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Introduction

Let G be a connected real semi-simple Lie group, with finite
center and acceptable. Let § be its Lie algebra. Let 6 be a Cartan
involution of § and §= h+3 the corresponding Cartan decomposi-
tion of % - Let K be the maximal compact subgroup of G correspon-
dingtoh. Let P = MAN be a Langlands decomposition of a cuspidal
parabolic subgroup P of é. Then there exists the 6-invariant
Cartan subalgebra % satisfying ¥ n @ = &y (the Lie suba¢gebré
corresponding to A). Let H be tﬁe Cartan subgroup correspondiﬁg
to %; . Then B = HnK is a compact Cartan subgroup of M. Let w be
a square integrable irreduéible unitary representation of M, and v
a purely imaginary valued regular linear form of & . We extendl
w ®v as a representation of P naturally (w®v (man) = w(m)ev(]Og a)'

meM, aeA, neN) and define the induced representation of G as follows:

T(w, v) = Ind w®
P4G

Then w(w, v ) is an irreducible uni;afy repfeseﬁtation of G. The
representations so obtained are called of .non-degenerate p;;ncipal
series. Set O(w , v ) = its character. Then 9(w- ,,v ) is a locally
summable funqtion on G and a real analytic function on G’ (the set of
all regular elements in G). 1In this paper, we are concerned with
the groups Gn = Sp(n, R). First we express O0(w, v ) on.C;explicitw
ly. ©Next, we investigate fundamental functions which construct
O(w,v). We use the Parseval formula for the reduced forms of these

functions, and get the Plancherel formula for Gn‘ When the author
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gave this result at the occasion of Summer Institute on group re-
presentations and harmonic analysis held at Research Institﬁte for
Mathematical Sciences, Kyoto University, 1979, Professor T. Hirail
pointed out that the explicit form of the Plancherel measure for
Sp(n, R) has been given by R. A. Herb without proof. 1In this paper
we give our method to reach the result. The author expresses his

hearty thanks to him.

§1. Structures of Cartan subgroups and Weyl groups

1.1. put

where ln and On denote the identity matrix and zero matrix of order
n respectively. The group Sp(n, €) or Sp(n, R) is defined respec-
tively as the group of complex or real matrices of order 2n satisfy-
ing

tg 19 = I, ,
where tg denotes the transposed matrix of g. Sp(n, R) is a real

form of Sp(n, €). In this paper we always treat the following

group isomorphic to Sp(n, R):
2) ¢, = lgespn, © ; grag = I, ) (g% = tg).

Put G = G, and let ¢ be its Lie algebra. Let 6 be the Cartan
involution of g given by 68X = J XJ, (Xe§ ), and § = %k +3 the
corresponding Cartan decomposition of g . Let K be the maximal

compact subgroup corresponding to %

— 224 —



1.2. Let k,£2 and m be non negative integers satisfying
k+22+m = n. The following ®-invariant Cartan subgroups Hk,Q
(k+22 < n) form a maximal set of Cartan subgroups which are not
conjugate to each other under inner automorphisms of G. They are

. - ® @ ® - e
given as Hk,2 Hk,e Hk,e , wWhere Hk,P_ Hk,enK and Hk,?. Hk,?

nexp 3 consist of the elements of the following forms respectively:

®er : h+ = diag(eg¢',en¢’,...,e‘q¢“; e;:"e’,él:'e’,e'r;.'e’,é’:’@‘,...,el:rer ,
7
-R6 - - - -H6
e, € 1€2 1+ 1Em; e‘q¢’,e'q¢’,...,en¢"; eF' ',
He -He Fo 76 e
e V,e ’,e",.,..,eni,ell; €1 7€ reeerEm )
(3)
e - )
Hk,€ h = lk Ok ,
C D
ch t, i sh t,
ch t, I sh t,
‘ch tm z "sh tom
% L
D C
- sh t, ch t
sh t, ch t,
" sh ty, T ch ta
L /
C = |ch gl , D= |shoti , o= [0 1],
ch 11, sh 17,5 10
ch g, sh 7]
\
where ch ’ 61 r 9 t,eR, & = %1, diag(a, ,83,...,8,4 ) denotes a dia-

gonal matrix with diagonal elements a,, a,, ..., @, and the blank
spaces must be filled with zeros.

Put h = h+h_e H and we arrange its eigenvalues as (6, ,6, ,

k,
Al

ceebm 8,080, ...,80), where
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§, = 1% (1 <p <k,

»
- % = &2 = 1A s gs< @)
(4) 6121-15;-! e 5 Sk—mg e ( Zy T 63) (L <= g < i
Sepatry = £y et (1 <r =sm.

We use § = (6, , 6,, ..., & as the co-ordinates of h. And we put

1

pR )y = W (6 467 ) - (8 +6 R 57 )

1 p<gan
oyt (h) =T (1 - &%) 1 (1-&%) 1 (1 -¢e¢eé™)-c¢e é;"mg),
(5) iy 1epsk fepsm 1% p<gem PR P 3
Isp<gsh §pek 16psd

Xl (n) = sgn oKt ().

k2

To make n clear, we denote sometimes A by”"Ak’JZ . Let H]'( X H}/{ 1 (R)
r ’
and H{( 2 (I) be the subset of Hk Q defined by Ak’Q (h) # 0, A}é"e (h) # O,
T N 14

k.2

and A7’ (h) # O respectively. Let Wk'}Z

be the Weyl group of (G, H ).

k4
For WeWk'Q , we define e€(w), €(w) as follows:

A wh) = ey et n)

eg’ﬁ (wh) = ¢'(w) Q}R{"? (h) .

eXrd (wn) oK

(6)

Wk’Q is generated by the elements w listed below. ‘Denote by Sq the
symmetric group of order q.
operations of we WA : e (w) €'(w)
any permutation we Sk of &% ’ eﬁ-‘a ;) eeey egci)"‘ sgn (w) 1
any permutation of z,, z,, "", z,0or of the
pair (T, , 8,),(Ta, 6.0, " "4 (e, 6,) 1 1
Ty —» - Ty (L = r <2) 1 -1
6, = -0, (1 <r <2) -1 1
any permutation we & of ee’, get, 77, g™ | (g Eu) (Ea Cuwy sgn(w) ¢ (w)
v oo {tm Eup)
t, 7 -t, (1 < r < m 1 -1
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Let dk Q@'be a left invariant measure on Ek’£= G/Hk e For fe
r r

CT(G) (the space of all C°-functions on G with compact support ), we

define the Harish-Chandra transform of f as follows:

'e . bd — ’
(7) Kk’e(h) = ek’ (h) conj(Ak’e(h)) £f(ghg!) 4 g (heH ).
£ R k£ k£
~k R
G
kR . .
Every Kf (k+2f< n) has the following properties.

(1) k<€ on H’_ecan be extended to an infinitely differentiable
function on H’ P(I)' The restriction of the extended function on any
connected component of H/ Q( ) may be considered as an infinitely
differentiable function on its closure. ( [1{a)], Lemma 40 )

.. k2 _ k,? k0 , s

(ii) Kf (wh) = ¢ (w) P (h) (weW ’ herre(I))

For dj’ we denote the corresponding differential operatof by v

i.e.,
[_9___=_l__i___=l(i_+_)_9_=}_(_9___ ) (_9__=_L_.2_)
(8) taiPp J:T 8¢P 'azi 2 %Tg 30, ' 9—22 2 aTg 363 an =7 862 4
_d_
15

Let us consider the polynomial

L ’ ooy = 1I + II
(y‘ Yas yn) ;<P(¢zgln(yp yq) (y y ) 15pem YP

of n variables and put the differential operator

k,€
9 L’ y [ = I (X +X XX T xX..
(9) (%, Xy X,) ,<P<uip g Xz x) I x,
Define the Haar measure dh on Hk 0 as follows:
(10) dh = d¢, dd. .. d¢, A0, df... dbpdTr dg...dTedt, dt,. .. dt,,.
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Let Hﬁ 0 (05 pg m) be connected components of Hk 2 defined by

14

(11) H;Q = {her,€;€,= €2=... = =1, 6= 6= -+ = tn= -1}.

