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Jorgensen’s inequality for classical Schottky
groups of real type

Hiroki Sato
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Shizuoka University

Abstract. In this paper we consider Jgrgensen’s inequality for
Schottky groups of real type. Main theoreis will be stated in §4. We
will give examples in §9, each of which shows the lower bound in the
Jorgensen inequality is best possible. Proofs of lemunas, propositions
and theorems in this paper will be appeared in [8]

1. Notation and terminology.

Jordan curves on the Riemann sphere which comprise the boundary of
a 2g-ply connected region w. Suppose there are ¢ Mobius transforma-
tions Ay, -+, Ag which have the property that A; maps C;j onto C'g4; and
Aj(w)Nw =0,1 < j < g. Then the g necessarily loxodroic transforma-
tious Ay generate a marked Schottky group G =< Ay,--+, Ag > of genus
g with w as a fundamental region. In particular, if all C(j = 1,2,---, 2g)
are circles, then we call Aj,---, 44 a set of classical generators of G. A
classical Schotthy group is a Schottky group for which there exists some
set of classical generator.

Let Mob be the group of all Mobius transformations. We say
two marked subgroups G =< Aj,---, 4, > and G =< Al,-o-.Ay >
of Mob to be equivalent if there exists a Mobius transformation T such
that ;{j = TA;T~1 for j = 1,2. The Schottky space (resp. classical
Schottky space) of genus g, denoted by &4 (resp. © g), is the set of all
equivalence classes of marked Schottky groups (resp. marked classical
Schottky groups) of genus g > 1.

We denote by 7z o the set of all equivalence classes [< A, A3 >] of
marked groups < A;, Ay > generated by loxodromic transformations 4,

89



90

and A, whose fixed points are all distinct. Let [< Ay, Ay >] €717, For
7 =1,2,let Xj(| Aj |> 1),p; and pa4j be the multipliers, the repelling
and the attracting fixed points of A;, respectively. We define t; by setting
t; =1/X;. Thust; € D* = {z| 0 <| z |< 1}. We determine a Mdobius
transformation T by T(p;) = 0,T(p3) = oo and T'(pz) = 1, and define p
by p = T(py). Thus p € C — {0,1}. We can define a mapping « of the
space into (D*)? x (C = {0,1}) by sctting a([< Aj, A2 >]) = (t1,t2,p)-
Then we say [< A, Ag >] represents (t, 2, p) and (t1, t2, p) corresponds
to [< A1, Ay >] or < A, Ay >. Conversely, Ay, Ay and py are uniquely
determined from a given point 7 = (t1,t2,p) € (D*)? x (C — {0,1})
under the normalization condition py = 0, py = 00 and py = 1; we define
Aj(j = 1,2) and pyg by setting A; = 1/t; and py = p , respectively. We
determine A)(z), A2(z) € Mo6b from 7 as follows : The multiplier, the
repelling and the attracting fixed points of A;(z) are A; , p; and payj,
respectively. Thus we obtain a mapping 3 of (D*)?2x(C—{0,1}) into
by setting 3(7) = [< A1(z), A9(2) >]. Then we note that fa = af = id.

- Therefore we identify 1y o with a(772). Similarly we can define the map-

ping a* of G5 or @Y into (D*) x (C — {0,1}) by restricting « to this
space, and identify @ 2 (resp. (©9) with a*(@2) (resp. ¢*(©9)). From

now on we denote a(i12),a*(G2) and a(®GY) by 71t 2, G2 and@ § | re-
spectively.

A Mobius transformation A(z) = (az + b)/(cz + d) is called a
real Mébius transformation if a,b,c,d € T and ad —bc # 0. If A;(j =
1,2,--+,9) are all real Mobius transformastions, then we call G =<
Ar,-++,Ay > a marked group of real type. In the case of g = 2, there
are cight kinds of marked groups of real type as follows. Let (t;,12,p)
be the point in /773 , corresponding to [G] = [< Ay, A2 >].

DEFINITION 1.1 (cf.[4])
) G is of the first type (Type I) if t; > 0,t2 > 0,p > 0.
) G is of the second type (Type II) if t; > 0,t; < 0,p > 0.
) G is of the third type (Type III) if t; > 0,t2 < 0,p < 0.
) G is of the fourth type (Type IV)if ¢t; > 0,t3 > 0,p < 0.
) G is of the fifth type (Type V) if t; < 0,t2 > 0,p > 0.
6) G is of the sixth type (TypeVI)if t; < 0,t3 < 0,p > 0.
(7) G is of the seventh type (Type VII) if t; < 0,t2 < 0,p < 0.
(8) G is of the eighth type (type VIII) if ¢; < 0,2 > 0,p < 0.

