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OPTIMAL STOPPING GAMES FOR BIVARIATE
. UNIFORM DISTRIBUTION

AGRBAK TRP % (Minoru SAKAGUCHI)

Abstract We consider a class of two-person time-sequential games called
optimal stopping games. Let (Xt 1), i=1, -+, n, be an iid sequence of rv.ls
sampled from bivariate uniform distribution on [0, 1]. At each time i=1,2, -, egch
of two players I and II is dealt with a hand X¢ and Y; , respectively. Aft;r’ looking
at his hand privately, each player can then choose either to accept (A) his hfmd or
to reject (R) it. If the players’ choice pair is A-A, then the game ends with the
predetermined payoffs to the players. If the choices are R-R, then the current
sample is rejected and the game continues to facing a next sample (X Y I
the choices are A-R(R-A)then a lottery is used to the effect that either A—-A or R-
R is enforced to the players with probability p, (po.) and p, @, ). respectively,
where p; = [—}; . Each player wants to maximize his expected payoff at the
termination time of the game. We explicitly derive the solutions of (1) zero-sum
game, where the terminal payoff to I is X+—Yt, (2) non-zero-sum game, where thﬁ:

- terminal payoffs are E(Xg)-E(Yy), where Tis the time at which the game 1s
stopped.

1. Introduction and Summary.

A seql‘lence'of n iid random variable (X, Y¢), i=1, -, n, is sampled
sequentially one by one from bivariate uniform distribution on the unit square [0, 1]*

We consider a class of two-person time- sequential games called optimal
stopping games (OSG), with the underlying r.v.’s {(X¢, X)), .
Each of two players (I and II) draws a number (x and y, respectively) according to
a bivariate uniform distribution, . Player I (II) knows his hand x (y) only, and
doesn’t know his opponent's hand. After observing his number each player can
then choose, simultaneously and independently of opponent’s choice, either to
accept (A) his number or to reject (R) it. If the players’ choice-pair is A-A, then
the game ends with payoffs x-y to I and y—x to II. If the players’ choice-pair is R—
R, then the current sample (x, y) is rejected, the game continues to the next stage,
and the new r.v. (X} Y") is sampled. If the players’ choice-pair is A-R(R-A), then
a lottery is used to the effect that either A~A or R-R is enforced [by Umpire, so-
to-speak] to the players with probability p, (p,) and p, (7, ), respectively, where p
=l-p . If < Ps <p; < 1, then I(II) is a strong (weak) player. I and II are equal
players if p, =p, . Player I(II) wants to maximize (minimize) I’s expected payoff.

We should note that the games discussed in this paper have the following
Players’ Self-willing Property (PSP): Each player preferrs to accept high hands
and reject low hands. Player I(II) wants to accept his high hand, whereas his



opponent wants to reject his low-hand at the same time, then he is possible to
carry his self-will through with probability p, (p, ).

Let *(n, B, F») denote the two-person zero-sum time-sequential game

described above. Also let U, represent the value of the game ['(n, p, , P, ).
Then u, satisfies the Optimality Equation (OE) of dynamic programming
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Here we have used the notion of “poker value” abbreviated by pval, and defined,
for any 2 X 2 matrix A(x, y) involving r.v.(x, y), by
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where a(x)(B(y)), with values in [0, 1], represents the probabllxty of choosing A
when player I(II)’s hand is x(y). (See Sakaguchi [6]).

In (1.1) 1fp =p, =0[p, =p, =1] then the game is an AND [OR] game in
which both players [at least one player] must choose A in order for an END of the
game to occur. Later we observe that A= P+ —| has an important role in
the qnalysis of the game. ‘ :

In Section 2 the solution of the game [(n, Prs P2) is derived. Itis
shown that plaxer I(II) should accept his hand if and only if it is higher than a
certain level a, ( b*) ,depending onn, P and P. , at the first stage of the game,
where(a, bf, )is de'tcrmmed by a unique root in [0, 1)*of a certain simultaneous
~‘equation. It is also shown that in the special case of P =h=}p , the game
reduces to a one-shot game, in which the value of the game is zero and the optimal
strategy of each player is to accept his hand if and only if it is higher than a unique
root in [0, 1] of the equation a?A+2Fa—Pp=0. .

In Section 3 we will discuss about the non-zero-sum-game version G’(h P, r,)
where the objective for player I[II] is to maximize E(X¢){E(¥z)] if the game 1s
stopped at time T We consider as the underlying distribution, blvanatc uniform
distribution on the unit square [0, 1]%, with pdf

h(x, y)=1+ T (1-2x)(1-2y),
where 7, ‘?’Ig | ,is a given constant. The solution of the game G(n,Pi, p ) is

derived, and it is shown that the equilibrium values ( &, , V3 ) of the game are
determined by a certain simultaneous recursive relation, and that player I(II), at



204

the first stage of the game, should accept his hand if and only if it is higher than

Uny (Va-y) - Itisalso shown that, in the special case of P=P =P , We
obtain Un=<V, foralln, and if T=0 additionally, then {u,,} converges, as n—°9,
10 a unique root Ug, in [0, 1] of the equation  u*/\ +(2—-ﬂu ~\= 0 . Moreover
we obtain in case of ' P=7=0 , a two-person non-zero-sum-game version of the
well-known Moser’s sequence of numbers Va=(/2)(I+%3), (nZ|, ;=0 ) ,
(See Moser [4] and Gilbert and Mosteller [2; Section 5b]). -

