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SOME PROPERTIES OF A LINEAR OPERATOR

SHIGEYOSHI OwA, HITOSHI SAITOH AND Huane X1NZHONG |
GES A BT BrREx) (REIEEYE FE &) (EEAY - HE¥8 % O9F)
ABSTRACT

A certain linear operator defined by a Hadamard product Qr. convoluttion
for functions which are analytic in the open unit disk is introduced.
The object of the present paper is to derive some properties of this

linear operator.

[. INTRODUCTION
Let A denote the class of functions of the form

o«

D @ = [ anye

n+l =
(al =1

that are analytic in the open unit disk [ = {z: [z]| < 1}.
For functions fj(z)'(j = 1,2) defined by

(1.2) ENOR la ntl

R L

" we denote the Hadamard product (or convolution) of fl(z) and fz(z) by

.5 n+l
(1.3) EprE (2 = 120 1%01,2%

Now, we define the function ¢(a,c;z) by

. ) (a)
(1.4) ¢(a,c;2z) = n_ o+l (c # 0, -1, -2, ...),
: n=0 (c)n

so that ¢(a,c;z) is an incomplete bate function with

(1.5) .¢(a,C;z) = z,F,(1,a;5¢;2),
where
© (1) _(a) z"
(1.6) ' 2}."'l(l.a.;c;z) = n_.n ,
n=0 (c)n nl
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and (x)n is the Pochhammer symbol defined by

x(x+ L)(x+2)-..(x+n-1) (ifneN-=1{1,2,3,.

(.7 x)_ =
1 (if n = 0)

Corresponding to the function ¢(a,c;z), Carlson and Shaffer (1]

defined a linear operator L(a,c) on A by the convolution
(1.8) L(a,c)£(2) = ¢(a,c;2)*£(2)

for £(z) ¢ A. Clearly, L(a,c¢) maps A onto itself, and L(c,a) is an
inverse of L(a,c), provided that a # 0, -1, -2,

Recently, Srivastava and Owa [4] have given some properties of
L(a,c) concerning with univalent functions in |J. To derive our result
for the linear operator, we have to recall here the following lemma

due to Jack [2] (also, due to Miller and Mocanu [3]).

Lemma [, Let w(z) be analytic in |J with w(0) = 0. If |w(2)]|
attains its maximum value in the circle |z| = r < 1 at a point zj; ¢ U,

then we can write
zZgW (zo) = kw(zo),
where k is real and k > 1.
2. SoME PROPERTIES
First of all, we show the following lemma.
LemmAa 2, If £(2) € A, then
(2.1) ~z(L(a,c)f(z))' = al(a+l,c)f(2) - (a - 1)L(a,c)f(2),
where ¢ # 0, -1, -2,

PrRoOF., Note that

©  (a)
(2.2) L(a,c)f(z) = : LY zn+l
nEO (c) o+l

n

49



50

and

c +1)
(2.3) L(a+l,e)f(2) = [ -it——Lam_lzm'l
n=0 (c)n
This gives that
(2.4) al(a+l,c)f(2) - (a - 1)L(a,c)f(2)
= (a)_ - (a) +1
- (a+n) n ki (a - 1) n_a 2"
nZO (C) n an“"l nzo (C) n n+l
- (a)
= (n+ 1) n_a zn+1
nZO (c)n n+l
= z(L(a,c)f(2))'.
Applying Lemma 1 and Lemma 2, we prove
THeorem I, If £(2) € A satisfies
(2.5) _ Re(L(a+l,c)£f(z)) > -a (z e
for a > 0, then
(2.6) Re(L(a-j,c)£(2)) > -asj (ze D,

where a < 0 and
3 a-k
(2.7) By = 2T [___—]
k=0! 23 - 2k -1

PROOF, We define the function p(z) by p(z) = L(a,c)£(z). Then,

Lemma 2 gives us that

(2.8) zp'(z) = aL(a+l,c)f(z) - (a - 1)p(2),

so that,
1 1

(2.9) L(a+l,c)£(z) = [1 - —]p(z) + — 2zp'(2).
a a

Furthre, define the function w(z) by



-yw(z)

(2.10) p(z) = (w(z) # 1),
1 - w(z)
where vy = -4aa/(2a-1). Then we have
-yzw' (2)
(2.11) zp'(z) = i
(1 - w(2))
It follows from (2.10) and (2.11) that
1 w(z) 1 zw' (2)
(2.12) L(a+l,c)£(2) = -y[l - ] - Y 5=
a 1 - w(z) a (1 - w(z))

Suppose that there exists a point zy € U such that

max |[w(z)| = |w(z,y) ]| =1 (w(zn) # 1).
EIREN 0 0

Then, using Lemma 1, we have

zow'(zo) = kw(zo) (k 2 1).
Therefore, letting w(zo) = eie, we obtain
(2.13) Re(L(a+l,c)f(zO))
1 w(z,) . 1 : z.w'(zn)
e A
a’l- w(zo) a (1 - W(ZO))
. elt 1 kel?®
R |
' ’ a 1 - b a 1 - ele)z
Y 1 1 k
= [l- ]+ Y
2 a a 2(1 - cos®)

[

)+ —
4a

. 4a



52

This contradicts our condition (2.5). Therefore, we conclude that

|w(z)| < 1 for all z ¢ |J, so that

y
Re(p(z)) > — = ¢ —m—— (ze ).
2 2a - 1
Thus we have that
(2.14) Re(L(a,0)£(2)) > -aB, (z e

with By = 2a/(2a-1).

Further, repeating this manner, we prove that
(2.15) Re(L(a-j,c)£(2)) > -8 (zel).
This completes the assertion of Theorem 1.

Similarly, we have

THEOREM 2. If £(2) € A satisfies

7(2.16) Re(L(a+l,c)f(2)) < a _(z e P

for a > 0, then

(2.17) Re(L(a-j,c)f(2)) < aej (zel,

where a > 0 and

. | J a -k
(2.18) Bj =2 I [ ].
- k=0\ 2a - ak - 1

ProoF. Let p(2) = L(a,c)f(z), and let p(z) = -yw(z)/(1l - w(z))

with y = 4aa/(2a-1). If there exists a point zy € U such that

max |w(z)| = |w(zy)| =1 (w(zy) # 15,
lzlf.'zol 0 0
then we have '
' ‘ Y 1 1 k
(2.19)  Re(L(afl,0)E(z) = — (1 —] + —
2 a a 2(1 - cos8)
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Y 1 ky
> — [l - ———] +

2 a 4a

Y 1 Y
>_(1-_}+

2 a 4a
= q,

It follows from (2.19) that

(2.20) Re(L(a,c)£f(z)) < aB (ze .

Also, repeating this step, we prove Theorem 2.
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