u, u) =0 (i = 0, 1) and H2(u, u) = Hztn, n)T using Lemma 2.1,

Definition. Let n be a nilpotent Lie algebra over €. We call n
is a Jwasawa subalgebra when there exists a semi-simple Lie algebra
s over R and its Iwasawa decomposition; s = { ® a @ n such that n =

L.

Proposition 2.4. Let w be an Jwasawa subalgebra, then x = 0,
A + g+ 0, dim n, = 1 (A, u € W), therefore H%(u, u) =0 (i =0, 1),
and B2(u, w) = H:(n, m)T. |

proof). There exists an Iwasawa decomposition s = f @ a & n
(over €), and let h be a Cartan subalgebra containing a. Then
(ad h)lﬂ c Der(n) and we can choose I such that (ad h)l11 c T since

n are direct sum of some positive root spaces of n with respect to

ad p (see e.g. [He]). Therefore each root space S in n (ot € A,) is
decomposed into some weight spaces U (x € W). Since dim Se = 1,
for aoy X € W there exists o € A, such that n, = s, and klad R
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Since ¢ # 0, ¢ + 8 * 0 (a, 8 € 4,), and dim 5 =1 (a, B € 4,),

Proposition 2.4 follows.

Remark 2.5. For an Iwasawa subalgebra n, we have

[n, » n, b = (X, u, 2+ u € W) because there exist «, 8 € A,

such that v, = s_ , n_ = Sg and [s, , sg] # 0.
To compute Hz(n, n)T we use the following:

Lemma 2.6. Jff dim n =1 (» € W), then we have
(1). dim B%(n, m)T = dim n - dim T,
(2). dim C%(n, )7 = # { (A, W) €W X W I x+ueWand 2 < u }.
Moreover if an fwasawa subalgebra m is 2-gtep (i.e. [n, [un, n]] =
0 ), then we have

(3). Cz(n, n)T = Zz(n; n)T.

proof). To prove (1), we use the surjective homomorphism
d: cln, y— B%(n, m)7. since cl(n, )7 = { c e End n | e n, <
n, (x € W)}, and dim n, = 1, we get dim clin, v = dim n.

And ker d = T, therefore we have the equation (1). By the
definition we have

P, T = {ee P m | eln,, n) cn (X, w0 2+ wo€ W)},

At ou
and we get the equation (2) because dim n,o= 1 (x € W).
Next for ¢ € Cz(n, n)T, using Remark 2.5 we can prove

de(n,, my ny) e [, [ngy 10+ Dngy Dngy w01+ [ny, [ng, w10

; U
Therefore de = 0 if n is 2-step, hence we get (3).

§ 3 The’rigidity of u when n are some Iwasawa subalgebras.

We compute Hz(u, u) for the 2-step Iwasawa subalgebras that
appear in the simple Lie algebras of real rank 1. Those simple Lie
algebras are so(n + 1, 1), su(n + 1, 1), sp(n + 1, 1), and f, (_5gy-
Then those nilpotent parts are known to be (K" @& Im H()(E (K = R, C,
H, » =1 and ¢, and Im K are imaginary parts of K), where the

brackets of K® @ Im K are given by

n
[(e¢, B8), (¢”, B°)] =2 1Im ( 3 o, a} ) (t, " € K", B, 8 € Im K)
) i =
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(see e.g.[Mo]). For those 2-step nilpotent Lie algebras, we compute

7, W, and Hz(u, u) using Lemma 2.8B.

Propositition 3.1. Jfn the derivation algebras Der(Kn & Im M)c,

we can choose T as follous:

