0000000000
8810 1994 0 145-151 145

A LINEAR OPERATOR AND SOME APPLICATIONS OF FIRST ORDER
DIFFERENTIAL SUBORDINATIONS

HiTosH: SAITOH (%@ & HRELZSSEMER)

1, INTRODUCTION

Let Ap denote the class of functions of the form

(o]

£(z) = 2P + 1 a2~ ( peN = {1,2,3,--- })  (1.1)
k=p+1

which are analytic in the open unit disk U= {z:]z]| < 1}.
For functions fj(z)eAp (j=1,2) defined by

Py LI a .zk R

£.(z) = z
J k=p+1 X3

we define the convolution ( or Hadamard product ) f *fz(z) of

1
" functions fl(z) and fz(z) by

£,*,(2) = 2P+ 3
k=p+1

k

ak,lak,ZZ . (1.2)

With the convolution above, we define

- P
Dn+p 1 z

£ (2) * £(z) ( f(z)eAp )

(l_z)n+p

B Uil 10 D Rt (1.3)
(n+p-1)!

where n is any integer greater than -p.

For a function f(z)eAp , we define the generalized Libera

integral operator J by
VP

J (F(z)) = > * P jﬁz £Vl (r)dt v >-p (1.4)
V,p 2V 0
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For p = 1 and v ¢ N, the operator Jv 1 was introduced by Bernardi

14
[1]. Inparticular, the operator Jl'l was studied earlier by Libera
7

[4] and Livingston [5]. Some interesting results for the operator

J p were showed by Saitoh [12] and Saitoh et al. [13].

Vs

Now, let the function ¢p(a,c) be defined by

a,ciz) = 3 om GnHP u)
¢_(a,c;z) = I z ( ze ’ (1.5)
p n=0 (c)n
for ¢ ¥ 0,-1,-2,--- , where (a)n is the Pochhammer symbol given
by
_ T(a+n) _ 1, ifn=20
(a)n = ——lr(—a—)— = (1.6)
a(a+l) (a+n-1) , if nel

Also, we define a linear operator Lp(a,c) on Ap_by
L (ﬁ,C;Z)f(Z) =9 (a,c;z)*f(2z) (1.7)
p P |
for f(Z)EAp and c # 0,—1,—2,——; .

The operator Ll(a,c) was introduced by Carlson and Shaffer [2]
in their systematic investigation of certain interesting classes

of starlike, convex, and prestarlike hypergeometric functions.

REMARKS., (1) For £(z) e A} = A,

Ly (n+l,1;2) £(z) = D'f(z) = O _Zz)nﬂ *£(z)
is Ruscheweyh derivative of f£f(z) ([8]).
(2) For f(z) ¢ Ap’
| _ ntp-1 _ 2P
Lp(n+p.1;2)f(2) =D V.7f(z) = 1 oy *£(z)

is Ruscheweyh derivative introduced by Goel and Sohi [3].
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) p

is the generalized Libera‘integral operator ([12J,[13]).
(4) ¢1(a,c;z) is an incomplete beta function,’' related to the
Gauss hypergeometric functions by

¢l(a,C;2) = zéFl(l.a;c;Z) .

It follows from (1.7) that

z(Lp(a,c;z)f(z))' = aLp(a+l,c;z)f(z)—(a-p)Lp(a,C;Z)f(Z) (1.3)

Let the function f£(z) and g(z) be analytic in U. Then the f (z)
is said to be subordinate to g(z) if there exists a function w(z)
analytic in U, with w(0)=0 and |w(z)|<1 (zeU), such that £f(z) =

g(w(z)) (zeU). We denote this subordination by f(z)<(g(z).'

2. MAIN RESULTS

To establish our main results, we need the following lemmas.

Lemma 1 [61. Let h(z) be convex and B{(z) be analytic in U

with ReB(z)>0. If p(z) is analytic in U and p(0)=h(0), then
p(z) + Bl{z)zp'(z)=<h(z) implies p(z)<h(z) (zeU).