Then { H}Ez 0 k+2R< n, 0< pg m% from a maximal system of represen-
tatives which are not conjugate to each other under inner automorphism

of G. We put,

. _
(12) Fp,f? - {heH]g’Q Ty 0 (1€1€d ), £ Eeent > 0, fpo tpa> oo

>tm>0 } .

Notations 1. Let Y%,, ‘?,,...,‘?P be non negative integers such

that £> &> ..»% > 0 and V; = t1 (1< j< p). For g = 1%, 5 = &%,
£
e

ceer G = ((jsexR),we put

(a_l) Ep(é. 162 P ey (Sp?\)l.p, '\)z‘e:""’\)p‘gp)

58

det (v; 61) (1< i, i< p)

il

|—a)
[v, 6", v, &% ..., vpa“’ﬁf’l § = 80 Gareevilp s

+€p( *;‘Ql r‘ezr---/-‘ep) = 2 Ep( *;\);»& l\)zjq I"'I\)p!p)

21,0500,

Let 4 , 4 be non negative integers such that 4 >-4>0 and vy =3%1 (J =
1, 2). Por 6 = e%, & = eZ2 (zC), we put
-2, o d,
-6, "\),\),6; -
(b=1) M 2( S 151 ; vid, s b)) o= 2 4
- 5; ! _\)V&U-U:L

12

For §=¢c¢' , 51=Eé2 (t; , eR, & = £1), we put

A
(c=1) C2(5| PR \)I‘Ql ’ \);»e;) = ’
-,Q, —19; aQa. ﬁ
=38, -uW(6 + & Y+ &7
. ] 2
For 6, = ee' , &= -ee' , (t,, tgR), we put
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. 6":@ ] _ 6“’)2

- 6;:? ' Ra

(d-1) X (8, , 6a; Vidy, vady) =

2

We put +n2, +c2, and +x as follows :

T * iy, L) o= Lok( * ; vl o, vady),

where k expresses n2, cz, and x respectively. For g =20, v, = *1 and
8, = g , we put

i ‘9;
(d=1) X(64 AV 'Z|) = =& ,

+x(6,; L) = Fx (8 v L),

Let m be a non negative integer and £ e¢ R, and set A = maﬁ X =
%;—i. For &, = e?, &= e?( z = 1+H8, 7, 6€R ), we put
= & B-13
(e=1) H,(8 , & », ) = (E- &% (& T,

(£-1) 2,08 , &1 A, ) = 2 [é\t' Fo 2| 3

ékt, exh +é{(,

Let Aj= (g HO ) 5= 0,1, ecR (l<j<p). For § = e, &, = szett..

a

r Sp= apet" (g5 = %1, tJ'éR), we put

P
(g-1) Ep(5; O T I O Zﬂ(en%‘éltﬂéﬁ%ti)ef"d' .
e §o!
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§2. Characters of non degenerate principal series

Fix non negative integers k,£ ,m (k+24+m = n). We take non
negative integers k), £ ,w,j such that k+28< k+2¢, k'¢ k, 0¢j<
(k4+2€4m’ = n). And we take aﬁ integer p such that 0< pg Min([E%Eﬁ,QU.
Let 4,4 ...,4 Dbe non negative integers such that 424> ..2 £ 20
and let v,v%,...,Vy be 1l or -1. Let m,my,...,m be non negative inte-
gers and £¢ R (Lgig®). Let g,car---rc,be 0 or 1 and pe R (1<ig m)

We define ordered sets of different integers, satisfying the following

conditions

A = (a,,az,...,ay), a,<az<...<ap
(13) B = (b,ibi,:ng,bp),

Cc = (C,;CQ,...,CP), b, <c. (L< i< p).

For an integer 7' satisfying Max(j—m%gO)s < Min(3j, a) (a = k-k-2p), put
J = [j72], I = [(k-¥-2p-3)/21 ,

and define

P
(14)
Q

We prepare two symbols r and s. The symbol r denotes an integer

(RIEJ .. IpJ'+I) ’

(A Dyr o« o rAyaz) s Py < 493 (1€ i< J+I) .

when 2J = j-1, and the empty set ¢ when 2J = 7 . The symbol s
denotes an integer when 21 = k-k%2p=-3j~1, and ¢ when 2I = k—kLZP—jC

When both r and s denote integers, we assume that

(15) r<s.
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Denote by A the set of integers {a, r 8o geeey ak,}, then we assume

further that
Kvﬁuauﬁvéuér,s}=§1,2,”.,k},

Put g = £-p and we define ordered sets of different integers, satisiv-

ing the following conditions:

(d;, dagvenny dq) '

Fo= (£, fa.0eer 500 DUF = {1, 3,..., 24-11%.

PN
w]
|

For brevity, we denote the collecticn ‘A, B, €, ¥, O, ¥, s, D, ¥,

Moreover we denote by
sgn 11 = sgn(A, B-C, P-G, ¥, s

We define also ordered sets of different integers satisfying ths

following conditions:

(o = (0, , Gareee, Op), 0y < Gg&ew o Qp,
l6=(8.,82,...,8$), Bi< Ba< +e o< By s
avB =41, 2,...,¢%;
(16)Pwy = (W, , Woreanwy Wi kiap )y Wik Wa < oo o KWy
i, oy e, Wi {KHR2QHL, Ke20%2,. .. KH20%3 ),

WD

Do Wiea e er WegadcRE20HIHL, KE2L4342, .00, n]

.

{ Wik
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PU'/ = (u, rUg 7o v luJ'+I_) r
(17) .
Ny = (Vi vV reeerVoer )y Vi< Va < eee X Vaupr U<V (1gigJ+I) .

We prepare two symbols w and x. The former denotes an integer when
2J = j~1 and ¢ when 2J = j/ respectively, and the latter denotes an
integer when 2I = k-k%2p-j~1 and ¢ when 2I = k-k*2p-j’ respectively.
We assume the following conditions:

1uil Vi (lSlSJ)IW}: {W,,Wz,...,Wj/},
(18)

U, G (JHLC A THI), x | o= { Wi, Wi ree e W ap) -
We define ordered sets of different integers, satisfying the following

conditions:

{B: (B sy secesBgg), By < By<aee < bgog
Bl = (b1 By eeeyBp o), i< B (1< 1<L-q);
{b;, o1y Jo{kH20%1, K+28%2, ..., k424475 }

or

{B; , B | K204+, k*+28%43+2,..., n} (1< i<#-q);

§ #D0 r e i Om) .
We assume that
pU Y pVy viw, x} VB vE Y3 = {k+20%1, x42¢%2,..., n}.

For brevity, we denote the collec¢tion (o, B'PWJ"PUJ/' WV, W, x, B, b, 3)

~k YA X 1’_’
' F : !

