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Introduction 

Let G be a connected real semi-simple Lie group, with finite

center and acceptable. Let  9 be its Lie algebra. Let  0 be a Cartan 

involution of  T and  9=  12il the corresponding Cartan decomposi-

tion of . Let K be the maximal compact subgroup of G correspon-

ding  to  . Let P = MAN be a Langlands decomposition of a cuspidal

parabolic subgroup P of G. Then there exists the 0-invariant

Cartan  subalgebra satisfying  3  n =  al (the Lie subalgebra

corresponding to A). Let H be the Cartan subgroup corresponding 

to  Ir. . Then B =  HnK is a compact Cartan subgroup of M. Let  w be 

a square integrable irreducible unitary representation of M, and  v 

a purely imaginary valued regular linear form of  e . We extend 

 w  Ov as a representation of P naturally  (w0v (man) =  w(m)ev(log  a), 

mEM,  aEA,  nEN) and define the  induced  representation of G as  follows:

 7(w,  v) =  Ind  wEN 
 13+G

Then  r(w,  v ) is an irreducible unitary representation of  G. The 

representations so obtained are called  of  non-degenerate principal 

series. Set  0(w ,  v ) = its character. Then  0(w-  , ,v ) is a locally 

summable  function on G and a real analytic function on  G` (the set of 

all regular elements in  G). In this paper, we are concerned with 

the groups  Gn  =  Sp(n,  IF). First we express  0(w, v ) on  Gexplicit-

ly. Next, we investigate fundamental functions which construct 

 0(w,v). We use the Parseval formula for the reduced forms of these 

functions, and get the Plancherel formula for  G.  When the author

— 223 —



gave this result at the occasion of  Summer Institute on group re-

presentations and harmonic analysis held at Research Institute for 

Mathematical Sciences, Kyoto University, 1979, Professor T. Hirai 

pointed out that the explicit form of the Plancherel measure for

Sp(n,  R) has been given by R. A. Herb without proof. In this paper 

we give our method to reach the result. The author expresses his 

hearty thanks to him.

§1. Structures of Cartan subgroups and Weyl groups

 

(  1  )

1.1. put

in =

 

I  On 

 (-ln
 1n) 

01,
 Jn =

1

0 n 
 n

 O
n

 -1
n

where  In and  0n denote the identity matrix and  zero matrix of order 

n respectively. The group Sp(n, C) or Sp(n,  ER) is defined respec-

tively as the group of complex or real matrices of order 2n satisfy-

ing

                    tg  
ng=  In 

where tg denotes the transposed matrix of g. Sp(n,  ER) is a real

form of Sp(n,  C). In this paper we always treat the following 

group isomorphic to Sp(n,  ER):

(2) Gn  = gESp(n, C) ;  g*Jng =  Jn  I (g* =  t(5).

Put G = Gn and let  T be its Lie algebra. Let  0 be the Cartan 

involution of  T given by  OX  =  JnXJn  (XE9 ), and  9 = the 

corresponding Cartan decomposition of . Let K be the maximal 

compact subgroup corresponding to  .
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      1.2. Let k, 

 k+22  +m =  n. The 

 (k+2.e  s n) form a 

conjugate to each

given as  Hk
,2  =

 nexp2 consist of

eHh= 
 k,e•+

(3)

eH
k h®=

e and m be non negative integers satisfying 

 following  e-invariant  Cartan  subgroups  H,

maximal set of Cartan subgroups which are not 

other under inner automorphisms of  G. They are

     FIk
,e, whereHk,t = Hk,e-IK andHk= Hic,R

the elements of the following forms respectively:

       (1).FCbcR e,-gre,RI -S.€ .Ff81 diag(eR
,eRCb2,...,e; e,e,O                              e,e,...,e 

 -FeR 47 (I), 47(6 --Agbli -Pe,  e;s
1,E,...,e,,,,;e,e,...,e ;e, 

      R e,-tear--i%41-02 giet 
      e ,e ,e ,...,e ,e;  El  ,El  ,  ...  ,  Ern  )  ;

 rl 

 k

 ch  t, 

  ch

 0,

  ch  tm

 j k
 D 

sh  ti 

 sh  t,

 1

 sh

 Ok

 

