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El iptic v - matrex systemas
offine Lie apgeha); , and paogedhve
rnepraentations of He bracd group
a( He tonws

Pavel E‘finM
( )’afe UniVMS:'E )

Refenence . "&Fusoufaﬁm of affcne Lie alyebian,
elliphc  T-malux systenms , and special funchion ’
ba P. EM , Ao opfeeatr wu Commmﬂa/ﬂf/‘f
( dep-th 93030/8)

1. Clossical 7 onaknicen

M A dassical - matux 8 @ msomopbac

Jonchiom  F(2> dn & maighlonerd of Ha

Ozu'g,a'« anw C with valuer am 7@3’ ( whoe

‘? LA a Mup& Lie a@g&&a} whuch oaf)'s;v'%

He clasical Yang -~ Bax e 29uah'on .

[ 720 (2 22) . 232~ 25)) +L022(3-22)_ naa(2.-20]+
[22)3 (Ri- 23D, a3 (22-230]= O

in UC)®3 Heww 222= 2@, Rzz=1672

a3 = Si2(1872) Si2 , Siz - Hhe permutahon

o] 4-st and 2-nd fad‘on._'
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2. w‘“ﬂ Loote al hansical r- mataices

(A) Ry (2> - quantiem R - mataiix (sebutron
Lo Hhe quamhim Yomg - Baxlin 7@%) =

44 Rn(2d= 1+ 4 rced+ OH2) , Hen
n(2) v a Jw:’cd 22— madirdx (skejanl'n).

(B) Lt Vi, -~ Vo Le 9 —modubles .
mM., . of —> End Vi) - Ha Corrw/ao—vw'm., Lre
alg&(na. /Ammm%m , /29'(2)'; ety (’l,(a))

Ny ——> Ernd (V@ - & Vo)
Comnider He 4- form

! e '
D= L3> /z‘/(z..-—zd‘)o/(g‘.-gd.)l ka

»x ‘<J
Obsnve odew = 0 .
Aaim /ec2) ao‘u"o'soe;'w Hwe claosrcald Y B

€quahon & [w, wl=0 ( Chenedmnit?)
cunahure condihoan Aw+Lw. cw]=0 Son
He conmechom V= o+ .

3. (lasiced r- mataix Sysf'&m.z&

We AL P&aj re2) Aaﬁsﬁ'&a He claao)cal



14

equations df + wi=0 with rwopect Lo

a Vi® --- @ Vo - valued fumaham -f(i':, e -Za)
has dim (Vi@ @ Un ) Limeandy amclependet
acbubione . Thi sgdtem (s callest the 2-mobi

sygrewm Wpo«.da«g AL 2T

&4 C(amlfyca})ww # class) cal /‘l"MaJ»u'aA

T 1982 A.Belavun and V. Daiyfeldl
suvel Hat o n(z2d & a Laarnical -
rmadai wbich i amvedible an a mmap 9'*—->g
dor a gemenic 2 e C Hew nr2), uwp L
an o,mmpwcz nelatiov o 7 OM-Q.d Hae
Hiree W . nahoamal , M?O/MWJJA«CC,
and liphc . Elliptic mmole,?u‘_p,,.,,tc RN -
/ma)/uu/) ox Lt o'w&j 1l04 7 =A€M , M
"&4—7 werr  Aruasl 47. Belaviv ava Sblyari,
TMQWW.,,),M;C = pabices exut 4on ang
g O, wern cpa.ooif»'e-’( 4? Belaviin anmsl
Driderct an 1982 . e s mo s ificedon
ai nebional - pmadiicen
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5. Exampleo of n- matadcer

A A
— ”

/T, o (2):-‘%): ,

N = 5;- Xe @ X¢ , {Xg)‘ (a2 an o~thomounat
Aaae 0"- ? wi H nespect Lo bt K«M
e \A
s«dsfarn Ko k-2, '

L3 - > 0vp
92‘: 14-4’ 2 —id -f Q.J:Wi@'rg(ﬂ.)

