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ON A SUBCLASS OF P-VALENT FUNCTIONS OF ORDER «

K. K. AOUF(MansouraX#:) and N. NUNOKAWACHi)I| 6, IEEE A

ABSTRACT. Let Tn+p_1(a) denote the class of functions
N
f(z) z" o+ a4k Z (p € N {1,2, )
k=1
which are regular in the unit disc U = {(z: |z| < 1)} and
satisfying
2(D"P 1t (z)y -
Re > o, z e U
phtP 1f(z)
where 0 £ a< p, n 1is any integer such that n > ~ p and
Dn+p—1f(z) denote the (n+p—-1)th order Ruscheweyh derivative
of f(z). We show that the functions in Th+p_l(a) are p-
valent. Further properties preserving integrals are
considered.
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1 Introduction.

Let A(p) denote the class of functions

a o 2P peN=14(1,2,...1) (1.1

f(z) | A + p+k

™7s

which are regular in the unit disc U = {(z:|z| < 1}. Let f(z)
be.in A(p) and g(z) be in A(p). Then we denote by f * g(z)
the Hadamard product of f(z) and g(z). that is, if f(z) is:

given by (1.1) and g(z) is given by

(s o]
g(z) zv o+ E: bp+k z (p € N), (}.2)
k=1
then
®
R o) _btk
£ x g(g) z5 o+ }Z apfk bp+k A . (1.3)
k=

1

The (n+p-1)th order Ruscheweyh derivative Dn+p—1f(z) of a

function f(z) of A(p) is defined by

zpczn—lf(z))(n+p—l)

f(z) = (1.4)
(n+p-1) !

Dn+p~1

where n is any integer such that n > -p. It is easy to see
that
=P

f(z) = - * f(z). (1.5)
(1 - z)n+p

Dn+p—1

In [{6] Sohi introduced the classes T of functions f(z)

_ n+p-—1
in A(p) satisfying the condition
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20" Pt (2))
Re Dn+p—1f(z) > 0. z € U. (1.6)

Further Sohi {6] showed the basic property

Tn+p C-Tn+p*1f (1.7)

In this paper we consider the classes of functions f(z)

< A(p) which satisfy the condition

ch“+P‘1f(z)>'} .
Re i >a, 0 =2a< p, z e U. (1.8)
Dn+p 1f(z) : .

Using the identity

n+p=le o)y = (n+p)D™Pf(z) - nd™P Tl (2) (1.9)

z(D

condition (1.8) can be rewritten as

Dn+pf(z)ﬂ n + «
Re S | > , n > -p. z € U. (1.10)

f(z) n + p

In this paper we prove that Tn p(a) < T Since

+ n+p—1(a)'

To(a) is the class of functions which satisfy the condition

Re{zgré%L > o, 0 £ « < p, z € U, it follows that the

functions in the classes T are p-valent in U (see

n+p—l(a)-
Umezawa [7]). Further properties preserving integrals are
considered. Some known results of Bernardi [1,2], Goel (3],

and Sohi [6] are extended.
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2. Properties of the classes Tn __1ch).

+p

In proving our main results (Theorem 1 and Theorem 2),

we shall need the following lemma due to I. S. Jack [4].

Lemma. Let w(z) be non-constant regular in U, w(0) = 0.
If |w(z)] attains its maximum value on the circle |z| = r <
1 at zo, we have zow'(zo) = kw(zo) where k is a real number,

k=z 1.

Theorem 1. Tn+p(a) <-T (), 0 £ aa< p, n > -p.

n+p-1

Proof. Let f(z) =3 Tn () . Then

+p
2(D"Pf (z))"
Re nFp > a, z e U (2.1)
D f(z)

We have to show that (2.1) implies the inequality

z(D" TP 1f (7))
Re — > a, z € U. (2.2)
Dn+p 1f(z) - ;
Define a regular function w(z) in U such that w(0) = 0, w(z)
= -1 by
n+p—-1

z(D f(z))! pt+(20-plw(z)

— - . (2.3)
ptP=le (2 14w (z)