(1
(2
(3
(4
(5
(

Foreachk =1,II,---,VIII, we call the set of all equivalence classes
of marked groups (resp. marked Schottky groups and marked classical
Schottky groups) of Type k the real space (resp.the real Schottky space



and the real classical Schottky space) of Type k, and denote them by

Rt (vesp. Ry and Ri(©Y).

2. The Nielsen transformations.

THEOREM A (Neumann [3]). The group ®y of automorphisms of
G =< Ay, Ay > has the following presentation:

®y =< Ny, Noy N3 | (N2 N1 Ny N3 )? =1,
]\T:;‘IJ\I2]\73N2N1]V3N1]\T2N1 =1, N\NyN{ N3 = N3N{ N3N, >,
where Ny : (A}, Ag) +— (Al,Az"l), Ny (Al,Ag)ll—-» (A2, A1) and
N3 . (Al,AQ) — (Al,AlAg).

We call the mapping N;, Ny and N3 the Nielsen transformations. In
the following propositions X denotes the spaces 9712, G 9 or@”g .

PROPOSITION 2.1. Ny (RiX) = Ry X foreachk =1,11,---,VIII.

PROPOSITION 2.2.

(i) N2(RrX) = Ry X fork=I1,IV,VI,VII.

(i) No(Ri1X) = Ry X and Ny(RyX)= RprX.

(i) No(Rrr1X) = Ryrr X and N3(RyrrX) = R X,

PROPOSITION 2.3.

(i) N3(Ri X) = Rp X fork=1,I1,111,1V.

(i) N3(RvX) = Ry;1X and N3(RyX)= RyX.
(lll)N;;(R\/[.X-) = RVIHX and Ng(Rv{[}X) = RV]X.

3. Fundamental regions.

The Schottky modular group of genus two, which is denoted by
Mod(G2), is the set of all equivalence classes of orientation preservimg
automorphisms of ©G,. We denote by Mod(RpS9) the restriction of
Mod(&2) to Ry©Y for k = I,II,---,VIII. We denote by Fi,(Mod(©9))
fundamental regions for Mod(Rx(S3) in R3.

PROPOSITION 3.1 (Sato[4]).

Fi(Mod(@39)) = {(t1,t2,p) € RiGY | p(t1,t2)"" < p
< ptiyt2),p#1,0<t2 < 1,0 < t; <1},
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where p(ti,t2) = (1 + VEit2)/ (Vi + t2).
PROPOSITION 3.2 (Sato[5]).

) = {(tht?’/’) € Rugg I (1 + \/t—lt2)/(\/t_1 +t2)

F” Mod( g)
(1 - VEt)/ (Vi = t2))%, =1 < t, < 0,0 < t; < 1}.

<p<|

PROPOSITION 3.3 (Sato[7)).

Frir(Mod((99)) = {(t1,t2,p) € Ri11GY | p*(Th, T2) <
< =1, t3(t1,p) <t2 <0, 0<t; <1},

where p*(Ty,T2) = (4 = VT2 + (4~ T2)A - TENVY2AT, - Th), Ty =
t1 + 1/ty, T = to + 1/tg, andt*(t1,t2) is ty satisfying the equation

I+t)(V=p+1/V=p)=(1-t1)(V-ta+1/V/ - t2)

PROPOSITION 3.4 (Satol4]).

Frv(Mod(@3)) = {(t1,t2,0) € Riv©@ ) | p*(t1,t2) < p
< l/p* (tl,tg),tg <t O<ty < t;(tl,/)),' 0<t < 1},

where p*(t1,t2) = (1 — /Tit2)(t2 — /t1) and t5(t1, p) is ty satlisfying the

equation
2VtvEh(1 = p) =V =p(1 = t1)(1 ~ta).

PROPOSITION 3.5 (Satol[5]).
Fy(Mod(@3)) = {(t1,t2,p) € Rv©G3 | (1 — t1ta)/(ta — t1) < p
<((1-vEt)/ (V2 —t1))*0<ta <1,-1 < t; <0}
PROPOSITION 3.6 (Sato[7]).
Fy1(Mod(@9)) = {(t1,t2,p) € RviG&} | ~(1+t13/p)/ (Vo + t1)

<ty <0,1<p<1/tity<ty,—-1<t, <0}



PROPOSITION 3.7 (Sato[5]).
Fy1i(Mod(©9)) = {(t1,t2,p) € Ryv1/©Y |

(V=ti+vV=-t)/(1-V—tiy/—t2) <V =p
<(I-vV-tv-t)/(V-ti+V—ta),ta < t1,-1 < t; <0}

PROPOSITION 3.8 (Satol[7]).