‘% 7 be a Carlan owb
algebra ,
9 mn f@'n Le Hu Carlas dewmfo.slboﬂ
& e, Le a f- ecgen baoco 4 nt L
He duat Ldneia of M with rvped B

; , >, o« E A.-'-_ Ld’ {Hc} Ae ar anthonermed
s o# *é with wopec— Lo < , >
Aol |

_r)_ €.¢ ® fo( + - ZA' H ® H
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j‘\w “"‘-'. Al./mf)eMT ilugofn—omaiuc - W\aJM'X

4 + 2 -
I, . (2) = N e® + 0N
tis ) e — 1

7'{1,: comm)oow_} = ald < Sy etem [P
He pyotem o‘l %'WM'C KZ q«wﬁm

Fad Thigomometuc K2 carn Lo ntoees
Ao nabomal (wewar) K2 by a cugple

C Lt o= My(C), ard Lt .V
€ Aut (%) J&VZWD Comrn.uj‘u'n? Levrens
with mo commen Lmveiad new 3eio
WM g an? Auch o can e
nedacced 47 a eonjugation o

01 1
p= Ad (; o8 ¥ - Ad( e 0
10-"0), o) Y

whir £ B a paimibve  N-# nost of
Weicwliano  elliphc  § - fumedion |

¢(al<) = ',-‘Z + i Z [E-J-fr-’—(mif?)t)

M- co ~MS<m, P H
m2+ P>y

(teC™)



17

T&e/m_
Mg (2> = N C(alT) +

) (10 gPr™) () x

osm, psn-I
m2+ r" >o

[¢(e-22pt o) - (-2 |2) |

A am lgphc n-matacx . Belaviin ool
DM et  Had any liphc 72—
madaix v ((up o a cowstard Jac}fbn. )
C?MV&(M Jo Hhis ene. M o +He
7MM:o€mical Linit 0{ He Baxln-Belawu,
9 — vedes maded et (2) & uzvu7u.a14/,

1) oy (2) & msioanophic s C asat
Aart, mo otha Mgajwa% Hhan Sumple
poles ot (m+pTO/N , m, p€e€Z
with neiduwes (1@ gYy™>(0) ;

2) Ny (@4 = — 2o0e (234
C MMAJ'BA‘C{:} condihom )
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He Lathce 4 periods # Nge (2) & Bppannesl |
47, 4 amd T, avd b Lattice of poler &
,opann.ul b, 4//\/ anal TN

6.  Statewent o He protlem

ol He Wes-2umino- Wil cev{—m/i‘: frelol
H\-w/v-;, which are mabux domends 0’{
wFerlwineny operators Lekuearn rmozluds
over offune Lin olgebon . A matural
7u_w}1'e14 S

_df" He ”w-:lmt"c = amalaixX A—v?a—#w'?

. Twinked realizahon of He alfirne
Lie algha 28y (C)

o = aly (T 5-q8Clt.t"]1® Cc

[ay+ Ae, 4>+ puc] = [act), 4]

i -1
: z .
+ ff? <ace), é(-t>> dt . C

Iti=1
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(mowa[»;a.hm o{ <, > dX . X>=2 ,
where X s H J\AMW)

Lot E= € N  Ude a pamibve N-th

- 0 IR E'-N> X(Q)e Cq C—‘
A A A |
‘7’ < 9. %\:{a(t)+/\C€7, a(ét)s)’(a(t)??
L 4
Basio o o Ey . ¢*xj, IscjsN,
| He = Ecc — Ecrr, cvq,
4 £ N-1,

A
Baso of Y . E?®t"", Het" ¢

A . —c+ mN
Baso f 9y - E4 T,

H¢ @t""N, C

N o~ A
Lemma ofbc — 9‘

. $(egotN) = fg@t™
¢ ( He ®t”"~> = H, ®t™ m*oO

DY = H— £ - <

¢ (Hc,) - Hb N ¢(C)—N

P
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8. Moduleo oven éy

Pelanigation | Jy= 9, ®(BeC® 4y

é; s spanned 4y a(t) e 93, with ac)=0
%; > spanres 47 a(t) € %&' with a (o0e)=0

A .
Vefm”d mooludes ouen 7, X

M = T %
ok Mé‘;eaﬁ@a:-c Xx 4
Xn. b - 1-cim 7,+@j@(fc-/m.od.u&

(uwul.m Hue A.'S’D/Vno«'peus’m ¢’ Mz\,k ?,@%,Q

Ma k. .
g with
K= N2

nlandanrdl VW muodule owen
/\'—‘ /\+ ‘{!f , f:iz o(,

A
Evaeu.ajiofn /LQP"'QWQJ"M o 7’

V- f»vmtb Wﬁwae 9[,\, — modaude
Vied=V® CLz.27"']
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’/]\ ackh an V(2D
[(a(t)—l— )\c)'v]cz) = ac(z) v(2) eéfx.

