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0. Let G=exp 9 Dbe an exponential group with Lie algebra ¢J,
f a linear form on ©0f , and let ﬁi (i=1,2) Dbe real polarizations
satisfying the Pukanszky condition of ©¢f at f. Let p(f, ﬁ.i, G)=
ind X5 where Hi=exp 6’i and X; (exp X)=emf(x) for Xe 'ﬁsi (i=1,2).
HAG
Tlllen it is well known in the orbit theory of unitary representations
that pl(f, '61, G) is unitary equivalent to p(f, '5.2, G).

Our aime is to construct in certain cases an intertwining operator
between these representations and to prove a composition formula for
these operators. This is a generalization of the results due to G.

Lion for nilpotent groups.

1. Let G be a Lie group with Lie algebra ©¢F. We denote by
K{(G) the space of numerical continuous functions on G with compact
support, dg a left Haar measure on G and by AG the modular
function of G : we have

[ staxhag = ag00| sterag
G G

for all ¢ e K{(G), xe&G.
Let H be a closed subgroup of G with Lie algebra 5 . For
h€H, we set

AH(h)
Sg/u(B) = Y
Trad X
Then we have SG/H (exp X)=e %/% for Xe ‘5 .

Let K(G, H) denote the space of numerical continuous functions

¢ with compact support modulo H such that
é{gh) = GG/H(h)ﬁT)(g) (ge G, he H) ,

G acts on this space by left translation.
One knows that there exists uniguely, up to a constant, the

G-invariant positive linear form on K(G, H), and we write

Ve, H

r

v, (¢) = f ¢ (g)dv (g) (6€eKR(G, H)) .
G, H G/H G, H



Let U be a unitary representation of H on a Hilbert space R,
and let L(U, G) be the space of H-valued continuous function ¢ on
G with compact support modulo H such that

1

lSG/H(h)Zw(g) (ge G, heH) . (%)

v(gh) = U(h)~

Then, for Ve L(U, G), the function gro Hyl;(g)H2 (g€ G) belongs

to K(G, H) and one defines the norm N2 in L(G, H) by

[12avg ()

N, () =<j> v (9
G/H
By the completion we have the Hilbert space &4 (U, G) on which we
realize the unitary representation ind U of G induced by U as

left translation. HtG

2. In what follows, let G be an exponential group with Lie
algebra 0F : the exponential mapping exp : 0] —» G 1is a diffeomorphism

Let 0;[* denote the dual space of fF. G acts on ©of* by the
coadjoint representations. .

A subalgebra # of OF is said to be subordinate to f € Of* if
we have f([“ﬁ R ‘6 1)=0. We denote by S(f, 9F) ‘the set of subalgebras

of 0} subordinate to feex*, and set M(f, 0})={5—E S(£, f) k; dim'ﬁ.
=2 (dim % +dim %)}, where OF ={X€ °f ; £([X, °F1)=0}.
Proposition (L. Pukanszky [61). Let #H € S(f, Of). Then, the

following conditions are equivalent
1) H.f=f+‘5_’L,where H=exp§_ and ‘6'L={5LE°}‘-'=;
' L(#H) = 0} ; ‘

2) £+ K cc.f and He M(E, GF) ;

3) % e M(f+L, ©F) for any SLE:‘{;L .

A subalgebra *ff}e S(f, %) 1is said to satisfy the Pukanszky
condition if 5_ satisfies the equivalent conditions of the above pro-
positon.

For %€ s(£, %), Xg (exp X)=e
character of the analytic subgroup H=exp '6 of G corresponding to

V=1£(X) (X € ._5_)

gives a unitary

'ﬁ . We denote by opl(£f, ‘5. , G) the unitary representation ind Xf of
H4G ’
G induced by Xgr H(E, ‘5. , G) the representation space of op(f, ‘5 , G)

and by I(f, %) the set of #e S(f, 0f) such that p(f, h ., G) s
irreducible{
Then, the following theorem is fundamental in the orbit theory.
Theorem (P. Bernat [1l1, L. Pukanszky [61). Leét £ be an éZement

of 0;*..



a) M(f, %) D I(f, %F) # ¢ .
b) For HeS(f, %), %4 belongs to I(f, %) <if and only if
—6 satisfies the Pukanszky condition.
c) For ‘51, ‘525 I(f, °F), o(f, ’ﬁ.i, G) (i=1,2) are equivalent.
d) The mapping fwsp(f, B, G) (%4e I(f, %F)) <nduces a bijec-
tion of the orbit space OfF*/G onto &, the set of equivalence classes

of irreducible unitary representations of G.

3. When ﬁie I(f, 9f) (i=1,2) are given, how can one construct
an intertwining operator between two equivalent representations p(f,
'6i’ G) (i=1,2)7?