(d 0
. LG |
(i) K =R, T = 2 - ,
L 0 "d
n
.
D + 87 0 d 0
(ii) K =C, F =4 “rrorrerioaeeeeet 0 D = 1 q
! 0 -D + 87 2 .. ’
..................... 0 d
W\ 0 23 n
(( =D + tI 0 -
...... EPUPRRRE SRR JONY 2 N 2§ 0
.. _ _ J|pe :
(iii) K = H, T = L U7 /Sl 7 S st .5 e ene A ’
2s 0" "2¢
0 0 25 © .
L -2t 0 2gj))p:diag
(iv) K =¢ (n = 1), ;
((sI+R(6) ' . AR
SI"'R(G]) : o
. sI+R(82) ( );
= e SIHRO3) e e e {
T - $ :28 ’
0 : 28I-R(62+03)
: 237-R(91+03)
L . 2sI-R(61+02)) )
- where 8 = 61 + 62 + 03 , and R(Q) = (_g 8).
proof). (i) being trivial, in order to prove (ii) we see the
fact
. C sl + A . 0 ¢
Der(C” @ Im C)™~ = | .......:... A € sp(n, R), s € R
* : 2s

{ R?™ % (R ® sp(n, R))}T.

Using a standard Cartan subalgebra of sp(m, R), we have the above

by

expression of 7. Next let us prove (iii). We use the fact

([ x+v: 0 A -B -C -D
Der(H" @ Im H)© = §| --o-ee-i- 2 25 20| X | C b A -5 |

' * -2b 2a -2d D-C B A
\ -2¢ 2d Z2a

al dI eI -bI '

_ |-df afF bI e&f )
Y = |57 -7 af -ai|+ A € Skew(n), B,C,D € Symm(n), a,b,c,d € Ry ,
bl -c¢I dI al)
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~ {(R*™ & R%) » (H @ sp(n))}C.
The dimension of maximal abelian subalgebra of H & sp(n) =~ R @ sp(1l)
® sp(n) is n + 2. Here the above expression of 7 is abelian,

consisting of semi-simple elements, and n + 2 dimension too. Hence

we get (iii). In order to prove (iv), we use the fact
C s + A : 0
Der(¢ & Im @) = R I A=[a1j) 650(8),
* 28 + B o< i, £ 7

2“03 = byi1tbgstbra,

ser, 8= (bis) € so(7), such that 2247 = boitbesbia,

17< 1,5 £ 7 @ss = b217LpsTDT4,

2a1, =-by1*bss*tb7a,

-2as57 = basi1*tbeatbrs, 2ag1 = bsa*tbsatbrs, ~2@14 = baitbestbya,

-2a02 = bai1+bga~brs, 2as7 T bzotbsa~bys, ~2aze T baitbes~bv2,

-2a13 = bs1~bea*tbrs, 2a4s = bzo~bsatbre, —2a27 = bai~begstbio,

-2a46 =~bgi1tbgatbrs, 2as3 =—bsotbsatbres, —2a0s =~bai1tbestbya,

-2a3s5 = baxtbsstbr1, 2a07 = bastbsotbe1, ~2@26 T bsitbeotby3)C

-2a34 = baotbss~br1, 2a16 = bastbso~bsi1s —2a15 T bsitbego—bvs ,
-2a0s = baz~bsstb71, 2a25 = basg~bsotbs1, ~2a@g4 T bsi~bso*tbrs
“2a17 =-bas+bsstb71, 2a34 =~bastbsotbei1s —2a37 T~bsitbgotbys

~ {((R® @ R7) » (R ® s0(7))}C.

Using a standard Cartan subalgebra of so(7), we get T in (iv).
Remark. In the above expression of Der(d¢ @ Im ¢), we can prove
that the map so(7) 3 B —— A € so(8) is the spin representation of

so(7).
Propositon. 3.2. When n = (K" @ Im M)C, Hz(u, u) are given as

followus:

(i) K =R J(ii) K = €C J(iii) K = H {(iv) K = @&
| 0 0 cn1 c®

H2(u, u)