Fyr11(Mod(©%)) = {(t1,t2,p) € Ryrr1 Gy |0 < ts

cW=r=v-8)(1-v-tV/—p)
(\/ P+ —=t)l+v=tv=p)

1/t1 <p<-1,-1<ty <0}

4. Main theorems.

Let G be a marked two-generator group generated by Mdébius
transformations A; and 4y : G =< A;, A3 >. The number

J(G) 2=| tl‘2(A1) -4 l + I tr(AlAgAi_lAgl) -2 l
is called Jorgensen’s number of G , where tr is the trace.

THEOREM 1. (Gilman[l], Sato[6]). If G =< A;, A; >€ R/&Y,
then J(G) > 16. The lower bound is the best possible.

THEOREM 2. IfG =< A;,A; >€ R;/©Y ,then J(G) > 16. The

lower bound is the best possible.

THEOREM 3. IfG =< Ay, Ay >€ R111©Y, then J(G) > 4. The

lower bound is the best possible.

THEOREM 4 (Gilman[1)], Sato[6]). If G =< A;, A; >€ R;y©Y,
then J(G) > 4. The lower bound is the best possible.

THEOREM 5. If G =< A;, A2 >€ Ryv©&Y , then J(G) > 4(1 +
VZ)2. The lower bound is the best possible.

THEOREM 6. IfG < A1, Ay >€E RVI@Q , then J(G) > 16.
The lower bound is the best possible.
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THEOREM 7. If G =< A1, A; >€ Ry &Y, then J(G) >
4(1 4 /2)%. The lower bound is the best possible.

THEOREM 8. If G =< A;, Ay >€ Ry;11GY , then J(G) > 16.
The lower bound 1s the best possible.

5. Lemmas.

We define functions ¢ = to(t1,p; k) (k = II, 111, V,VI,VII,VIII)

as follows:
() talts s I1) = (VEVF - 1)/ (Vi = VE)
(1<p<l/t;,0<t; <1).
(i1) to(ty,p; IIT) = t5(t1,p) (0 < t; < 1), where t5(t;,p) is
to satisfying the equation

1+ t)(vV=p+1/v=p) = (1 - t1))(v/=t2 + 1/v/~ta).

(iii) ta(tr, V) = (14 t1v/p) /[ (VP + t1)
l<p<1/t}, 1<t <0).
(iv)  t2(t, s VI) = =(1+t:vp)/ (VP + 1)
(l<p<1/td, -1<t <0).

(v)  talt,ps VII) = —{(1 = v/=p/=t1)[ (V=P + V-1)}

(1/ty < p< =1, =1<t; <0).
(vi)

(V= V)1 = VT V)
ta(t1, py VIII) = (M+F£§)(1+\/’—71\/’—7)

(1/ti<p<-1,-1<t; <0).

We introduce some regions as follows. Let 7 = (t1,t2,p) € R>.
M .= {7‘ € R3 l tz(tl,p : II) <ty <0,1<p< 1/t1,0 <t < 1}.

M= {r€ R |ta(t1,p: I1I) < t; < 0,0 < t; < 1}.

My :={reR¥|0< VG <ty(t1,p: V), 1 <p<1/t3, -1 < t; <0}.
Myp:={r € R®|ta(t1,p: VI) <t2 < 0,1 < p<1/t], -1 < t; <0}.
Myrri={r € R} | ta(t1,p: VII) < ty < 1/ta(t1,p: VII),1/t; < p <

4,-1< 1t <0}
My = {T € R3 I 0< ity < tg(tl,p : VIII),l/tl <p<-1,-1<
t1 <0}.
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LEMMA 5.1. For each k =11,11I,V,VI,VII,VIII

THEOREM B (Jgrgensen|2]).  Suppose that the Mdbius transfor-
mations A and B generate a non-elementary discrete group G.Then

J(G) :=| tr*(A) =4 |+ | tr(ABA™'B"1) -2 |> 1.

The lower bound is the best possible.