After these preparations, we define a function Kj on Fy as
kl 'el .
follows: for he F}’ J
5 (cC Hk',ﬁ') ’ )
Y Mn(£].€)  Ming. @)
~k, L Ferme ik s
(19) K]j{ ) = -1 %sognu » S s
g P=0 = qu(j-’m'+(1,0) ij’
Ek/(5| ’ 69_ re sy 6K/ H }‘Q, l)‘(];l [ IMK/) ‘l];gz (‘Sk’*.gd._-/r 6k’+gu‘7 )\b. IAC.‘ )><
o, Buy v6vi s Ap shq ) X(8y 85 Ay oAg) AﬂHz(ak%_l,sm,@i;Ami,xk,,di,,)x
P8 ITT BN
W 42 (8o v 6511' P Mty M) Em(03 089, e e Sam i Akt Neatazr - - - 0 Am) x
{ 4 1:51_(1 £y v 1
T Mk r o keapHTi :
HE‘ —j" € wi -~k n& i p!
[<ic Wz |sz‘s’a Wi -K=24 [$is4 by - K-8 7



where p+q =j§/,

§ = &% (1sigk’),
(20) | Swgain = ezi, Skivai = e (1 si<e’),
Sl = & et (lLgigm)s
Aio= v, vi= £l (L<i<k ),
(21) | Aaaim = (mi T E) ¢ A= (my ,-HE;) (1<is¥ ),
Agaatri= (&, F o) ‘ (L<igm).
We put
Y ’ /
(22) ‘Pi“(l‘?r/? — 2 K]_h«?.
j ul,u,,...,qu
Because G'= U U U X(F?QY %) for geG' we take h e(FfJ)/
xe@ kdwsn oim g
whichis conjugate to ge¢G’. We define analytic functions © on ¢’ as

follows:

(23) O(wvh + v, .oor by M; ), V(g p)) ()

I?;""?/(h ) " /
e Tl Y)Y, o0<K<k, 0<2, 0<i<m
AK (h.) g K+29'¢ k+2¢,
\ 0 otherwise,
where M = (m,, My yeeoy nb)lgz(e;léll-o-l E'm)rg"—‘(g‘l E')_I"'I E;:;)l

and p = (P, s Pyse--r f,). And put

FO(w( Qe o, B ), v x N = Z 0w, vhe e, Yl *), vIx)).
B0y
Theorem 1. Take the analytic functions ©(w, v) on G as in
(23). Then 0(w, v)are invariant eigendistributions. Especially for £
Oy > B>00 Vi, Vy,eee, =21, m>0, m,>0,..., mg>0, £>0, £,50,...
v €930, 0> 05> 0,50, ¢ & vc.,eq=0,1, © are the characters of
irreducible unitary representations of non degenerate principal series.

If £ , m = 0, then © are the characters of discrete series. And if

k, £ = 0, then © are the characters of continuous series.
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Proof. Let X be the centralizer of ©u in G. Put

k,4 k.,
E(K, ) =|n; %X ~>® , n continuous homomorphism i
k,2 k,2
( R* = RrR-{0}),
M = (N Ker|n| .
Kl e B4}
Let Z be the center of X ,then ®H is the maximal connected
Ky, g k.2 k,2
split (i.e. Ad(h_) is diagonizable over IR) abelian subgroup of Zm X
X,
There exists a cuspidal parabolic subgroup Pk’e whose Langlands
decomposition is given as follows:
k, & _
PR My O o Nk,
where Nk Ais the unipotent radical of Pk’ﬂ. Mk P consist of the ele-
ments of the following forms:
M . r
k,2° i | : .‘ !
LA f | By
C, c D, b,
- G D
El
EZ
e
where
By
By
% PBlesu(l, 1),i.e., Jof~[8f =1, o = l;f—a 5= 5% 5= 2l
B8; o5
(l<isg)
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We take non negative integers k', &', m, j, p, g and 3’ as follows:

K422's k422, K4k, k420%m'= n, jsn, psMin([55K],2), prq =2,
(24)

Max (j-m4a, 0)< j’¢ Min(j, a) (a = k-kK-2p).

Let u, v be non negative integers such that u+v = 2(2-q), j+u< j.

Let A A2 be ordered sets of positive integers as follows:

1’

[
il

(3+1, 3%2,..., j+u),

>
]

(j+a~3+1, j+a-j+2,..., J+ta-F+v).

Put ¢ = Min(u, v) and define

Q) = {c, c-2,..., c=2151+2, c—2[%1§a

For deQ(u), we define positive integers »;, H; (1£ifpf-g) as follows:

Ay = (b, ,B; ,by ,BH; ,ece,bud Hu-dsby-d , Pu-d . »-sPurd) s
1 5 ¥ T 5 i S5 +2 —2
N, o= (BI,. Bl oes, H ) H ¢ B B geol ess, Dury L Elge) o
2 Si.id_ﬂv U~20L o’ ’ _3:50(_ ? u;d +’ %EL‘”F %.{.gs _(%_4,,2’ 7 A=y s ey
Put €, = gy = ... = g = 1, iy = Epa T cee T £y = -1.

Using these notations, we define 2%2 matrices CI (11428} as

follows:

9 .
+ &g 5
Cl - O ér-Tei»l {ls -\.S. q),

(@ ., = ’1+€'b;5511 l1-&,eu;
g+i 5 7

(12isd~-q).

l-€p € 1+€y, €us
2 2

We also define 2x2 matrices CTI, D; (1<i<4) as follows:

Cj_:(:hTP"'ll:' (1§l§q),
Cq+i = chty, +chty; chtiy, —ch T
2. 2
(1<igt-q);
chty, —chty; chty; +chtu,
2 2
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]
It

Dq+i = sht,. -shty;  shis +shty;
2 2

shty, —shtp;  shiytshiy;
2 2

Let 9 be an element of Sy satisfying

. e + es e
(25) g’ = (l 2 q g+l g+2 ?) v A< o< s ody, £ <<

dg dp, LY dﬁ f] fz o s . fQ.t

Take a permutation S as follows:

(26)

2y Dy ee e 33_3!‘“ Dj-y-ut) 9J-.j’-u+'l oo

3‘< < wae < 3,]»,)’-'(4 ’ 3'5,54“1,.( 3J~,j’-u+2.< eeel Dmoe

The following subsets H]j(,"e/(p, ¥, u, 4, ¥, a) of X{k,«?

Sh Tpy J, (lsis<qg),

(1<ix<¥-q).

g = (j’+u+l FHu+2 ... §  Jra-FHv+l  JHa-jHv+2 ... m

S

to H]J<' o under inner automorphisms of G. They are given H]:l, (,,(*)
r 7

kR K

.. <f2-% .

are conjugate

%), o (%) S, 0 (¥), where %) (%) = B}, 4%) n K, O] (%) = H), o ()nexpg

consist of the elements of the following forms respectively.

SHIJ{:'Q/(PI jll u, d, ¥ , #a):

+ | . ‘
M |

)

=+

W el +
Y]
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where

AI = diag(eﬁ¢',...

eH]J(re/(Pr j’l u( dl 9, H):

I3k 2% -Fi6,
,e¢K;eﬁev’e ..

AR 4

RO -
o Fbp

P N L TTEE

- | W
Al B - | Bl ) -
W qu -
C D
Q) )
Cquz) _ _ D‘m
chts, i shts,
chts ‘ shta,
" chb, " sht;
s [ !
B | LA
D;an_ q .
Q) w0y
- P Ca
shts, i chts,
Sl’l.":—)l chts,
" shts, " chitow)
where
Al = ik’ » Bl = Ok/ .
chft\“' 11 sht g'x
“che 1, “shTpdh
ch.’t. sht,
“chty " shty
ch'_té,., Sh’s&"'
“chtjey’ ’ shitjoy
\ ’ \
Then
Hf{ plps 35w, 4, 9, A); 3, K, 2", p, 3/ satisfying (24)
14
l<us Min(2(L+p-2"), 3-3)
(27) d e Q(u)
¥ satisfying (25)
A satisfying (26)

form a maximal system of representative which are not conjugate

to each other under inner automorphismof X
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We take A, B, C, P, 9, r and s as in (13), (14) and (15)
respectively. We denote the collection (A, B, C, P, Q, r, 8)
simply by © and put sgn I = sgn(a, B-C, P-Q, r, s). Let (§ ,6,
ceer8y) and (A ;Ag ee.sAn) bé as in (20) and (21) respectively.