proof). First we compute W using 7 in Proposition 3.1.
W w=1d } ci<n
(ii) w=1{s= di » 28 }1 £ i<n
(iii) w =’{ s * (di+t)J:T, s * (di—t)J:T, 2s, 28 % ZtJTT}l.S i <
(iv) w = { s =+ 8/-T, 5 % 61/:T, s = 62J:T, s % GSJTT,
| 2s, 2s * (6,+ 6_)/~T, 25 = (6,+ 6_,)/-T, 25 = (6 + 0,)/~T}
Next we compute dim Zz(n, n)T using Lemma 2.6 (2) and (3).
(i) dim z%(n, n)7 = 0, because x + u ¢ W (1, n € W).
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(ii) dim z%(n, m)T = a , because 25 = (s + d ) + (s - a).
(iii) aim z2(n, )7 = 4n , because
25 = (s + (d.x )/7T) + (s - (d.= t)/T) ,
25 = 2t/°T = (s + (d.x t)/7T) + (s - (& F t)/-T)
(iv) dim z%(n, n)T = 16 , because
28 = (s + 8/°T) + (s - 8/°T) = (s + 6. /-1) + (s - 6 /-1T),
2s £ (8,+ 0,)/-T 0,/~T)+(s = 6_/~T) (s £ 8/~T)+(s # 0 /-T),
25+ (0,+ 0)/7T = (s = 6,/ T+(s + 0,/T) = (s = 0/ T)+(s = 6,/7T),
and .
25 = (0,+ 0,)/7T = (s = 6, /" T)+(s * 0,/7T)

Last we use the eqation

+

(s

I
n

(s = 8/~-T)+(s ¥ GSJ:T).

dim H:(n, m)¥ = dim z%(n, n)¥ - dim n + dim T
Computing the right hand side, we get Proposition 3.2.

Remark 3.3. In the above proof we have used Cz(n, n)T =
Zz(n, n)T. This is not true for any Iwasawa nilpotent Lie algebra =n
such that step n = 3. Then we must compute the rank of system of

linear equations : de(X)L y X, Xv) =0 ()f)L € n X €n , X €

AT T o v
0 for the nilpotent parts of

i1

n, ). We report the results Hz(u, u)

so(n + k, k) and su(n + k, k), ( for any k € N ).

Since the condition Hz(u, u) = 0 does not mean the rigidity of u

([Ri]), we need the following:

Proposition 3.4. u(n) is mot rigid when n = (H® e Im H)C (n 2
2) or n = (C © Im G)C.

proof). We give the proof when n = (H® @ Im H) (n = 2). Let us
choose weight vectors of T ; {Xa’ Y., Z;’ L A, B, C}ls i<
corresponding to the weights ; {s + (dif't)/:T, s - (di+ t)/-1, s +
(¢ .- t)/~T1, s - (d,- ¢)/-T, 2s, 28 + 2¢t/-T, 25 - 2t/-T}. Let a be

the Lie bracket of u, and ¢ e_Cz(n, n)r ( c Cz(u, u)T) defined by
o(X , Y.) p.A

e(Z , W)

@ =0 ( other cases )

q A (p, , g €C).

1
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We can check that o + g¢ ( € € € ) is also a Lie algebra, so g + g¢
is a deformation of pu. Assume that u is rigid, then the tangent

vector ¢ € Bz(u, u) ([N-R]). Since ¢ is T-invariant ¢ € Bz(u, w)? =
d(Cl(u, u)T), therefore there exists 7 € Cl(u, u)T such that ¢ = dr.

As,f(nl) cn, (rewW), and ¢ = 0onnux Fand T x T, ¢ = d(fln)

A
and
flfl = dlag($i9 yi’ zi’ “i’ a, b, C)
with respect to {X , Y., Z, W., A, B, Cly_ , . .
Since
{df(X.,W.)=0 5 {df(Xi,Yi)= 5
1 i an s
df(y , z) = 0 df(z,, W,) = a A
we have '
z.+w - b =0 r (z.+y -a) = p.
1 1 and 1 1 1 1 ,
y +tz-oc = 0 si(zi+ C a) = q.
. u(X , v ) =rA
where r and s_. are non-zero number defined by ! ! !
' ' n(Z , W) = s,
Computing z + y + z + w, , we get
1 1 1 1
2 i qi —_ 1 -
a+-;i+-§i—b+c($tsn).
As n = 2, this equation has no solution when we put p,. = ir, and
gq. = i 8, . This is a contradiction, hence p is not rigid.

i i

Acknowledgement. The author wishes to express his hearty
gratitude to Professor M. Goto and Professor I. Yokota for their

valuable criticisms and unceasing encouragement.