Using (1.9), (2.3) may be written as
D"*Pf (2) (p+n) + (2a+n—p)w(z)
= . (2.4)
DPP Ll (2 1+ w(z)
Logarithmic differentiation of (2.4) yields
z(D"Pf(z))" 1-w(z)
—y = [(p—a) + a]
D""Pf (z) 1+w(2)
2(p—a)zw' (Z)
- . (2.5)
[ (prn) +(2a+4n-plw(z) ] (1+w(2))
We claim that |w(z)] < 1 . in U. For otherwise (by Jack's
lemma) there exists z, in U such that
zow'(zo) =k w(zo) (2.6)
where |w(z_ )| =1 and k =z 1. From (2.5) and (2.6). we obtain
- n+p - -
“o(D f(zo)) 1 w(zo)
ntp = (p—at) + o
D f(zo) 1+w(zo)
2(p—a)kw(zo)
- . (2.7)

[(p+n)+(2a+n—p)w(zo)](1+w(zo))

l—w(zo) -
Since Re{— = 0, k =2 1,

1+w(zo)

27
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{ wiz,) B } (p-c)
2(p—a)k Re > )
. [(p+n)+(2a+n—p)w(zo)](1+w(zo)) 2(n+a)
zo(Dn+pf(zo))' : (p—at)
we see that Re oF - < & - —— < @, which
D pf.(zo) 2 (n+a)

contradicts (2.1). Hence ]w(z)| <1, z € Uand from (2.3) it

follows that f(z) e Tn+p_1(a).

Theorem 2. Let f(z) € A(p) satisfying the condition

z(D“*p‘lf(zn'} (p-ot)
Re — ¢ > - ——, ¢ >0, 0=a<p, (2.8)
DR le (2 2 (c+at)
~then
Z
p+c c=1
F(z) = - J t f(t) dt (2.9)
Z
o
belongs to Tn+p—l(a)'
Proof. Let w(z) be a regular function in U, w(0) = O,

w(z) # -1 defined by

Z(Dn+p—-l

Dn+p—1

F(z))' p—(p—2a)w(z)
= . (2.10)
F(z) : 1+w(z)

Using the identity



z0™PTIR () = (crp)D™PlE(z) - ¢ DPPPTIR(2)  (2.11)

(2.10) can be rewritten as .

n+p-lf(z) (c+p)+(c+2a—p)w(z)
= R (2.12)
F(z) - (1+w(z)) (c+p)

D
Dn+p—1

Taking logarithmic differentiation of (2.12), we get after a

simple computation

;(Dn+p—1f(z))'

1-w(z)
[(p—a) _ 4+ a]

DPTLe () 1+w(z)
2(p~a)zw' (Z2)
— . (2.13)
((c+p)+(c+2a-p)w(z)] (1+w(z))
Now we claim that |w(z)] < 1 for z € U, for otherwise (by
Jack's lemma) there exists a zo, Zo < U, such that
zow’(zo) = k w(zo) (2.14)
with |w(z_)| = 1 and k Z 1.
From (2.13) and (2.14) we have
zO(D“+p‘1f(zo))' 1-v(z,)
DPTPT e (2 ) 1+w(z )
o o
2(p—a)kw(zo)
_ . (2.15)

[(c+p)+(c+2a—p)w(zo)](1+w(zo))

29
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1—w(zo)
Since Re{———3% = 0, k =z 1,

1+w(zo)
_ w(zo) (p—a)
2(p—a)k Re Z ,
[(C+p)+(C+2a—p)W(zo)](1+W(zo)) 2(c+a)
it follows from (2.15) that
zo(D“+p'1f(zo)>' (p—ct)
Re —5=1 L A - —
DTPT e (z ) 2(c+a)
which contradicts (2.8). Hence |[w(z)| < 1 in U and from
(2.10) it follows that F(z) e Tn+p—1(q)' This completes the

proof of Theorem.2.

Putting p = 1 and taking n = 0 and n = 1 in Theorem 2,
we obtain the following extensions of the earlier results of

Bernardi (1] and Sohi [6].