We take , w and x as in (16), (17) and (18) res-

W U. V.,
p¥' Py pY

pectively. We denote the collection (pW w, X)

ey ey
simply by pmj/ . Let w be an irreducible square integrable repre-
sentation of Mk,e and v be a purely imaginary valued regular
linear form egk,e (the Lie algebra of @Hk,e ). The character of
this representation w has been calc;ulated in T. Hirai [2(d)].

Using this formula, we can express the character y(w, v) of the

representation w®v as follows: for he(H]:{’,le,(p, ¥, u, 4, 1, 1),

(28) Y (w, v) (h)

kik+1)4 - =) ISty '
(-1} 5 san B 6,070 L, F WG, ) T Sanre S Mo oA, )
10 1<iKP
= -X
T E - - % AP £ ~ - —
kAk"e (end)‘l“'le (¢;ef:fe,,el"—l6|,.“'eﬁ )Qre‘q ,Q! €, e II -.-,E‘y ety Igjﬂ et‘,ﬂl“'l%yq?j/et'}fav)

m L, (Su +0y ihp

My 1gi< T et ) X Bwr bty )
amvid

1 _Fmy Ops_ 74, Opas 2-7 ~meft, . —t,.]/2 =
1 g P ST e [ 2 Miltn: Tt g Q;(tbi+tmi)/2 E?ﬁlx
=l O Hbpy | g (B mt) /2 S (tymty) /2] ¢

m .
T & 19,

=1 2 ’ B BT TBe Pl
\ 0 otherwise.
We extend w®v as the representation pk’e naturally and get the induced
representation 7(w, v) = I?d w®v of G. Its character o(w, v) can be.
Pera

obtained by T. Hirai [2(a)]. This is exactly (22). The irreducibility
of m(w, v} is given by Harish-Chandra [1(d)]. Even if a parameter (X,

>\2,...,)\n) is not regular, y(w, v) is an invariant eigendistribution
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on Kk e - Then @ (w,v) is an invariant eigendistribution on G.

§2, Fourier transforms

Notations 2. We define functions corresponding to those in
Notations 1. ©Each function (x-2) has the same conditions of the

corresponding function (x-1).

=2y el (s, Sas.... S
(a ) Ep(l a Gpr'elr ’Kir ’ 'ep)

— Dl -,Qi —e; -p f -,Q
= og_;P(sﬂ.) 6y ) (Sacay 8%y ) e- . (Sakp J}am; )3
(b=2) (s, &g 4, La) = 2(skedty e v2(epedh 6

4 (& shighsty,

4P ghishely,

(c-2) +C’2((S| ’ 627 Kl I ‘()/2)

(a-2) *X’ (61 v 52? Kl v '@n)

(d-2)  ® (8, ; &) = 28 ;

(e=2)  HL(8,, &5 A , %) = (E"04E" (&g,

(£-2) 2,08, &a;5 A , %) = 28" ARty REttah ) m

_ 2é'm@\1-hﬁ ( e-q g & -tz)/2 _ﬂéﬁ%(t("tz)/ﬁ ) €Im

7

P F mEaa .
(g-2) A TR reeorGpidyrhgreenpdp) = Lsgn o T (éqf"”b—e“g"’t-*)ee”‘“e
p ] 0-e$p J=1
For feCa (G), we put
k, ! _ k0 k4 7
(29) Ff (h) = L Kf (h) (her,Q(I)).
Every F?’Q (0<%k,8, k+20< m) has the following properties.
(1) F?’Q is zero outside some relatively compact subset of
Hé Q(I> and can be extended to a continuous function on the whole
Hkpk'( [L(a)] ; Lemma 40)
iy P wny = ety PR (n) (heH, , (1), wewr? ).
f f le
() The restriction of F?’Eon every connected component of
Hﬁ 2 (I) may be considered as an infinitely differentiable func-

tion on the closure of the component.
. . . . "'k’, ('/ k',f,
Using the notions of §2, we define functlonsvkj ) on Fj as

follows:
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Min( E559.€) M (g, a)

+= K, ¢ _ Kma+ k(i) —
("R () = (-1) . X Sz 2
o p=0 J’=Mnx’\3-m’+a 0) PUlj,
gk/(él I(SQ_I"'I(SKl AQ,IAQJ_I'--;')\QKI)_H T] 4300 - !16 >\b I)\c(' ¥ x
1€£1<p
T %20 (SurBuy i hpprAg) XSu o8 iAr A ) TTHL (Sngg v Schagi Mjr Aga) ®
[$78T+] 181¢g

! . =/ .
\silsll—yzz (Sngr Sugy M M) EmU8sr 8y e e v r Oap 7 Mgy  Maraear « = o s Am)

T ekt ] ke T
ilel e
1< dsm iasa R g ik 2k

ok 4

Lemma 2.1. Define the functions Kj <

and (+K]; ) on F]j?'e by (22)
and (30) respectively. Then we get'

1ot X! m+AE m-AE mAH -3 ,
(31) Lkle +Kk'e = L(‘el l‘el I'-'Iek 4 ‘2 ‘l 12 'I"' Eﬂ nk gqu-f) Fﬁ:-‘ IFBM) (Kke)

(+k€/

. . j s / .
We define functions ) on (Hk’,e’(R)) Hk’,Q’(R) N Hk’,e’ as follows:

Y (h) = e(w) (*Kk Y () (o= whe e 1) (R, h,&F]J?"e

K,

(32) (+Kk Ly

we W

) -

Let Wp be the permutation group on 7P = { (£ 8oy eee i dp)ily Ly ,en.,
I_P integers} generated by the following permutations:
any permutation of £, ,4y,...,4p;
(33) change of the sign of £; ,i.e., & — -&; (1< i< p).
Let £ be a function with parameters (£ ,Ly,---,4£p) € z® . Let A be
a subset of 2P . We define the sum on A as follows:

- |
(34) X oty = e,
1L, K, e, Ay, e, £
Bty 5) p) Gl tpyed | Wordits )] & p)
where Wp(,{{l,,@2,...,£f)) = {Wtwp; W(Elr/@lr-..,Zp) = (:@. ,fQ,---,«@P)} .
For A = % (1’-; 'I'l""'ﬂP)& Zp;g, > £,2 ...2@20} , we simply denote S(Aa)
by S([,l 2 £,2 cer 24, >0). When A is infinite, the sum on the right hand

side of (34) defined by the following limit,
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Ml M1 HP

= = lim > X -3 f
((el;‘el,w,lzp) €A Qﬂ 6,“-,1?) M, Z&'M:'N;'E' MP'XPq + 00 1=-N. AEF'NA ﬂfa—NP @l,l:,u-,fp) .
Lo Bp) €

Lemma 2.2. Define the functions ('K ]J(’Q Y on (Hj,e,(R))’ by (32).