References.

[Be] J. M. Anochea Bermudez : On the rigidity of solvable Lie
algebras, Deformation Theory of Algebras and Structures and
Applications, 403-445. Kluwer Academic Publishefs 1988.

[Ca]l] R. Carles : Sur la structure des algebres de Lie rigides,

Ann. Inst. Fourier 34 (1984), 65-82.



81

[C-D] R. Carles & Y. Diakité : Sur les variétés d'Algébres de Lie de
dimension < 7, J.Algebra 91, 53-63 (1984).

[He] S. Helgason : Differential geometry, Lie groups, and symmetric
spaces, Academic Press, 1978.

[ﬁ—S] G. Hochschild & J. P. Serre : Cohomology of Lie algebras,
Ann. of Math. 77 (1953), 59i—603.

[L-L] G. Leger & E. Luks : Cohomology theorems for Borel-like
solvable Lie algebras in arbitrary characteristic,
Can. J. Math.,_Vol. XX1V, No. 6. 1972, pp.A1019—1026.

[Ma] A. I. MalcéeV : On solvable Lie algebras, Am. Math. Soc. Transl.,
No. 27 (1950), 329-356.

[Mo] G. D. Moétow : Strong rigidity of locally symmetric spaces,
Princeton Univ. Press, 1973.

[N-R] A. Nijenhuis & R. W. Richardson : Deformations of Lie algebra
structures, J. Math. and Mech. vol.i7, No.1 (1967). ’

[Ri] R. W. Richardson : On the rigidity of semi—direct products of
Lie algebras, Pac. J. of Math., vol 22, No.2 (1967), 339-344.



82

FRE (WY H(UW W) o F ) sy BT B )
IKAYN
TR XL T TR LeRCHTER Y Rk
=1 a8y BREOUHTRASATUIFTERA O WE B
BIRERLz03. BPS. Der TEEEXAN. TP s T
W, UETEAT BB (T3, 2L TN 2sep
CTHERIBEMALH(R W EERHT ISR,
COBEEZNFI-MMARRU, LIeTRECahE2pTCIL
BRIIOARETHI, T ITROIRBERL T E)FH
FOHRUMHMWESNETI HRTRY. B4MH L (R
ML G=auntk. &) 01§
712 G = a0 (ntk. k) ~
THH Remark 3.3 TREEHRE H(WW)=0 EXRT,
TATS R R RTR, ARETOME(C-M L Crtan
AESAME) 26 Dev X ERBET LUTROAI AT
X, Ty KolnK (K=R,C, H, L(n=D)t
CRUESHERTRIET DA CT . Wak TP H(MW
FESTEBIB T I BAESILEANSHRTOI. FE
X, B AT >0 T Der TC % T ( Prop. 3.1 2 EEEA
) R, CRichm NZRX " Explicit Spin representations
and Lie q\aebms ot HeiStnbev% t?’_FE. 7. London



83

Math. Soc. ()29 (1954) 49-62. T rnfE t R35> g
TS XL ETAT S BN TR B IR I3 LG5S T,

- =R @15 s O Twasawa SPHIE O AR A
AWATE (He) (245, Tt - L35 RAnE4 TET.
B FBHM Ll B
G = & ® M Cutan HBE (6 E 30y Cartani iR LT 3)
(L Mha 1>k TRIFHIE
% AEZTLCq ’ (Cavtan3p5ER)
At B>z n B E - 1& (B3MEFIZSHT)
Pr={aecds [k 2 (& X|q ¥0)}
P- =% ’ =x( » =0)}
T3 el @ (©°),
oePy
AAREFHNEREL L-FRBEMR, TELIIL- P
T BRES - FE L SHEA, TEESIL- L3P (=
B3, tus>nld B ey st KtBeldy 123F1L
Ko bepPy & KT8eP
(Xand BEP_ & a+tBeP)
PRLTIOSTHI., TLT T/t ] nERy L
CRONREEM -t (TR IR REAGAY D