Lemma 2 [91. Let y=0, Rey>0, and let h(z) be convex. If p(z)

is analytic in U with p(0)=h(0), then

z
p(z)+—%zpv(z)%(h(z) implies p(z)*(—%f; h(t)tY’ldt (zeU) .
: z
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THEOREM 1, Let A\, a be a real number with A>0, a> 0. Let

h(z) be a convex function with h(0)=1, ¢ # 0,-1,-2,--- and
g(z)eAp satisfies

( L_(at+l,c;z)g(z) . .
Re{ P > 0 (2.1)

Lp(a,C;z)g(Zi

If f(Z)eAp satisfies

L (a,c;z)f(2) L (a+l,c;z)f(2) | X
(1—AJ P } + AI P } h(z) (2.2)
{ L _(a,c;z)g(z) lL (a+l,c;z)g(z)
p &
then we have
Lp(a,c;Z)f(Z)

h(z) (zeU). (2.3)
Lp(a.c;Z)g(Z) »

PrOOF. .t

L (a,c;z)f(z) L (a+l,c;z)f(2)
H(z)=(l—l){ P }+ - }

Lp(ajc;z)g(z) le(a+1,c;z)g(z)

From assumption, h(z) is convex with h(0)=1 and f(z)eAp
satisfies H(z)<h(z) (zeU), where X0 and g(z)eAp satisfies

(2.1).
PE(a,c;Z)g(Z)

Set B(z)= %- ,
Lp(a+l,c;z)g(Z)

According to (2.1), we have ReB(z)>0. Define p(z) by
L (a,c;z)f(z
p( YE(z)

p(z) = ’ (2.4)
Lp(a,c;Z)g(Z)

We can see that p(z) is analytic in U and p(0)=1l. Logarithmic

differentiating (2.4) and using (1.8), we can get

Lp(a+1,c;z)f(z)

= p(z) + % B(z)zp'(z) (zeU). (2.5)
Lp(a+l,c;z)g(z)

Then (2.2) can be written
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p(z) + B(z)zp' (z)<h(z).
By Lemma 1, we have

p(z) < h(z)
Thus, we have

L (a,c;z)f(z)
P < h(z) .

Lp(a.c;Z)g(Z)

This completes the proof of Theorem 1.

Putting a = n+p, c=1 in Theorem 1, we have"

CoroLLARY 1. Let X be a real number with A> 0. Let h(z) be

a convex function with h(0)=1 and 'g(z)eAp satisfies

n+p
e {D20(2) L
D"PT g (2) .
If f(z)eAp satisfies
n+p-1 '
(l—A{Dn+ _lf‘z)}+ x%—ﬁiffiil}«< h(z)
- P g (2) Pg(z)l ~

" then we have

ptP~1g (5

g(z)

Dn+p_l '< h(z) (zeU).

Making a = v+p, ¢ = v+p+l in Theorem 1, we can show

CoROLLARY 2' Let A be a real number with 2> 0. Let h(z) be

a convex function with h(0)=1 and g(z)eAp satisfies

Re{ g(z) } > 0
Jv’p(g(Z)) .

If f(z)eAp satisfies

(T, pEEN £
(1- “(J L@@ " Yy

< h(z) ,

then we have

S (£(2))
(g(z)) < hi(z)
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Next, we prove

(1]
2]
3]
[4]
[51

[6]

THEOREM 2, Let f(z)e[_\p and h(z) be a convex function with
h(0)=1. Then for any complex number A with ReX>0 (A=0), a0,
L_(a+l,c;z)f(2)
fp( ’ )

+ A
{ 2P

;Lp(a,c;Z)f(Z)}

(l—l)l o }<<11(Z) (zeU)  (2.6)

z
implies

Pp(a,c;z)f(Z)

V4
a Jﬁ ()t lar <h(z) (zew)  (2.7)
0

zp Aza/x

The result is sharp.

PrRoOF, Choosing g(z)=zp and B(z)= % , and use Lemma 2,

Theorem 2 follows from Theorem 1.
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