C.V—=V & def

A ce
C €6y ( C= (;6’!\‘0£w> )

Ié(a) {v(z)e V(Z) , v(sa)-Cv(e)}

Obsswve . Ve (2) & stable ionden Ha achou
A A
o Yr < ¥

Fact . Un_d.m Hee S'D'm.chz&lkm ¢ VC(E)

A

over Yfy goen o V(z2) over 7

émxﬁg - e 9 Le the operator of-
| [3 , atd+Ae] = t»a.'ct), a (t)+ AC € ‘?y

At 7,— %\,GDCC - Opewatrr 2 natuatly
ady om qr—mduﬁa

Om Ve 2> | dV(e) = '22(7%(5—)-
Om  Mu & . PX = — A 4 (x)
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where X & »&MW

24 (2) - He parme amcdule an Vo (),
bt 2 acds or

911:25—-‘_;:-—0-1\1/- (A e C)

9. Interlwiners

- We want o /‘»‘ij é)’\;-M'Ifuim'ng_‘

a’aa—ai onA

é(%) , M)‘/“ —> MV,‘ é\) zA\/CCED

p _ v, v> =LA 2>
| 4 2Cte+1)

od M BV densley Hu completed lenson
'om-led:.

T'Aeorm é(z) ( -foa. gensric /oaramuf%)
o on 4-4 Conresfpondince with vedtors
o l/a% wregled A—v, arvot P (z) A

1 A-V
mmakiix cocppicient  <y¥, P2V p> el
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10.  Produds of inlerlwines

&»ppou we Pave

AV, (2
é,(za) ‘/\/:],\’,(‘ Em— M'\o,f Z 1)

1

®)>

' — D 2,2V, (2
éz (22) . M)\z,k - MA.,k ® Z 2 (22)

| o
ém (2n) . M)‘.,'h — M,\,,__,’{, & z. V,, (2n)

QRuestion . Carn we make A-uu;e ot Ha

PM'AMJ é; (&) --- fm (?n) . )
‘ , <~  Zp € (f*

( amemwrmung new 2, .

Answer . VVeo , we can <4

1200 > 0221 > --- > 12al
Heer ereny makiix  elemend 4 warw’lud'“
w A convergeud  power Aerws
%\,u/)) we Aave ann o'beer'DA
¢= ¢p¢z-”¢m . M’\”,'{‘_—)MAok@M;@‘NQVM
(ICI o e complehon of M witt nepact
depends 6 21, oo, Tr Qe O W
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o Ha A.e,?fo—n 12 > 122l > --- > 12n],
Nete Huadl 2 wll, um ?,Wml) Le a
mruthvalued fumchbw Aence A wil bave

a fa.d'olz 2,81 --- 2,0m
AA: = <A¢'.—l , Ac'—l)"' (/\c.Ac>
( 2(k+1) 3-

In KZ Hw—oma we /)hmb.d Hee '&*M
mokaiX _elewend (U‘,\t'*‘ C75V,\,,&> ot ¢
oamd pnove Hal L pahishes He 'bu'?o«nw.},a‘c
KZ e,ciuaJ'fOM,.