. . 1 -«
| Corollary 1. If f(z) is starlike of order « - e T ay
then the function
1+c z c—1
F(z) = c J t f(t) dat
Zz
is starlike of order «, 0 = a < 1.
‘ -~ 1 41“0(
Corollary 2. If f(z) is convex of order «a I

then the function
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Slee) at

< .
Theorem 3. If F(z) € Tn+p—1(a)’ 0 = a< p, and f(2) is

defined by (2.9), then f(z) S Tn+p_1(a) for

c +p

lz| <

2

1/2p+l+c +a(a+2c-2) + (p+l-«)

the result is sharp.

Y ’ < o~ 9
Proof. Since F(z) € Tn+p—1(a)'_0 = o < p, therefore we

can write

2¢O PR (2)y
Dn+p—1

F(z)
p—a

= u(z) (2.16)

where u(z) is regular in U and satisfies the conditions

Re{u(z)} > 0 and u(0) = 1.
From (2.11) and (2.16) we have

n+p-1

D f(z) (p—at)u(z) + (a+c)

] (2.17)

D F(z) (c+p)

Taking logarithmic differentiation of (2.17) and using.

(2.16), we get after a simple computation
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20" Pt (2)): z u'(2)

o le oy (p—a){U(Z) '

It is well known (5] that for |z| =r < 1,

2r
|z u'(z)| £ — Re{u(z)}.
1 -r

Thus from (2.18) and (2.19) we have for |z| =r

2D P 1e 2y
Re - a} = (p—a){l

Dn+p_1f(z)

2r _
- — } Re{u(z)}.
(1-r) [c+p+(c+2a-p)r]

n+p-1

z(D £(z))'
Thus Re o1 - ap >0
DTPT £ (2)

if

c +p

lz| <

¥[ép+1+02+a(a+20—2) + (p+l-a)

The result is sharp for the function

Zl“C C
f(z) = (z'F(z))',
p + ¢

where F(z) is given by

<

1.

(2.

(2.

}.(2.18)

(p-a)u(z) + (a+c)

19)

20)



zeD" P lp 2y 1 -z .
— = (p—a) + «a, 0 £ a< p.
pP*P~lp (2) 1+ z ,,

Putting n + p = 1 = ¢ in Theorem 3, we obtain

Corollary 3. If F(z) = S*(p,a) (the class of p—valent

starlike functions of order a (0 = a < p)) then f(z) =

1 , * ¢ p +1 ™
5+T (zF(2))' € S (p,a) for |z| < ) e

Y 2+2p+d2 + (p+1—a)

result is sharp.

Remark 1. Putting o = 0 in Corollary 3, we get the

result obtained by Goel ([3].

Putting p = 1 and n = 0 in Theorem 3, we obtain

Corollary 4. If F(z) = S*(a) (the class of starlike

functions of order ¢ (0 = & < 1)) then f(z) = —%— (zF(z))' €
: : c + 1
s™ () for |z| < . The result is sharp.

Y 3+clta(a+2c-2) + (2-0)

Remark 2. Putting a = 0 in Corollary 4, we get the

result obtained by Bernardi [2].

Theorem 4. If f(z) e Tn+p—1(a)’ and F(z) is defined by

33
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F _ n+p n-1
(z) = — t f(t) dt, (2.21)
A
o

then F(z) € Tn+p(a),

Proof. From (2.21) we have
n F(z) + z F'(z) = (n+p)f(z).

Therefore

n+p-1 n+p-1

n D™P lr(zy + D (zF' (2)) = (n+p)D £(z)

or

n+p-1 n+p-—-1 n+p-1

nD F(z) + z(D F(z))' = (n+p)D f(z). (2.22)

Using (1.10), we conclude from (2.22) that
D"PF(z) = D"P 7Lt (2). (2.23)

Taking logarithmic differentiation of (2.23) and using the

fact that f(z) € T (o) we have

n+p-—1

{zw’-‘*pmz))} {z(D f(z))'}
Re = Re — >a, 0= a<c p, zeU.
D"*PR(2) D*P1¢ (2)

n+p-1

Hence F(z) € Tn+p(a)-

Remark 3. Taking &« = 0 in the above theorems, we get

"the results obtained by Sohi [6].
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