84

THIW-FO RN RILFEEN, 1o Step TR IS R E -
FEEE -~ DEY L TE LESS o B ROERT SRS
* 3., |

A1

K oL g X Kn+g~ x -
% % SR OEn | Ok G hwRH

G 2l 2k, ©), B¢ & diag(A~hnper) T E-ARTIL
Ay =INi- NSl ezt (06 = AL —Aent)
P==U ¢ Jangic) entil

N-NOI- B A7 RILE Eci [<IXA 3 5'S

> [0 ¥t !
0o X | % \

—d“"—‘—ss—o--*-_
[} N v
O: 0 Py
CRIEMNICR>

Az
Q@ m=2nW+tlabg

g€ > A8 (Nt2R,C) =

A+"’{>‘Ei>\)‘,>\c};gc<jgw+&, € LsnHR
OG=A— i+t (USLENWHR]), U4 =Dtk



85

R3¢

P+={>\ti>~},>\‘§|<1<ﬁ_ ‘k’gi*
1oto! b
Ktm f‘ﬂ._)S IJ:I} lbﬁﬂ"“’h-m
0{0 =X 1] X,y eMgn
@ n= 2N ﬂBﬁ» O(| O(;_ xp X“.'.ﬁ-
——o——o——--

w355
- WNZ X r=- 2=
A+ I ik}(cm SNW+E
AN (18 L€ M&-D Kot =pra-rHAnsee
PJr {)\L+}\)} lscsk
C~ .,.>.<.LY_:{T_.
T {(o =X J XY e gn
IE FI20BHE e LR (@), (BRER LTh)
N 0 HEY 3‘:5& LieZg 0 T, E4E, T2,

A2EPE adf BAIRTS TokH?
Prop2. 4 TRALE S, T > M%‘tlmm [JFEAZ, ‘#3
LT Lodf e BFHRED S, TEEARRKTS KL+ =S\
(G%: 1:R%) EAR>.

W DeT =3y eC st Dlge= = ool e, (X€R)
1T, {Olu%mep+lél D eDerK‘r F)@Eﬂm



86

datde=dusa (Vo0 8,048€ Py) -----0)
EHREY, CRTREVSDeT ¢/, R AL
THRII, HE, TH 3 { o XePr BEAEDLEWMES
-k} 42, 2% 03, TOBINRBER L3 3¢
T = dimTe — Fank®) =clim 1€/ [ 1e, 7€) ~Fank &8
At adf[rec NRTIDVTIFR VBT

ﬁ%—i Aim ad ﬁcl're'l = ehm‘s (C\ vak@ S da‘w\T)

Bl R>H —>adH [y cDerTt 3543, 3
H,1)=0 = [H, e(@‘)«] 0
Py (213 dim OB oy~ >2>,5$,1r I-+5"5H3%'8
AH)=0 (oeR) &) HeRmnk
MTHLTe)=[H,01)=0
S IH,MI=0 (N re®ereomt)
Katiz&aided 130 (B EOHN T H=0 7/
SRS [T F> T TR ORA T=odf e 5T 3.
ARl
 PeT &5 Shipnyn ETRER EdyunpE, D
(it (€0 ER=10, MARH] €0 € Nt2R 1)
&i, dinre+t (RALS (S MHR)
ZERIZVT



87

dgi+ dimtett = dgprert (RHLE S NIR)
EFET. &1 rankl’ 2 -1
d:maiﬁclw SdimT 4 2'n+2(ﬁ;l)~('n~\)
Y
R 9(0\‘5“:[%@:']‘

B2,
DeT @{GN NOL T Ay, Ghap 0 ok
ot difd (n=2w +1ﬂﬂ%om)
CE 3,
O m=20+10n8% DR
{O‘W\—l (12ceR-1), dej (RHL < NHR)
de; (RH €)SNHE) | dg
TRIZT
R=1 0By -1 IR
Srank 0= 0 ad8%yee g_T
Rz2084 - o1 DE LD &)
dg-1j o= e tde)tde  (RH1g e nt)
. \mnkﬁ&)’ zn’
) ’r\,-l—ﬁ-olumT S2N+R—N
>, ad ﬁQ(Rq: =T |
Q@ M=2nW B} DI

Nk 2'n+ R



88

diow (1€08R-1), dley, dej (RTLSjSNHR)
TRIZT O E L RARR
&®=1 0B adBfec & T
‘22 neg "
de-1) +0\'€)‘ =d 1% (R+igjsn+R)
S rank Rz -1
SR 2 cl.mT < 2’rx+&~1 (n'~1)
N adfCfree =
% Q#Wﬁ&f& LieIRTIF, Ab(nt1,1) Lk

[ odflee =T IERAIED Lk T
SERRT I3, AWRT TERELRDAS.