PROPOSITION 5.1.  Let G =< A, Ay > be a non-elementary

discrete group and let T = (t1,t2,p) be the point corresponding to <
Ay, Ay >. Then

|1-t 2 1=t 1-t ) p]|
J(1) = + > 1.
O = T *TaT 16l Tr=1F 2

REMARK. If r = (t1,t2,p) corresponds to G =< A;, Ay >, then

For G =< Ay, Ay > we set
J1(G) =] tr(A)? - 4], J(r)=|1-t 2/t ],
J2(G) !=I tI‘(AlA2A1-1A2_1) -2 l

and

11—t P|1=t ] |p]
J = : .
()= T TaT Tr=1P

LEMMAS.2.  Jo(G) is o-invariant, that is, Jo(N;(G)) = Jo(G) (J =
1,2,3).

LEMMA 53. Ji(G) and J(G) are invariant under the Nielsen

transformations Ny and N3 , that s,
(l) Jl(N(G))=J1(G) and Jl(Ng(G)) =J1(G) .
(i) J(Ni(G)) = J(G) and J(N3(G)) = J(G).

PROPOSITION 5.2.  For k=IIIII,V,VI,VII,VIII
inf{J(G) | G € F,(ModG %} > inf{J(G) | G € My} > inf{J(G) | G € Ri&Y}.
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LEMMA 5.4. If for each k = II,III,V,VIL,VII,VIII, =
(tl,tz,p) € My, and 19 = (tl,tzo,p) € OMy , then J(m) < J(7).

6. Proofs of Theorems 2 and 3.

LEMMA 6.1.  Let
(1—a?)? (-2
z? (1-y)*(1—ay)(y — =)

Then f(z,y) > 16 forl<y<l/z and0 <z < 1.

fz,y) =

LEMMA 6.2.  There exists a sequence {Tn} (Tn = (tin,t2n,pPn)) in
M converging to (1,t99,1) € OMy such that lim, o J(7,) =16.

REMARK. For the sequenne {r,} in Lemma 6.2, lim, o0 J1 (1)
= 0, that is, limp o0 J(Tn) = limp, oo J2(70) = 4.

Proof of Theorem 2. By Proposition 3.2 we have that for any
T € R1@©9  there exists ¢ € Mod;((G3) such that ¢(r) € My;.Then
by Lemmas 5.2, Proposition 5.2 and the above remark, J(7) = Ji(7) +
Jo(1) 2 Jo(7) = J2(¢(7)) = limpoeo J2(7n) = limpoeo J(Tm) = 16,
where {7, } is the sequence in Lemma 6.2. q.e.d.

LEMMA 6.3. On the boundary surface of Myrr defined by the
equation

L+t (V-p+1/V=-p)=01-t)(V-T2+1/V/ - 1)
, the Jargensen number J(7) is J(1) = 2(1 + t2)/t; > 4.

LEMMA 6.4.  There ezists a sequence {Tn} (Tn = (tin,t2n,pn))
in My converging to (1,20, —1) € My such that lim,_.o J(7,) = 4.

REMARK. For the above sequence {7,,} , lim, 00 J1(7n) = 0 and
so limp o0 J2(7n) = limpo oo J(70) = 4.

Proof of Theorem 3.  'We can prove Theorem 3 by the same method
as in the proof of Theorem 2.

7. Proofs of Theorems 5 and 8.



PROPOSITION 7.1 (Sato[5]). The group Mod(Ry 9) is generated
by [Ng] and [N2N3N2].

PROPOSITION 7.2.
inf{J(G) | G € My} =inf{J(G) | G € RyG}.

We can prove Proposition 7.2 by using the following Lemmas.
Throughout this section let ¢ = N2 and ¢ = No N3 Ns.

LEMMA 7.1.

J(@M P r=t M ™Y(G)) = J (Y1 - M ™ (G))

(my > Lmin; €2 (i=23,,kj=1,2--,k=1),k>

1).
LEMMA 7.2.
J(Pp™r ™=t M O™((G)) 2 T (9™ - P ™ ()

(m>1m;eZ 2<i<k)njeZ 1<j<k-1),k2>1).

LEMMA 7.3.
TP g™ (G)) > T (YR Y™ (G))
(my>0m;i>1 (2<i<k)n;<1(1<j<k—=1),k>1)
LEMMA 7.4.

T g (G)) 2 T (T U™ (G))

(my>1myn;€Z (2<i<k1<j<k-1),k21).
LEMMA 7.5.
J(p~ DMyt g™ (G))
> (Y™ (G))
(n20,m >1myn;€Z 2<i<k1<j<k—-1),k2>1).