11.  He B - optretorn

Jn He cace q= A‘eﬂ) He DW

dAs a grom o] ‘;j\ admdos an  ouler awdrmophim,
04 o~rdew N . It Gon/umroomdds'/to an oncdes
MOWWM /3 , %\Y—_) 03;,_ It rertiics
Lo He fuv.’om&d ambrodau oot /6 on 4« Cé’}_
(Dyau. Hu rmap

B . Mi sk —> Mg, 4

( Bexd ByY= X(£7B)

“‘1 BV/\,* = Vlg(,\)’-k A

S av = /6(4) 'B‘U*l aé'?)/,
ﬂbn BY =4
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12. Tn,acu's

Assume Hhat An= /6’(40), Frx 2. lg | <A
Cornider Hwe trace
F(Za,-wJ -a..,,z)

= Tnly, , ($@> - d.@>Bg?)
cea,n'zm %4 Ao convw wﬁ.em__
120 > 1220 > --- > 12l > 192,

So, it defines a Aotormonpbuic pumchom
pn s negion . ( Notahon | 9=e€¥™ )

13. Moain Heorem

2F (M N
('k".") ZJ gzd 1#22 2w(N w LT ’ 'CJZF
hio o equivatent Lo Hae lliphc N-makix
Nrfm—mM/AmZb Mac‘mgx

cAavia Fon generic poaramatews | < we
take all p—omut do, Ai_ - da anst
atl posactle wndetwinens with  Huee Al
e 3«&1’ Very e Aaos aj He Nja ce
a'l Aot oann 0{ | He elliphc N-mabus syshewm
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difeewhal equabon - of He 4oram

2F .
;_i— = CMM Jvrwwn)-vtv

New variables di = ﬂg%i-—a{
T = %;L  x= kA Peyic) =ik @(,—?—,[Nr)

e, we have Hwe -2lliphc - malux. SYerem

2F _
» 7Y 3.4;?1 }DQJ. (Vz'jd'l'c)’:
Lt scqley= [ 2202182 o

(e iukesral s wetl - defirasl Aimce oell
avngulonction  of 2L au seconst onaten
W ith neatdue 0) . Abo, L(TD 4
~ e ot v alued " /wwd,uﬁm”ﬁ“dyom

which fon o= Al 2 eyuals |
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bmtr2 )

2m+4( -+
21r4.'L(‘C)= —Z L e — (€O€+-f®.f)

Mm>p (4_ ?4"""'2)2
_ 2 24-”‘"’2
go (4-94m12)T (e® f +-f®€,)

Lo/ Al
+ 3 ( 2 +’§; (T35 )'h@ﬁ

w 2B =3 LG(OF+2 si(9-y10F

2T =4 j<c
(few La(T) & oufoned accondumg Lo
He nwle (a® &) = Ti(a) T (€
a, 4 € Te G —> Ena (Vi))

Ao, we gt  am exlended ayrtem of n+4
conoistent olifdernhal equahcom . Let wo
call _t Ha elliphe KZ e.zu.aJ':am.&

Constlory Talpy, , (By?)=1
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15. Eoca/valbs

m=4 — Jhen we e«»l-’ Aae Hee wrmaduly
e7u.a:HOM, but £ a-.bw_a..abi M&‘M .
V= Vi= 2-4d M—PMW of <A

PP Moy 4 —> My s@V
¢ (2) ! M.y £ — M-y ®V
We cam cenniden Tun Avlubhoans
Te )= Tl iy, 4 ($*z>Bg?)
Srbuing  vhe elbiphc KZ, we gof
Teg) = 'Z(z")g/‘“‘ Vs

7(9) = Zy“* TT 4-3") ( Deateberst ]-fet)

m2 1

l6 . Fumdamwial A—O‘&A}\G’V)

It V 4e o fu.«d:a lirmensioral 7-mwd.o./
weV a veduoa a’-f weight M
$r@> . Madk —> Masp e ® Vi) A
He mtertwiner a’—on which
(i, $F@ > = 2in(170@)
F 2 —> O
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De) 1 He fumdamental addubion of Ha
liphc K2 equatomn os He Ena (1 @ - ® Va)-
vabued fumchon F of 2), --, 2, g audh Hat
A Mm= U ® - @ U, € V4O ---®V,, A a
vecton of w-uql'i Yol Hhen

Fla., -, 2lgdu= 771,/‘1 (95“'(2.)---45"?2..)8{93

Ao, A

wher A, = (- 4)—4(/1.).

