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ON A LINEAR THERMOELASTIC PLATE EQUATION

YOSHIHIRO SHIBATA

Institute of Mathematics, University of Tsukuba

In this note, let me consider the linear thermoelastic plate equation:

(1) Uge — hAUy + A%u + aAG =0 in (0,00) x Q,
(2) 0, — BAI — aAuy =0 in (0,00) x Q,
(3) u(0,z) = uo(z), us(0,2) =ui(z), 6(0,z)=6o(z) in Q,

where a # 0, f > 0-and h > 0 are real constants. {2 is a bounded domain in R™ with C*®
boundary 052, which is identified with a thin plate of height A. u and 6 denote vertical
deflection of the plate and temperature, respectively. The derivation of (1) and (2)
can be found in J. Lagnese’s book,! where Lagnese discussed stability of various plate
models and showed that the energy of a linear thermoelastic plate decays exponentially
fast with a certain dissipative boundary condition. In this note, I would like to consider
the following two questions under suitable boundary conditions.

(Q.1) Does the first energy decay exponentially fast ?
(Q.2) Do solutions become smooth enough even if the initial data belong to a first
energy class only ?

From a physical point of view, the energy of motion changes to the temperature, so that
even if the total energy is conserved, the motion will stop at time infinity. The expo-
nential decay of solutions represents this physical aspect. Namely, (Q.1) should have
an affirmative answer. The second question is concerning the fact that the dissipation
from temperature smoothen the motion. Thus, (Q.2) has an affirmative answer if the
dissipation from temperature is strong enough. From a mathematical point of view, if
h = 0, then both (1) and (2) seem to be parabolic, so that (Q.2) has an affirmative
answer. But, if A > 0, the first equation is a hyperbolic equation with respect to u, so
that (Q.2) must have a negative answer.
Now, let us try to answer two questions under the following boundary conditon:

(4) u=Au=6=0 on (0,00) x 0N.

Roughly speaking, I shall prove that
(A.1) the first energy of solutions to (1)—(4) decays exponentially fast:

L Boundary stabilization of thin plate, SIAM Studies in Appl. Math. 10, Philadelphia, 1989.
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(A.2) when h = 0, solutions to (1)-(4) become smooth for ¢ > 0 even if the initial data
ug, u; and 6y belong to the first energy class only:

(A.3) when h > 0, each time section of solutions to (1) (4) belongs to the same class
for all ¢t > 0.

Namely, (A.2) is the affirmative answer of (Q.2) and (A.3) is the negative answer of
(Q2).

Now, let me give you a sketch of proofs of the assertions (A.1)-(A.3). The key idea
is to use an orthonormal system {¢,} of L?(Q), where each ¢, is an eigenfunction of
—A with zero Dirichlet boundary conditon corresponding to the eigenvalue A,, i.e.

~Adp = Apdpn in Q and ¢, =0 on 99
0< A <A< <A< (Ag = 0 asn — o).

Using the fact that A%¢,, = A\2¢, in Q and ¢, = A¢, = 0 on 99, you can reduce the
problem (1)- (4) to the ordinary differential equations:

{ (14 hXp)ul + Ny, —adpb, =0, t>0,

(5) 6!, + BAnbn + adpul, = 0, t>0,

un(O) = u?w u,n(o) = u}n 9,,(0) = 9101’

where
(6) uiz) = Zuqsn(x) (i=0,1), 6o(z)= Zo"qsn(:c)

And then, solutions u(t,z) and 6(¢,z) to (1)-(4) are represented by the relations:

oo

n u(t,2) = ) un(t)pa(z) and 6(t,z) = ) 6a(t)gn(2).

To investigate the properties of u and 6, in view of (5), you have to know the asymptotic
behaviour of the characteristic roots. In fact, the equations in (5) are written in the
following matrix form:

ul 1
U-AUt>OandU(0) [1},
90
where o
Un(t) = u'n(t) and 4, = H';thn 0 1.7.[2)‘&’1
On(t) 0" —a\n —frn
Put ( 1)/\2 ﬁ)\3
3 2 o’ + - 3
fa(k) =det(kI — A) = k° + BAnk L ki e

Let me denote three roots of the algebraic equation: f,(k) = 0 by ko(A,) and ki(\,)
where ko(Ag) is real and +Im ki(Ap) > 0. To know the property of the roots we use
the following fact.
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Corollary of Hurwitz’s theorem. Let a, b, ¢c € R. In order that all the roots of the
algebraic equation: r3 + az® + bz 4 ¢ = 0, have negative imaginary part, it is necessary
and sufficient that a, b, ¢ > 0 and ab— ¢ > 0.

And then, we know that ko(A,) < 0 and Re ki(\,) < 0 for all n > 0. You have to
know the asymptotic behaviour of the roots as n — oo.

First I consider the case that A = 0. The argument below follows the paper due
to Racke and Rivera,? where they handled with thermoelastic bar and plate equations
having the Kirchhoff type nonlocal nonlinearity with the boundary condition (4) in the

rather abstract setting and they show the exponential decay and smoothing property
when A = 0. Put k = A\,l, and then

fa(k) = X5(8 + B + (e + 1)1 4+ B) = 0.