For feC?(G), we put the functions F (h) on Hk, g as in (29). Then
14

we get
" +, KA
(35) = FE () (RS (0) an
Saniz0)-- Smg20)  (HI ’2’)
) Mm&K;.—/} X’) Mn@.0) / 2
_ (_1)K’m+k(K+l)/6. S Z > mi 27 L) £l %
ul!l

p=0 Ve St urV Ji I! vl
J'=Hox{g-m+a, ) =g,

{
’2(615621°°w16n) +E;(I(611621"'“56K' 7)\11>\2i°--r>\K’ )} x

T ta t
TI— 6k+2.. pr 6k‘+2| >‘k'+9..—; 4 )‘k+1| ) “ z, (eaqe - rEy € Xk#anzH: Ak—fﬁr&]') X
j<1<p 1413

traie as
T2 (gpaim @ 79 eppa e, Merspeaziai) ¢ Meaprazes) X (Ouor Oxe 70 Asa) X

1T
JL (6Kfﬁr+ll~' '5K’+9_i>ﬂi P ke s Aol )X
, jhai~ By .
1 2 (Ejhaim @ M e @ T Mcageaiog 1 Magai) X
i<

tjea-y42 - . trayen .
:\' Z (EJ‘I'-G'JfQJ 1€ AEAS ',, Era-yrn € ey :Akazu«wm ' M«azw«m )%

=/ tYraut : t 3067
Em (Eyioun® Pt g el r Grafravy Jra-yweve o, Em,et'“ P Maggepre o e A ) X
mrk-1 K-2pti- 1 k-2pH-Q% 1)
—n‘ €3 ! €4 ]T € j42i-1 T E34oi-1 T Ej+a ~y4ai~l
1£14m | s/ i a-y 1 iLHsm 1<

gy - -d¢,, 4. ..d6p dT...dTy At ...dtw ,

where ® means

S22, 2...28¢20), S 2 4ur 20),...,

S (Zkfﬂ?_,zﬂklﬂPz 0) ; S (Lkyopri2 Lie2pa20) 4. ooy

S (Uiraps 3T 2 Lktaprgez 2 0) 4 S (L2 L5, 20), S(m20), ..., S(my2 0);
® is the following domain,

t1>2t22 0,004, Ty, > t55>0, Cirr 7 tia> 0p0eey t;}n:—.7tj+2:y>0r

Bwe> Exo> 0,
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Y > Cae 2 0,0 ivy ihouy > tjrau> 0,
tira-in > tjrjae> 0,000, tpeyeovy > tjragaau >0, tpouw 70,00, £5> 0

tj+lk—:)fr);b+l7 0,..., t/m’>0, T.?O,---, TQ/) 0;

Wo + Xo s Yo and s. are the following symbols,

{3 if 23 = j-1 k-k~2p-§/ if 2I = k-K-2p-j-1
w, = ’ Xo —=
( g if 23 = 7§ @ if 2T = k-k-2p-7’
integer r. if 2J = j-1
Y, = v
ol if 23 = 3’
integer s, if 2I = k-kf2p-3t1
SD B / 7 ’
®. if 2I = k-k-2p-j
satisfying
/
$1, 2,..., Kb2p+aI, 1o, so} = 11, 2,..., xJ,
r,< s, , if r, and s, are integral.

Notations 3. We define functions corresponding to those in

Notations 1, 2. Following notations express the histories of func-

tions.
(6-3) *Ap(m,e) = (- £ cotn®s me %o (2o = 22)
r
- _‘J—4_T_ tanhﬂg me %, (z, = 2z+1),
+ A ‘
ﬁ,z(£7z ) =+n/2(m,g) me % (p = 0,1);
P p
+A, 1
(c=3) Cz(p,,EPDz,E) = =z Cothm:)1 COth‘lT(p"i—pa) e = 1,
1
-z cothmp, cosechr (p+p,) e = —-1;
(d=3)  tR(e,, e 07¢) = -—i— cothmp, cosechme, e =1,
l -—
i cosechp, coth 70, € = =1;
(@3) @, = { -5 cothrp, e = 1,
—i%;- cosechnq g, = -1;
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A, i
(£-3)  Bi(nie;zy) = (- £ cotn 3 P =0,
- %?-tanh %; € p = 1.

Lemma 2.3. Let F be a continuous function of bounded variation

on the p-dimensional torus TP and satisfy

7y s ooy

F(epi%v; , eI-T%m eFl%Q)) =F J-'(b; eF"q)z’..., eFl‘q’P) (O—esp).

Then we get

(a-4) 5 S PP, 0 F ) e (Fh AR S a8

S&24>2820)
¢1i¢17“‘r¢96 [STT"”] d¢|d¢2.o.d¢P

]

s S P, % FPY e (TR -+ )
‘QA,'&,"UQPE 4

Qoo e [=1,m] d¢ds, . ..ds

it

F(L,1,...,;1)

where e(x) = &%.

Proof. From the definition of the sum, every (4 ,4 ,...,% )ezP
is counted exactly once. 2and from Jordan's theorem we get the
second assertion.

We put I(x) = the left hand side of (x-4).

Lemma 2.4. Let F be a continuous function on €* = €-{0} which
vanishes outside some compact set and continuously differentiable on
C—R+ ( R+ = { teR;t 2 0} . Suppose F satisfies F(ez) = F(ez)
= —F(éz), then we get

(b-4) s S F(e?) *r) (%, o%:4,4 )dear

SW2e20
(L2620 6c [=1 . 7]

>0
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= = | fmompa= I = F(m,£) T, (£,2)4E,

meZ P=01 meZp
€<R EecR

Zy F M+ ED) 047,

where % (m,&) = F(e

Oe[-7, 7]
TeR

Proof. From the symmetry of F, we have

I (b)
= s g F(e®)e H-kle Al )6 daedr.
e
hte Qe f[-m, ]
>0

We define

4R
e

ag (1) = ,  bp(r) = S Fe?) ™ d8  (150).
8

ef[-mw, m]

We sometimes denote aj(t), b,(T) by ay, bm respectively.

Let o, ,B,Bo be non negative integers.

of B8 oHBo 4.2)
2 2 Qg bgey, = 2 g G bm
Li=-olo 1:1:“60 v »0=~°lb‘B M= q(_(,g‘,,po)
ms L gmoda )
where w(f,0,,8,) = Max(-f-2a, £-28),v(#,a,B) = Min(20-4,0+2B).

We put the limit of the sum of by as follows:

\)(Zp) = Z bm . (P = O)l) ’
me Zp
v(k)y = {\)(Zp) k = 0 (mod2),
v(Z,) k =1 (mod2).

Then there exist positive numbers M,K satisfying

for all u¢v, u,veZ;

’

vV
Zbe o

m=f(meda)

lagl < K, for all fLez.
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Because = ay converges absolutely, for an arbitrary positive
QezZ
nunber ¢ , there exists a positive integer r satisfying

- m e
> 2 ’Gp(’t)l < = (k,m>r, ©»0).
f=-K f=vp) 2M

For this € and r, we can take a positive number s satisfying:

if u(f,00,8.), v{2,0,8)2 s (~r<4< 1),

V& 8)

Z bfm ~J.:(f)
M= U olo, Bs)
M fmod2)

< ;'—K (~rr €<,

Then if we take sufficiently large positive integers o,0, ,8,8. ,

we get

B

o
> > Qoepy bgeg, = Z2 Qg ©W)

E:-O(o -ez.z—-(sa Q=8

STV V'(g,ﬂ, )
¢ Sa )V EY b

=g Mm=ullic,go)

m= L (uod Q) Q)
=l die vialg
=(£'+‘ P )lafl S b —xll)] < —Q—EK—PH» £ M=t
I=-T  Ja-dep d=vp| M=ot o) M
m\’sﬂQdel)

Hence we have

= GQOQ:. b,&tQ, =z Z Qg b'm .
b.8eZ p=o LmeZp

On the other hand,

quc)bm(’t) = cotht 3 by (1) p=20
.‘Q,‘M'\—'Z meLs
P cosecht = b (1) p=1
meZ,

are integrable functions and there exist positive numbers N, T,

satisfying
| Q) bmte) | < N (mez , ®70),

A bmr) = o QmeZ , R2T),
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Then from Lebesque's theorem and Fubini's theorem, we get

— mo
1) = T % { FE*) Cem) de } ™
pP=0.| me Zp . :
BEET T 5o
where
c(m) = cotht me Zo
cosecht mez, .
we know
F(ez) cotht dtT= —%— S F(ez) cotht dT
Tyo TeR
-1 A
= —H:T—— F(g) cothﬂ€/2 dg,
EcR
F(ez) cosecht dr= —%— g F(ez) cosecht 4Tt
To TeR
_ 1
= o= S £ (&) tanhmg/2 4ag,
£elR
Fa) _ z, F&T .
where F(§) = S F(e™)e dt. Applying these formulas and
< €R

Fubini's theorem, we obtain the assertion of Lemma 2.4.