" The notion of the poker value was first introduced by Karlin [3; chapter 9]
~ and was applied to one -shot exchange games by Brams, Kilgour and Davis [1]
and Sakaguchi [7, 8], and to multistage poker games by Sakaguchi [6], and
Sakaguchi and Sakai [9]. Moreover a very recent research closeﬂ)} related to this
paper is Mazalov [5], in which a sequential zero-sum game over a given bivariate
distribution with cdf F(x) G(y) is solved, but the rule of the game is different from
that assumed in this paper. There, the players are allowed to f_ree!ychoose their
stopping times ¢ and TVand the terminal payoff is sqn O6=Ye).

2. Zero-Sum Sequential Game. \ E{if‘hfh Some 5f¢°f('?ed CQO\“@#' /

We now go to deriving the solution of the zero-sum game described by'the
OE (1. 1).. Players’ Self-willing Property mentioned in the previous section leads
to the conjecture that each player should choose A if and only if his hand is higher

than some determined number, and using this conjecture we can show the
following result. '

'Theorem 1. For the zero-sum sequential game ['(m, P, r,_) with OE(1.1),
the optimal strategy-pair at the first stage is

ArE)=0, it a<ay 5 =\, it xpay
ba)=0, it y< By =\, ifypun,

where the threshold level-pair d;’;'_-—mb’:wm
simultaneous equation in [0, 1]
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is determined by a unique root of the

The value of the sequential game is given by the recursion

@p U= (fofTbtab) it L Fad -FhT ahGIIAY;
with a and b replaced by u:‘:and b,‘,' , respectively. ‘ |

Corollary 1.1 In Theorem 1, let p=p, =p - Then we have U, =0
“\n=L7.=& ,for all n, and ,

2.7 a= —ii»J 1I+a , (with+[~]sign, if ¢>[<]0, i.e, if p>[<] V2 .)



where q=F/( I~2F) . The game reduces to the one-shot game with the payoff -

matrix (x-y)["1 P 1. ‘ ‘ ‘
['P 0] We observe that!if the game is AND

( &8 py=pP2=0 ), the players never accept no matter how high their hands
are. If the game is OR( 1€ Pi=Pa=| ) the players never reject, no matter
how low their hands are. (See Brams, Kilgour and Davis [1], and Sakaguchi [7]).
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Figure 2. The function a(p) bordering the two dec1s1!on regio

3. Non-Zero-Sum Sequential Game.

2 In this section we consider bivariate uniform distribution on the unit square
[0, 17,

A

(3.1) 40, = I+ (20 (1-2y), :°< L vs |

—

. . ’ . . . . ’
where ¥ , |[¥IS| ,isagiven constant. This bivariate pdf is one ot the simplest
one that has identical uniform marginals and correlated component variables. The
correlation coefficient is equal to (¥3) 7 .

A class of pdf’s with the given marginal pdf’s f(x) and g(y) is given by
hay)=f@go 1+ T(1-2RH)(I-2G(yN Yy, Y=,

where F(x) and G(y) are the corresponding cdf’s. If (X, Y) has this pdf, then the
bivariate r.v. (F(X), G(Y)) is distributed with pdf of (3.1) with the same %~

For any 2 x 2 bimatrix game [ Al(l,g), Az(i, 4¥) ] involving r.v.(x, y), the
“equilibrium poker value” abbreviated by eq. pyal. is defined by '
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where (9(0)’ @(')7
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f"\t(ok,(ﬂzs S@W),Z(t)\)pfcx,w[@b ]'ﬁ(w,a)dxd; (=] 27)
0 -0
o {t 250518 unilud/,
Let (Un, V3 )

represent the equilibrium values of the non-zero-sum game
(», P P2) , where player I[1I]’s objective is to maximize EX¢ [E(Y<)] if the
game is stopped at “time” 7 Then uUn,vs

v ) satisfies the OE
(2 | A
(“",“"ﬂ=e$.{n)al A _ % 9
R [RXtRY,,  BY+RY.

(Map), Mwp) )

it Pungy, B 9YF }

Ung, V-
(r=lzo s w=%=0
We shall prove the following
Theorem 2. For the non-zero-sum sequential game G(m, P, P,) over
bivariate uniform distribution 3.1) with 0S¥ s |
Cun

, the equilibrium values
satisfy the recurrence relation

N A b Yty b $ Rt 340 1)

(330 V= pr LT G b - .
4 n=b Z-Q—")‘IQ')B -pxb } + )/aa\{'k‘ P -p(l;)o _é-\,3>¢3
with a and b replaced by U,_, and Vi, , respectively.
The equilibrium strategy-pair at the first stage is
¥ ! ' o
| * \ ‘ » . .
(3.4b) G Ka )= 0 _j'_ Y< '\{"'l L = \ R l{‘ "‘)>'V'n—-l .

(3.4a)

Corollary 2.1 In Theorem 2. let P,=p, = and )= (“\ 4.V,
Then we have Uy —=7v:  foralln, and,‘ fo= @5 "
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‘The sequence { U»Y is.increasing for all 0§b’§l , when p=0.
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