For this problem, M. Vergne [7] gave an idea as follows :

Suppose that all groups in question are unimodular. We put Hi=
exp '6.3.' (i=1,2). Let g€G and let ¢eH(E, ‘5,1, G), then the func-
tion h2~——)¢(gh2)xf(h2) on H2 is right invariant under the subgroup

Hll’l H2 of H We put formally

50
(T $) (g) = f ¢ (gh,)x.(h,)ah, ,
2% H,/H,NH 27087272
2771 2
where df12 denotes a Hz-ﬁinvariant measure on the homogeneous space

H2/Hlﬂ Hz.
the function T'ﬁ A ¢ satisfies the relation (%) for H2 and that
291

If this integral converges for any g& G, it is clear that

the operator Tf} % commutes with the left translations of G.
271

If G is nilpotent, this idea is verified by G. Lion [5].
Theovem {(G. Liown [51). Let G=exp 7¢ be nilpotent, f&F*, 'ﬁi
€ T(f, ) (=M(f, °f) in this case) and let H,=exp 5i (i=1,2). For
any function ¢€ H(E, ‘61, G) with compact support modulo Hy, the

integral
(T ¢) (g) =[ ¢ (gh,)x.(h,)dh, ,
$,%, H,/H N H, 2'7E20 2

is convergent for any JE& G. By continuity we can extend this operator
to obtain an intertwining operator between o (£, '51, G) and p(f,
%, G

Furthermore he obtained a composition formula for these operators
which are supposed to be normalized.

For an ordered triple (%, % % A ;) of ‘ﬁie I(£, o) (i=1,2,
3), one difines the Maslov index T(ﬁl, '5 507 "6,3) as the signature
of the quadratic form Q on the vector space -51@.6‘2@ '63 defined by



Qxy, %y, x5) = £([xy, x,1) + £(lx,, x‘3]) + £([x5, xq1)
" Theorem (G. Lion [5)1). Let G=exp 0f be nilpotent, £€ e *, and
let {;ie M(£, °f) (i=1,2). Then,

_ i%T(al' %o f*3).
Tglﬁ2°T42ﬁ3°T6’361_e id ,

where 1d denotes the identity operator on the space HI(E, ‘ﬁ.l, G).

4. Now we make some studies of intertwining operators for expo-
nential groups. Let G=exp % Dbe an exponential group with Lie alge-
bra 9 as before. Let f£fE€0 * and let ﬁie I(E, %) (i=1,2).

Proposition. We have :

Tr adﬁl/ﬁlnﬁzx + Tr adﬁ»z/'ﬁ—ln"ﬁ‘zx =0

for Xé'ﬁ»ln '62.
Let H,=exp 'ﬁ.i (i=1,2) and let o¢€ H(E, ‘fjl, G). By the above

proposition we can consider the integral

(T ) (g) = v (3)
5251 H,,H,0H, Qg

' >
¢ (gh) x-(h)$ (h) “dv (h)
‘j{’Hz/HlﬂHz £ 6/, Hy H0H,

for g€ G. If this integral converges, it is obvious that the function

T'ﬁ 4 [0 satisfies the relation (x) for H, and that the operator
291 .

Tf‘ .5 commutes with the left translations of G.
291

But, unfortunately, I cannot prove the convergence of this inte-

gral and I must put a restrictive condition :

We say that the pair ('51, ‘5.2) satisfies the condition ©N if
it satisfies at least one of the following two conditions :

1) One of the ’ﬁ.l is contained in the normalizer of the other ;

2) One of the -ﬁi is of the form ‘5..l= a}f+§in n, where n
denotes the maximal nilpotent ideal of of .

If the pair (*ﬁl, ‘52) satisfies the condition N, using the
transitivity of the integral \)G’ q (cf. M. Duflo [2]), one can gener-
alize the results of G. Lion.

Theorem. Let the pair ('ﬁl, ‘52) satisfy the condition N,
and let ¢€ H(E, 'ﬁ.l, G) have compact support modulo Hy. Then, for



g€ G, the function

hl——+ ¢(gh)Xf(h)5G/H2(h)
on Hy 18 V., H.OH -integrable, and the operator T—6 f_ i
2 1 2 2°1
"2
(T $) (g)= ﬁg ¢ (gh)xc(h)$ (h) “dv (h)
Bt H,/H NH, £76/H, Hy Hy0H,

can be extended to obtain an intertwining operator between pl(f, ‘6-3._, G)
(i=1,2).

Theorem. Let -ﬁie I(f, OF) (i=1,2,3) such that all pairs Pﬁi,
‘ﬁj) (1£i<j<3) satisfy the condition N. Suppose that all operators
T are normalized, then .

. S L1 STA PYR V)
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°

The proofs of our Proposition and Theorems are made by induction
on dim 0f, replacing a polarization H®e I(f, ) by ﬁ'= 15(') O'If
+0te I1(f, o), where &l is a non-central minimal ideal in of and
nf={X6°I ; £([X, oL])=0}.

Remark. If G=exp ff 1s algebraic, any ﬁle I(f, ) 1is of the
form ‘ﬁ =l?f+“§riﬂ/(Ma Duflo [4]). So the condition N is always

satisfied in this case.
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