LEMMA 7.6. (i) NZ=1.
(i) ¥ "Np =Ny,
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(ili) @~ ™N; = Nip™.
We set My (1) = My and My(—1) = Ny(My).

LEMMA 7.7. Let ¢ € &,

(i) ¢ ' My(1)) = My(-1).

(i) ¢~™Ni(My(1)) = Nig™(My(1)).
(i) ¢~ (My(1)) = ¢~ D(N(My(1)).

LEMMA 7.8. (i) J(G) = J(N1(G)).
(i) inf{J(G)|G e My(1)} =inf{J(G)| G € My(~1)}.

LEMMA 7.9.

PYrEEME= Lyt (Mi—D(Ar (1))
= Ny~ ...¢—"!<p(m‘"1)(1\4v(1)) (mq > 1).

LEMMA 7.10. (i)
inf{J(¢™™(G)) | G € My (1)} = inf{J (9" V(G) | G € My (1)}

(m>1).

(i)
inf{J(p™ Y-t g™ (G) | G € My(1)}
= inf{J(p™™ Y"1 TN ™N(G) | G € My (1))

(ml Z 1)

(iii)
inf{J(yp" ™ .- ™M T ™(G) | G € My (1)}
= inf{J(Pp ™ p ™ "M M=D(GY | G € My (1)}

(m; 2 1)
LEMMA 7.11. J(G) < J(¥(G)) for G € My(1).

LEMMA 7.12.  J™1(G)) 2 JW™G)) (n21) for G e
My (1).

LEMMA 7.13.
() J(pmpnaet gt (G)) = (Y™t - ™Y (G)
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(ny 2 1).

J(w:i:l(pmk 1/)7”:—1 . (p"n ’wnl G'))
> J(pmrEptrt e MY M(G))  (ng > 1)

(ii)
J(,w:l:(n+l)(Pmk¢nk_1 . (,0m2‘l/)n‘ (G))
> J(djin(pmk—l ...(pmzwnl(G)) (nl 'Z 1)

LEMMA 7.14. J(¢~"(N1(G)) > J(M(G)) = J(G) (n>1) for
G € My(1).

LEMMA 7.15.
(i) ¥~ (My(1)) = My(-1).
(i) inf{J(»™™(G) | G € My(1)} = nf{J(¥""D(G)) | G €
My (1)} (n1 21).
(iii) ,
inf{J(em Y"1 M2 Y™ (G)) | G € My (1)}
= inf{J(p ™k~ (Re-) L pmmay (M= (G) | G e My (1))
(n1>1)
(iv)
inf{J (™ ™ - 0™ P™M(G)) | G € My (1)}
=inf{J (P "k o MM (G) | G € My (1))
(n121).
PROPOSITION 7.3. inf{J(G)|G € My(1)} = 4(1+ /2)%.

Proof of Theorem 5. We can prove Theorem 5 by Propositions
7.1, 7.2 and 7.3.

PROPOSITION 7.4 (Sato[7]).  The group Mod(Ry 111 @9) is gen-
erated by [N2] and [Ny N3 N,).

PROPOSITION 7.5.

inf{J(G) | G € My11(1)} =inf{J(G) | G € Ry11/©Y}.



100

We can similarly prove Proposition 7.5 to Proposition 7.2.

Proof of Theorem 8.  We can prove Theorem 8 by using Proposi-
tions 7.4 , 7.5 and 7.6.

8. Proofs of Theorems 6 and 7.

PROPOSITION 8.1 (Sato[7]) The group Mod(Ry 1(©9)is gener-
ated by [N2] and [N} N,).

PROPOSITION 8.2.

inf{J(G) | G € Rv(593} = inf{J(G) | G € My}

We can prove Proposition 8.2 by using the following Lemma 8.1
through Lemma 8.6. Let ¢1,¢2 € $2. We say ¢; and ¢ are equiv-
alent if ¢,(G) is equivalent to ¢2(G) , and denote by ¢; ~ ¢2. We
set My(1) = My and My[(-1) = Ny(My;). We set ¢ = N} and
x = N1 N,. |

LEMMA 8.1. (1) N1N2 NN2N1 “and N1N2N1N2.~ 1.
(i) -
,,N{ NiNy if n is odd

1 if n is even.
(iii) y7!'~x.
(iv)  xNi=Nx
(V) Ny = Nldl—l.

(vi)
ny | Myi(-1) if n is odd
X" (Myi(1) = { My (1) if n is even.