Lemma 2.5. For FeCo( R*x R*) ( R* = R-$0} ) {( the space of

all infinitely differentiable functions which vanish outside of
. . *, t, _ T t,
some compact set ) satisfying F(ee', e€e?) = -F(ee' , e€e?)

= -F(ge™, e&'), we get

(c-4) F(ed", ed™) ¥ (e, e&; 4,4 )at dta

b
(#2420
to>t0

A +
= F(p,e50 +€) Ty (p, s€50, ,€)dp, 4D,

A €R
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where

A . t., F(pt+
F(p ,& ip s ) = g F( e, ear) & (ROFRGR, g, .

t, keR
Proof. From the symmetry of F, we have

I(c)

= 4 z S F (e, ce™) eztw&néltg dt, dta
un-fa)e%)
t,7t>0
where A = {(1,,&)& 2 ;4202044 ,0or 0284248 }.

Because F is infinitely differentiable and with compact support

from Lebesque's theorem and Parseval's equality, we obtain

I(c)
= 4 g Fled, e&*) & bl Ak gy gt
(‘2!,'&)6‘3({\)
t>t>0
4 A
= - F(p, &€ ipare) 2 K(p, +0, i & R e) dp, dp, -
(2m) Q4)eda
P, peR
where
J'53A
K(prysi &,daie) = € e (Mtelt=F(pt+nty)) 4t dt,

t,?t)]O
g)t""&

U=Fp) 4tk -H (o+g) )

The Weyl group W of type C,is realized as the set of the following

transformations on R*: w(a,b) = (a,b), wla,b) = (-a,b), wia,b)

(a/_b)y er(arb) = (—al —b); w5(alb)= (bra)r Wg(aib) = (_bla)l Wq(arb)=

(b,-a), wla,b) = (~b,-a). For weW, we define S(w), as follows:
?ﬂh?: W— 'Qﬁ'—fz )
£ : = S(w) €
(4 =Fwp, ) (& ~Fwp,) (W -Fp) (Wh-H q)
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Then we have

1 3
S{wy) =
-1 . 3

i

1,4,5,8,

2,3,6,7

e sgnw 5 Vit sgnw S (w)

> ¥ £ :
@A)eSA) Zw (&-Rwpo) (&-RwQ) Uy, 1, ) €S8 fgw (W -Fq) (Wh-Hg)

Z { Z E“/;I@l-'.‘?l) Z E“{*jf@,«--&) E
*u,,&)&sf\) J=taag (Wj'ﬁ. ~Fo) (W}'E"ﬁg) _.3%“,6,7.8 (W4 =A0) (W4 -5 )
—Q|+21 ,Qﬁ‘ﬁx
-5 : 2 - 0
w"‘?\)@ 'Zi (_Q,-f:{'p') (ﬂx_ﬁg) &W&)c Zz (-?,"Wg) (—Qx -HQ_)
From this equality, we have '
s — Eﬂ-""?:
gnwj
&Ee%) j=zw.s,s’ wZeW (R -Rww; 0) (f+4-Fww; (Q+6 )
JES'

-sgnw €
UZ-,ZL)éS(A) [ Jzzs,% wzew (wh-Rw Q) (w}" (£+&) =Aw (R+Q))

s _P,*-J?).

— { sgn wyw € _ sgn wy; w € }I
* 2% WZ‘W (4-Fww; R) (h=Hww; Q) (I-Fww, Q) (A+e-Aww, (0+0))

o 0,
—sgn w itk

B &) eSA) J:st,? W%W (Wb —AwR) (w; (J+h) -Aw (6+R))

—sgn W A

=Q&%}ezl EW (-RwQ) (4+&-Rw(p+g)) *

Then we obtain

I(c)

ﬂ,‘flx
- 4 A . sSgn wjw €
(ze g FU8 3 0) AT g T oy ) AR (e P20
Py, QeR
JRI'N
- 4 A . ~-Sgn W €
(2m)* S F(D,,e, p,_lE) 4|W|ﬁ)<z W§\\A/ (,? HWQ) (£+j_;qw g+q)) dqdp:_
p, AR
L ( P c it dpd
= Flgeige) (i ijezt (RFAL) (prgrm(an)) | 1R
A, RER
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Qedn
€
Whyer (L) (o+g+H (4+L) )

. Ej,‘b@t
= 2 Z, D rerE G
Lez  feZ ! ! TR T
(= 71??7 T coth m(g+p) e =1
,Q\éz Sy
p —l—-j m cosech T(p+R) € = -1

LeZ R

%TrQ cothmp coth m(p+g) e =1

7 cothmp cosech w(g+g) £ = -1,

Hence, we obtain the assertion of Lemma 2.5.

Lemma 2.6. (1) For FeCy( R*x R*) satisfying F(ee’ ,-ged) =

“F(e&Y,~e&*) = ~F(-c&, ee'), we get
(d-4) > g F(eet‘,—eetl)-"xi' (ee™,~ce: 0,4) dt,dt,
S(@p8:20)
t,,t. >0

o) +a
= S F(p,esn,—e) X (0,e:0.,-g) dpdp, .

o el
(2) For FeCY(R*) satisfying F(ee') = -F(e&' ), we get
(d-4) > Flee®) Ty(ge;4) at
S&z0)
t >0
A +.
= g F(p,e) X (pr&) dp .
ge[R

Proof. From the symmetry of F, we have

I(d)
= 4 3 ( F(aet‘,—get‘) eﬂ.t.w;e, A

£
“(2 Q S (_8) dt| dtl
RALS
RAENCY tyta> 0

where

A = { 0,8 ez* ;4,450 .
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Because F is infinitely differentiable and with compact support, from

Lebesque's theorem and Parseval's equality, we get

I(d)
= 4 S F(ed ,-ee™ 5 B L T
R, LJeSH4)
tyta> 0
4 A
= F(g,e;Q,-€) ¥ K(Q,Rie,4se) dpdpy
(2m) * &, 6)eSA)
RrQeR ’
where
2
K(Q,Qid e} = S e (-6 e(tther A (ptpt,)) dt dg
t,t2> 0 '
_ e (_E)‘Qa
(¢-Fp) (h-Fg)
Let W have the same meaning as in the proof of Lemma 2.5.
Put W, = fw, W, W, ,m} , then W, is a subgroup of W.
s 5 sgn ww’ e (_we)«&
@.4) e SA) Ww'e W 4~ wwb, ) (4,—-F wwp, )
wif, widy
— s s s sgn w € (—€)
‘(Zz&)ésm) we Wo we Wa (WTI FWQ) (W/'&_J:(' WDJ)
4,
- sgn w € (- 8)
QZ.%&Z’ wézwa -Fwp) U-FH wg)
Using this equality, we have
I(d)
= 4 g F(o,ei0,~€) —=u = b sgnw” (e )" dpdp
(2m)= TRy WL Gb)eSA) wwelo (4 -Fwwh) (g —Fwwl) ~777%
RrReER
9 4.
4 A 1 sgnw e (—-g)?
= F £€;0,-€) — Z
(2m)3 g R0 TE Fyext wiwe WoRwR) GoRwe, ) CR9%
fr0eR
A P. (_ )/9:
= T 75w F rer Qe z & £ .
(2m) ﬂ (Rreigume) T em Torme) (prEH) IRAR
nrQeR
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it
=

e (—eyh B {ﬂ*cothﬁp,cosechng €

(ﬁ-.&)ezz (Q'H:‘e,) (Q’*’Fl-‘?z) TI'2 cosech‘rrp, COth'lsz e = -1

Hence, we obtain the assertion (1) of Lemma 2.6. We obtain easily the

assertion (2) of Lemma 2.6.