Denoting three roots of the equation: 1 + 812 + (a2 +1)I+ B =0, by Iy and I3 where
lo <0,Re I+ <0 and £Im I+ > 0 (cf. Hurwitz’s theorem), we have

(8) ko(An) = loAn and ki(A,) = 1xA, when A = 0.
Put |
u(t, z)
Ut,z) = | we(t, 2)
0(t, z)
and then -
Ut,z) =) e Un(0)gn(2).
n=1

By (8) we can see that
(9) |e* 47 Un (0)] < Ce™ 02U, (0)]
where ¢y = —min (lp,Re I;,Re I_), which immediately implies that

I Au(, P+ fluelt, Z + 18, P < Ce™ oM {[|Auol|? + [[ua]f® + 1|6l }

where ||-|| denotes the usual L?-norm on 2. This is the exponential result, the affirmative
answer to (Q.1), when h = 0. To show (A.2), you observe that

9 K ()
(10) (5;) (—A)MU(t,x);ZetAn(A,,)KWUn(O)%(x).

When ¢ > 0, by (9) you have
N!

<o t)N|U »(0)] forany N > 1,

MU, (0)] <

2 Smoothing properties, decay and global existence of solutions to nonlinear coupled systems of
thermoelastic type, Preprint in 1993
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which together with (10) implies that

a\* |
H(5) A1 < vtV awl? + al + 6P)

for a large N depending on K and M, where

| | u
fUE* = || Aul® + [[o]l* + [|6]*  for U = [v} :
0

This shows that the solutions v and § become C*° for t > 0 when h = 0, so that (A.2)
is proved.

Now, let us consider the case that ~ > 0. The roots ko(\,) and k+(\,) have the
following asymptotic behaviours: '

ko()\n) = —fAn + ng)‘;ja
Jj=0

kr(An) = Y lyup_ @ + Y d A
j=1

VI 28vh

as n — oo. Since ko(A,) < 0 and Re ki(An) < 0 as follows from Hurwitz’s theorem,
by (12) we see that there exists a ¢; > 0 such that

ko(An), Re kx(An) < —¢1 foralln >1,
so that we can also prove that

1Au(t, Y* + luelt, N + RIVualt, I + 116C2, )11
< Cem {[|Aug|® + Jluall* + Al Vua|l® + [160]]* }

for a suitable C' > 0, where u and 6 are solutions to (1)-(4) for h > 0 and Vv =
(Ov/0z4,...,0v/0z,). This means that the first energy of solutions to (1)—(4) decays
exponentially fast when h > 0, i.e., (A.1) is proved.

Finally, let me discuss about (A.3). For simplicity, I consider the case that u; = 6, =
0. And then, by representing solutions to (5), you can show that

Aalun(®)F + (1 + hAn) () + [Ba(t)* > Cae™ N, Jup|?

for large n with suitable positive constants Cy and c3® which implies (A.3). In fact, for
example if we assume that

}: MWl = o (ie., A%u & L?),

n=1

31 shall give a proof elsewhere in future.
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then.
1A%u(t, )? + [ Aw(t, )|1? + RIIAVue(t, )12 + A6, )| = 00 for ¢ > 0.

I think that it is very interesting in considering the same problem under other bound-
ary conditions, for example,

- ou
0 06
(N) Au—l—ae—b—y(Au-{-aH)—é;—O on 01},

where 0/0v denotes the outward normal derivatives on Q). When h = 0, the exponential
decay result is known. Namely, J.U.Kim* proved the following theorem.

Theorem. There exist C and v > 0 such that

llu(t, IIZ + lluet, HNI* + 116(, I
< Ce™ {luollf + [luall® + 1601 }

where ||v]|2 = Z|a|<2 ||0%v||%, provided that u and @ solve the problem (1), (2), (3) and
(D). | |
Recently, the author® proved the exponential decay result when A = 0 and the

boundary condition is (N) case. To state the theorem more precisely, I have to introduce
some functional spaces

HY ={ue L*|Aue L?}, Y={uelL?’|Au=0 inQ},
Xo={ueL?|(uv)=0WweY}, X;={ueH]|(u,0)a=0YoeV},

where (-,-) is the usual L%-innerproduct and (u,v)a = (Au,Av) + (u,v), which is the
innerproduct of HX.

Theorem. Let Hx be the set of all (u,v,0) satisfying the condition:
u € X1, v€ X, e L? /(G—OAAu)d:c:O.
: Q

Then, there exist positive constants C' and 4 such that

18w, I + Nt I+ fluelt, NI + 16, DI

(13) _
< Ce™ (|| Auo | + luoll® + lluall® + 1601 }
4On the energy decay of a linear thermoelastic bar dnd plate, SIAM J. Math. Anal., 23 (1992),

889-899.
50n the exponential decay of the energy of a linear thermoelastic plate, Preprint in 1993.
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provided that (uo,u1,60) € Hx and u and 6 solve the problem (1), (2), (3) and (N).

Moreover, for general initial data ug € HA, u; € L? and 6, € L%, we can represent
solutions by the relation '

u(t,z) = ug(t,z) + us(t,z), 0(t,z) =0g(t,z)+ 0s(t, )

where up and 0 satisfy the estimate of type (13) and
us(t, z) = tyry(z) + wo(z) + voy(z), bs(t,z) = bp(z) — b4;

1
1 DI /Q( o(z) — alAug(z))dz;
’wg(il}) € X;, Awy=—ab; in Q;
up(z) = uox(z) +uoy(z) € X1 &Y = HE;
ui(z) = uix(z) +uiy(z) € X° @Y = L%
When h = 0, to show that (Q.2) has an affirmative answer is an open problem for (D)

and (N). Moreover, when A > 0, (Q.1) and (Q.2) have so far no answers at all for (D)
and (N). This is, I think, very interesting problem.