LEMMA 8.2. (i) J(¢™(G))=J(G) (m€ Z) for G € My(1).
: (n%) inf{J(G) | G € x"(My;(1))} = inf{J(G) | G € My (1)}
n e .

LEMMA 8.3. Let G € My (1).
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(i) J(xe(G)) 2 J(G).
(i) J(x"e™(G) 2 J(G) (n21, m21)

LEMMA 8.4. (i)
T(EmMex™ =1 XM (G)) = T XM ™ (G))
(mi2lmieZ 2<i<khnj€Z (1<j<k—1)).
(ii) J(‘\'nk (p'nk PR an (pml (G)) Z J(X"k—l PO ’-\Jl] (Pml (G))
(mi21m;ieZ 2<iLk)n;e€Z (1<j<k)).
LEMMA 8.5. (i)

inf{J(x"¢™™(G) | G € My (1)}
=inf{J(x "™ "V(G)) | G € My (1)}

(m>1,n€ 2Z).
(ii)

inf{J(p™ x™ -1-- xM ™ (G) | G € My (1)}
= inf{J(p ™ x T e x T ™)) | G € My (1)}

(mi>21m;eZ (2<i<k),njeZ (1<j<k=-1)).
LEMMA 8.6. (i)

inf{J (@™ x™ =1 -+ 0™ x"(G)) | G € My (1)}
=inf{J(™ x™" -+ ™ (G) | G € My (1)}

(mi€eZ 2<i<k)njeZ (1<j<k-1)).
(i)

inf{J(x™* ™ -+ x" 0™ x"(G)) | G € My (1)}
= inf{J(x" ™" .- X" (G)) | G € My (1)}

(m; € Z (QSiSk),nJ‘EZ (1<j5<k).
PROPOSITION 8.3. inf{J(G) |G € My} = 16.

Proof of Theorem6. We can prove Theorem 6 by Propositions 8.1,

8.2 and 8.3.
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PROPOSITION 8.4 (Sato[5]).  The group Mod(Ry 1/GY) is gener-
ated by [N2] and [N1N,). '

PROPOSITION 8.5.

inf{J(G) | G € Ry;;©%} =inf{J(G) | G € My}
We can similarly prove this Proposition to Proposition 8.2.

PROPOSITION 8.6. inf{J(G)|G € My} =4(1++2)% ..

Proof of Theorem 7.  We can prove Theorem 7 by Propositions 8.4,
8.5 and 8.6.

9. Examples.

Let {tn = (tin,t2n,pn)} (n = 1,2,3,--:) be a sequence of
points in R3 and let G,, =< Ajp, Aj,, > be the groups representing 7, .

EXAMPLE 1 (Type II). Let tn = (1 — v/Z/V/30)2, tan = —(VZ —
12+ (3 - 3)/2n and p, = 1//3n+1 (n = 2,3,4,---). Then (i)
G, € Ri®Y and (i1) limp—oo J(Gn) = 16.

EXAMPLE 2 (TypeIll). Let t1, = ((n—=2)/(n+2))2, ta, = —1/n?
and p = —=1 (n = 3,4,5,---). Then (i) G, € R ©GY and (i)
lm, e J(G,) = 4.

EXAMPLE 3 (Type V). Let t1, = —(1+ /2 - /2+22) +
1/n,ten = (1 —2/n)? and p, = (1 +1/n)? (n = 3,4,5,--+). Then (i)
Gn € Ry@Y and (i) limp_eo J(Gn) = 4(1 + /2)2.

EXAMPLE 4 (Type VI). Let t1n = —(3=2y2)+1/n, tan = —(5—
2/6)+1/nand p, =7+4/3 (n=1,2,3,---). Then (i) G, € Ry}
and (i) lim,—e J(Gn) = 16.

EXAMPLE 5 (Type VII). Let t;;, = —(/~t10 — 1/n)2,t2n = tag
and p= -1 (n=1,2,3,.-+), where tjp = —(1 + +/2) + /2 + 22 and
tao = —((1 = V=t10)/(1 + v/=110))? . Then (i) G, € Ry;GY aund
(ii) limy—oo J(Gn) = 4(1 + /2)2.

EXAMPLE 6 (Type VIII). Let t1, = —(3 —2/2) + 1/n,ty, =
3-2/2-1/nandp=-1 (n=1,2,3,---). Then (i) Gn € RynG}
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and (i) limpm_oe J(Gr) = 16.
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