Lemma 2.7. Let F eC, (€*) be as in Lemma 2.4. We get

(e-4) z S F(e?) H’Z(ez, eZ.a A ) dedr
=) ot
<20

=Fm, €).
Proof. From the symmetry of F, we obtain the assertion.

Lemma 2.8. For Fe Co ( R*xR*) satisfying the symmetry of Lemma 2.5,

we get
(£-4) b S F(ea , eat) Z/Z(eet‘,set‘;)\/, ) ody dt,

Stm 20)

meZp trtaro

~ -1 4 Ay
= VPO, TR o) B s e B oan (e = 0,1),
neR
where
BRE, o TE 6 = s Fed, ed) (Al , GUN2E) G, g¢ q¢, .
Lt eR

Proof. Puto= E%E% T = E%E% Then from the symmetry of F, we have

I(f)
=2 Z Fee™, &) ™ em g5 aq.
meZp o>0,TelR
b gwiém = {cotho p=20
™z e cosecho p=1.

Because F is infinitely differentiable and with compact support,

from Lebesque’s theorem and Parseval’s equality, we obtain
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- FET .
2 F(ee™, e& ") cotho & do dr p=0 ,
T(f) = $0,TeR
T4+0" ac-0- H‘&c
2 F(ee” , e€%) ¢ cosecho e~ do dt p=1 ,
670, TER
- % g S Fee™, &) dP 30 gr cotth%- dn d¢ p =0,
_ 28R GeelR
- g F(ed”, &) dW*055 ar ¢ tanhl an & p = 1.
EeR  OeR
By the change of the variables t;, = T+0, ty= T-0, we obtain the
assertion of Lemma 2.8.
Lemma 2.9. Let Fely (R*)P) satisfy the following symmetry:
: ~Tx .
F(eo.gft...) = ~F(...q¢ ...) (Lgig< p),
8(*) +: €+ 31 tq L=y . .
F(...qe'...%e’...) = - (g §) F(...88’...ge'...) (1<i<j< p).
For 0 <gg p, we put §;= qé‘(ls i< p), where € = g =...= g =1, €4y =
€g =...= g = -1. Let % ,03,..., %be integers satisfying Y05, Ogreens0tp]
= l,2,...,p} . Then we get
. P opeit
(g—4) F((Sdlfdu,.l'\\r&(?) :p(60(| '(Sq\'-\~76(y',:>\|l>\2'-nl)\p) TI'C1 dtl dtl“‘dtp
=
Ao Tpro P'
-1t
= F(6[ '(Sl 1\\\,6P) 51;(5. Isl ,n‘r(SP:)\.“)\z, -.\,}\P)’illjes dt' dt}“'dtp
f Y Tr) °

B, Ltp-itl
pl\ F(S +8 /vy 6p) e(H (pt+att - + qﬁP)lLES dty dty-dtp .

I

ki .Xx,wﬂ‘p < |R

P .
Proof. Because E, ki élﬂ

1=

satisfies the symmetry €(%), we have
the first equality of (g-4). Using the symmetry €(*) of F. We obtain

the second equality.

o . . . k.
For fecC(G), we define the Fourier transformation of Ef as

follows:
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A
(36) F};’/K('Kl rI—ZI---I’eK;ml Iglr-°'lmllag 701:31102132,---19,,"15”\)

£ = Z Z Zp 7 t;
= F]f(’ (eFT‘b',g(pﬁ, ..,e_”b",e Le® ... ,e™e Le, et',age ",...,emet’")x

¢"¢z,‘--,qﬁ,(eE7r.f (F (4oL, §F -+ e+ B oo dmg B+, Tib v +Ep Ty +p kgt 4 £y)
O, Gpepmag
Tt i, A AR d¢, ¢, ...d¢,d6 ...d6 AT ...d7 dt, dt, .. .dty,.

/ / 1
Lemma 2.10. For fe C?(G), we define F}E’Z and /F\‘];"e

/,
} as in (32). Then we obtain

/

as in (29), (36)
/

respectively. And we put (+K]?’{‘

J
— ’ / + 7
k,L + Xk, Ly
(37) S@zl?;zz?zﬂkzw Fe' (h) (' Ky"™) (h) dh
S 2o SMe20) (Hj %
KR! I
kme kkeng MMUSKTL2) Mg, @) mlim! 2" 7100
= (-1) S 5 5. z FITT wl vl
w Moe? $oa ‘ H
p=0 Vo Max(3-m4 wnelg Vg gm0 MR
l AKL P V= Mox(j-m4a,0) Yart = Yasp=o,t "M E Prngy ~ Map €2 Vyip
) Ff' (£ r’e_z PR iZK/ ;my l€| 7o 0. lmz IEZ Imﬁf’ i’gl,f‘ 7o oo lm‘gfrlg“P; ® ) x
® +A +4
/ e 4 . N .
aj};pnz o Zr1+i) ng;{y‘g“ T A AR
+a, . oy Tty R
KPSIC‘Z (Pjpaiey 7 Einainy 7 Ot Chm /X (pwc’ el Pxot Exa) X
T % nsrenn 2 ) T 20 (N7 Sieathniot 1 & y
iisu - wi T IRt Loy 151};1,2’ Neprgr? Eira-yrai-1 7 rgmﬂ')
Eiemikil~ T k-2pti-1 K-2pti-j41) ‘ .
et GO T T S T esmaiq T ejrayrai-i
| $igm j<icy 147 < a-y YA <KV
dp..-dp, di‘qﬂa.adi%i, dniﬂuedn‘?,
where
® Mot +Eg4) Moy TEge NovutEqeu
(D, IEI Foe sy %/ Igj/ ;—2"_I€j/+} 1—2“"‘_1 Ej’fll oo I'—2“"—l qu.g‘u—[i
Twutbpu .
Ty e Ej4au ¢ p)‘r}_u&-l 1€ty r e o1 Py 185 pj{-l rE€jppree ey Jea57 7 E,)'fﬁ—:)’ v
n‘i*u+|+g‘§fu+r ‘ _”gtmﬁggwﬂ My “"'gg . “Ny +€ﬁ
DAY 1 v I L B A U S LSRR s aat A T BIESU R D et
?jm-j%—zv; p‘)-{-q-:,/.‘.lufjl Ej‘tu—j’flvﬂr oo e 1Py 7 Emmt )
® is the following domain,
Riw'-Gem)
(p' ’...'pk’K,—'QP,E,R'?, ""'g‘Q,‘_‘)Inz‘i.,l""n&)e'R ;
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wo= |7 273 = j-1 % = {k—kL2p—j/ 2I = k-kbi2p-j~1
¢ 23 = j' ° ¢ 2T = k_k/_zp_]/
a = k-k-2p.