A«{_Z_ Fund amoudal seluhon o ¢ WW
F with Vabkws «an Ena (LB - & Vm JD
which har He pacpedy Fe 220
9 —>0 , 2i/2jpa —> oo, e

D, € Evd (V4i® ~®Va) ae defires 4y

— M a'
*J.—.: (/8-4) 4(§XC)+§XL

Xp aw He weights o dj €V
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/7. HOMGJL mvaalam 2

F c‘ Y [} K
.

&Aa/n.g.e_m,lﬂz.

A at+ €
9' = 2 TT e
¢ cTt+ o |

A= (25 e mend

FIN)= { Ac SLez) | A= Id mauv}
(Ce'nj/w,ama Mg«w-uf)

H Ha  T—equahon in mel complady
However <9 A ren,
imaaiand . W gow  apply | ’
MM o sublriact a £m:;4, c.e‘:«—é
“"H"c—o&nt; and Hien #“‘" g albmoZ
He oigimal equafion . I2)F

[ ‘c 0<‘
2T ¢y 4 . 7
CS\C

M % 2N (cTt+d) J
(arkﬂ'u. g(.' &a He valua of Hee Ca/.)o'mk
01 3} o Vi ”u»u.q[o«z, e have a

Mmdumg veeas about
£o o ‘am co. rsratemend™

CONLOP .
aotuons
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}’aw}orrmé wrolen a  medubanr btwﬁvmllm
A e (: )GF(N)MM.,A:

R
} (7" ) 7« l T >" (CT"'A)M)‘ e X

F (Y, -, 4l T) X(A)
wheor X (A) & a /ow?,cd'svemt.faex.d-ahm

o TIND G V48 —@Ui. s, own
cono Yo ch o a-ooi?«y\A ov'&\.? Aed a#
nepnesevtaions  V, , ---, Vi of Ay o

achon of T (ND wm e Tenssa jprusclae T
xu): achon can e A—ou.-l-a.b&’ o Fenmdseol
o e achen o SL,(Z) i Ena(V,®

- @ Vm). Hu A%WW W&thﬂ
/toco—m.fpoutb«ti

/8. Mom,oolnomg

Hee /mmal»wmg 0{ Ha eb&'ph‘c K2

/J?/ﬁ&m with nenjeect” Lo +He 2Z2-varalle
“o <M'£v cornppuiable Amer A nedu s
EW@\,@AMM @a’ XAJe«fumw} Heo
Aame an Lon Hwe  wuad KZe?M'M
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For My, we Aave He ”Oxcﬂ,am.?e /u.?ad\‘e—ng
é’\“\o (2,) ¢ Aed (2,)
VIVQ — o - "2
= A* S Ry, Gead e 37854 Y e

wbae R v Hue cor,faud guombim R-mabix

( without a A/aechuue PMM&) L(M.a
Hwo Adahom, we cam e.a.é-t'éy grve au
prdamedal avluhor F chew g, wdechengo
with Yarr  ( omabhplicotion by am R-mebs)
onn when Jo  goes arcumd a eycle
on He tonws c/<1.c> Ca
prosuct 01 R - mmatiicer anal d.q.'aw
rmekaiices ) . %M, e o e t]
Ho omoredaomy  qungp of  Ha llippc

KZ equahmrs . Notr that Hhe gumgp
wllidlre ( am W) Hee Laild Greup
of He towd bud b cendral eatensyon. Ama
Hae elliphc KL equatiows o ot a Locad
aysterm on (C/<q, c>)" W‘o—mbf Q
projechive Local aytterm . St Rar Lo oo
with Heo fa,d' Hat MMW% Hee automopbim,
/3 ama ¥ "‘l A’QN ouﬂ!m.,( eation, commdy
with each ottur , Hu cormpmw
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mdu'cm B ova C . GLy oo net

%\JA; gererale a Hgm% Froup i onsle,
Vrie Y iy it [a(ag«s 2 WGM
’meu Huony of Hhe elbiphc K2
equahons, cu padhcudar, 4 given ncax
o a 2- coc—gd-e o He «evuu.aL grovp |

groge ' Hee eLdiphc
"i Hee toq,u/_) a/u&wg fw

KZ c.7u.nJ\0M fadbfva }AW\. Hee dﬂﬂ-zdrm ke
'Dou,b&_ Afine Hecke /9/3eAa -