A8 HAW W) = M2 ) o BTE
AT ARG 35 LR oL Der® O R BAZIBAC RS
MBKEA BUTREISITNESR LI, $3 v TFE
Theoy'-nEs v Lemma 2.6 (1)),
lim HEIT =dim H( O+ cim /0T = ATy
Here 1eTn g —tank{ (RO (B34 YEO U7 ILKIAS
PR LD, 0L SCER)IRANES 1= HAT)T & B3,

M1 TNIITEREID SLOESIZ—RRALLTTA,
nelN v &.2¢Z s+ RtL2z1 =33L



89

= £ |
; n CHL,
" ) "

XEAT ﬁ'lmac\)omt 5&3&"6 RBOT 12Hh Connowy

230 ARE S HE YA H(VO)=H (1) TH3,
o BATREAT CU)™=0 [, H()=0
Tamo (R22) T K =TCe-{n41.0 [THR3.

Lemma 2.6(2) 51

dimC? (K)T/C. a‘)‘r #{(Etﬁ Eﬁ ,%_:l('cjf’;%fﬁ,
={&R-Dn
Z(T ONEIRA TCOTHA9IL MEnrank 3

Z #{(Eig, Egus, Eﬁj)}féff }E',fgﬁ
z ®-2)Nn
S dimHA(T)T £ 0 + (RN~ =R -2)N (=0)
SHAH T =0
Mane R21) T3 R=Tamn, 2-1178R3, Bkl
dimC(r)/c(o)" =4#{(E; i E; 'I\:liﬂ)}%-(\-f’s( ﬁn—rﬁ. |
) /
ool (ﬁl‘l“iﬁl‘*ﬂ I

(@083~ rank) = #{(Eiq, Eg i+ Ej 'mﬁﬂ.)} gﬁk:i’m-

| ‘ ) 'nﬂ 2_:. 'S
= (Rte-2)n AN

O dien HAMNO)TE O @21 N—N~ (RN (=0)



90

SOHAW) = H2(re)" =0
M2 n=2m+t1 mﬂ%E‘HTm A IEpE T )
Q)1 O!
\-,-.-,’ _____
,rCQ :{(:*yp ?S_LIT:T.)} u,&ﬂ: - >-“-> &+ =0
‘ KX, Yerteam
Ert@®n) B, ®z20 B T oRJBICBRAINTIFN

BCTRT, R=27TH Lemqu\é Ok ?iﬁ%ﬁ,ﬁgﬁ%ﬁ /
d‘m@(’rt)-r=#{(x‘z' x;)‘). (XIz T:.;) (le Yz))} =<H’L/+9~
(xlj,Ylj). (Xlz. H>z);(H’b Hh) 3§)‘§'y\j+g__
pank § T-F% T4 1L {145 %#{(X{z, Xz}, \6,‘)}3§)~§ ey
20
I dim H21e) 7€ 0 OREH{W=0, R=z37'(¥
TC(RNW)2 O=Te(R-, W) L3 ¢
dim O/ = #f %X&Yﬁz) : (X‘)*\r‘i))f1é epot
Xiw, be) RH £ JaMiR
= (R-D(@n+1) |

dim Tt /o =2H+1 (Xinr Xeore Yoo |
- e tarh #f R, ARk, 1R '}xgagfcz
(Ont=-Fank) 27 (X 04, Xa-y, Ye))htis)snik

+ﬁ{(xi -1, X =, ba)§ ISLER-2
2 (R=2) 2n'+1)

THS 3RNLHAR) =0 &) 1511 YRR (2 HY(W)=-0