Proof. We apply Lemma 2.3,..., Lemma 2.9 to Lemma 2.2. Then we

obtain the assertion.

§3. Plancherel formula

Let dg be the normalized Haar measure on G ([l(c)], p.1l1l5). Let
dh be the Haar measure on Hk ¢ defined by (10). Then put the left

i ic g liows:
invariant measure dk,eg on G/Hk,€ as follow
dg = 4, .3 dh.

Using this measure, we define the Harish~Chandra transform on H/ p as

ki
in (7). Recall, for fe CX(G),
kv — kfg : kre =i s 4
{38) Kf &}— ep’ (h) conj 4 (h) K £ (ghg™) dkreg (h éHk,?)°
"Gy ¢
Then we have
/
(39) £(g) ag = = o | k& Cm) ECmy a5 my an,
g ke2fim ,
K<
where ak’( == l/}wk’([.
Lemma 3.1. For feCs(G), we put K?’O as in (38). Then we get
(40) ™0 k2% = (-1f ¢ £(e),
. 374 ns+ila ) . . . .
where g = n(n+3)/2,c¢c=2 7 wp! (n+1) and e 1s the identity ele-
1<pan
ment of G.
Proof. Since conj An'o(h) = (-1" An’o(h), we apply ([1(e)],

Lemma 17.5 ) to G. We get the assertion of Lemma 3.1.
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We call (w,v) of type (k,2) if (w,v) is parameterized by (21).
For (w,v) of type (k,f), we take the invariant eigendistribution

O% P (w,Vv) defined by (23). We sometimes denote @ (‘” VY by 0(w,v) .

. . KR
Put the analytic function K|’

k.@ {w,v)on Hk’,?’ as follows:

/ / ) O
(41) Kg:g(w,v){h) = eg’ekh) Ak’e(h) Ok’g(m v} (h) (he 34

k/ {/)

Then we have from (39),

(42) (Ok& (w,v), £) = f(a) Ok,? (w,v) dg
-
= S o KA [ K“b(h) KK ,,'(m,v) ah.
Khaggm }
Hie
Ry 1
There existsz a censtant o such that } i,u,. v (h}% < a for any k,¢ and
{w,vY. Then for any {w,v), we obtain
(42) e (w,v), £)] < aMg (fec?ie) ),
where
197 H L1 ‘
My = 3 o 1K ];*-”3 (h)| an.
Kiad4n
3
Hy o/

Let W, be the Weyl group of type C, vealized as the permuta-
tion group on R, Let @n be the set of all polynomials of n
indeterminates. And put the subset @2 of &% as g pe@: wp = p
{(Vwe Wp) } . When X= (X% ..., Xy) are differential operators
on Hk,€ defined by (8), we consider P(X) (Pe@g) are differential
operators on Hy ¢ . For any Laplace operator D on G, there exists

a unique B, ¢ 62’ such that for any feCY{G) and {w,v),

7 pr
a2y ®5€ < b (0 k

ke
DE £

, D @kx(w,\)) = PD(w,\))@k,_e (w,Vv),
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where

_ mpH & mrAE mpH S m-HE
(45) Pb(wy\)) = PD (‘4;‘&.1‘**1-&(: . 2 lr . 5 ’r"‘l j‘z _(,HL 3 lrﬁplrgqr\" !Frp"?
(46) X = (&,g,...,xn) are differential operators on ery({Z(c)],§6).
Hence from (43), (44), we have that for any feC%(G) and PE@:S,

there exists a constant Mp ¢ such that for any (w,V),

(47)  [P(w,v) (O(w,v) £)| & Mp £

Lemma 3.2. Let feCo(G). For any positive integer N, there

exists a positive constant MMyf such that for any (w,Vv),
(48) (1+ Ko, w2 )N [@w,v), 6] ¢ My ¢

Proof. From (47), we get the assertionas in ({2(p)], Lemma 3.2)

corollary. Let (w,v) be type (k,2). The series

Z (O (M (‘ell”'loqklmp Im‘{ifn e Em ) (Y] (E,r--- .vggrp‘:--me) ’ £)

Lr € Z MrmpeZ Comim
is absolutely convergent and the convergence is uniform with respect
O (Bueer&uBr-o-,Bu)e RO,
The following lemmas are due to T. Hirai.

X,

Lemma 3.3 ([2(c)L Cor. p55). Let Kk 0

(w,v) be defined by (41)

Then for feCh (GQ)

(49) 5 ukie'S LUEA ) LYK (0, v) () ans (-15T (0, v (Be(w,v) L £)

k&R’ <m
2R/ u!,

X0 (k+24< n),

where L is the polynomial defined in §1, 1.2 and L (w,v) is defined

as in (45).
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Lemma 3.4 ([2(c)], Remark 6.3). Let (&,V) be type (k,{).

Let (Kk %) be defined by (32). Then we get for £¢C%(G),

(50) T = C,.“’)a“"s P ) E Y man = DM Folew B
Kh20<n g¢jeam’

J
(Hyeer)

o w!
where (3) = W.

Theorem 2. For feC¥(G), we get

fle) = 2 ki) S ¥ (m,e;8,0) L{L,m;E&,p)
k+2‘0 L 40. >‘P!.> "?ka>0
My >0, ., Wy I0 g'>o'""’§£>°
€, €2, , Em=0,] &)ﬁ)...}f““)o

+
( @(w(‘ar&l»oer-gk;mh===in}ﬁ€,’é,_l=-urém\) i\)(g/l-v-I‘E]Ip,relo-OIp,m)) £)

G&...dE dp, An ,,,A0

Where
Y(m,e;8,0) = Ty (&imp=1) T ( Grgisete) Y(RTRi&™g)
14psd KP<2<%
Ty (gik+e);
1Spam
tanhmn&/2 (p = 0 mod2),
Y(E:p) =
cothng/2 {(p = 1 mod2);

L(le;EIQ)

= LU ke g R +rg “JL’%L-,. r—"ﬂzigf—,ﬁ_—g—gl,ﬂq,l—‘cg,.

ey

!FTQ,‘);

c(k,?) positive constants.

Outline of the proof. Using the notation, Lemma 3.4,
mn

we put

KA _ s o m X,91
(51) by’ Mﬁw ) > in) ( K ) (h)dh
S@2 £z 24e20)

550,520 )
Sm20)- Slwe2 (Hkuzf)
QM &y, €, ((':m‘ 00) PO ?{7 7ﬁ'7 °©

Y (mreiE,p) AE...4a5 dpdg...d

Py =
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Then from Lemma 2.3 and Lemma 3.1, we have

(52) bE”Z = F?"’ (e) = (-1)% ¢ f(e).
Put
(53)  ay o= (- 5 L(£,m;E,0) v (m,&;E,0)

/Q) >—027"' ? /Qk? o
M>0,...,mg20  £230 320
€LEwEm= 0] H?P>2Ho0

+
( C] (w(‘qw’ezr"‘r*qkrmh s WY,€ € rem) 'V (gu"‘ ,Q,Qrg:uwﬁ,),\)) If)

dg. ..dédpdo. « «d0m -

Then from Lemma 3.4, we have

k0 kY
5 = +2 .
(54) S o bk,{ ay ¢ (k+240<n)
ki2R'< kerl
K<K
Using Lemma 2.10, we solve this eguation with respect to bﬁ'z B
7

Hence from (52), we obtain the assertion of Theorem 2.
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