I  lk

L

=  I  ch
ch  1.21 , 

    ch

,  t,eR,  Ey

 with diagonal 

be filled with

 h+ -Hk ,e 
(52.1 • • 6;1 )

sh

sh 

     sh  t,,n 

sh

I

I

 C

where  itP ,  el

gonal matrix 

spaces must

Put h

 ;

, D =

= ±1,  diag(a, 

elements  a,, 

zeros.

  and we arrange 

where

 T,  "j
 sh 

    sh

 ,az,...,a,n) 

 a2,  •  .  •  ,  aan

its eigenvalues

ch

ch  t2 

 ch  t,„

 J

 1 =  {0 1] , 
 1 0

denotes a dia-

and the blank 

ues as  (6  ,6z,
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 Sp =  eacb, (1 p  k) 

(4)   1cSk+7q-t = ezz, ski.n = e ( zz= TifFi (1 q ,
(Strptw=ety                                       (1  s r  s  m).

We use 6  =  (6, ,  6,  ,  ...,  6„) as the co-ordinates of h. And we put

 Ak (h) =(+6i;) -  (6% +6z-1 ))(6p -6pf) 
           1.15v&I

        (h)  =II (1 - )  II (1 - e P) (1 - eP Ez ) (1 -  e./('+/) 
 (5)  

Az' 1:pe4 14r1Vm  (h)  =  II (1 -  e"F“z) ) (1 - )  IT (1  -  eeP ), 
 is.m4k 

                              „ 

 Ek(h) =  sgn A''(h).

To make n  clear, we denote sometimes Ak,2by'Ak, 2. Let  1-1''Hi (R), 

and HI (I) be the subset of  HkQ defined by Ak(h)  * 0, AR' (h) 0, 
and  Ak,2 (h) 0 respectively. Let  Wk, be the Weyl group of (G,  Hk

tl)

For  wEWk,2 , we define  E  (w)  ,  £'(w) as follows: 

           k,        E2
R(wh)  Ak (wh) =  E  (  w  )  ER (h)  Ak  (h),

(6) k ,2        E
R(wh) =  Ow)  eR  (h).

 Wk,2 is generated by the elements w listed below. Denote by  Sq the 

symmetric group of order q.

any 

any 

pair

any

ations of  wE W
 k,2  E (w)  Ow)

 rmutation w Sk of
ATPik

e,e • •

 '04
sgn  (w)  1

rmutation of z,  Z,  ,zg  Or of the

 TI e,  ),  (T,

 

,  02  )
...

.(TR R
 1  1

 r - (1 r  2) 1  -  1

 ev (1 r  2)
 -1  1

 rmutation  we  S
m

of  c;el  , 

 

(  6, 6,0°'  (  Ewg4)'''' sgn (w)  e (w)
. . • (tm, Eww)

 Y  tr (1  s r m)  1  -1
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                                                    k,R      L
et  dk

re7 be a left invariant measure on G=  G/Hk,4  . For  fE 
 C°:(G) (the space of all  e°-functions on G with compact support ), we 

define the Harish-Chandra transform of f as follows: 

                                                                        ) .(hE       ,kk),R (7) Kke(h) = E,                   R(h)  conj (A (h)  )f  (ghgl  ) dk re74-I-1;c,.e, 

       f 

            Se 
Every K,R (k+2-e�.n) has the following properties.        f

 (i) K,eon H,k
,-€can be extended to an infinitely differentiable   f 

function on H/k
,,E.(1). The restriction of the extended function on any 

connected component of  q ,,,e  (I) may be considered as an infinitely
differentiable function on its  closure. (  [l(a)], Lemma 40  )

(ii) Kk(wh) =  E  (w)  Kk,R(h) (wcWk„0k
rk,  (I)) 

For  6 we denote the corresponding differential operator by  X.,

 i.e.,

 fg   _  1   9  9  _1( +9 ) ,  g1( 99) (g a)           FTaaz
t2`)Tz.g-;2 a-t%C).1 ae ,i7.;  a  et 

 a (8) 
           ti- °

Let us consider the polynomial

I,) = (IT )  (17 -17  ) Y 
       n  i�p<got  p  q  P  p

of n variables and put the differential operator

(9) Lk'R(x,xy...,Xn) =11(X+X) 117,  X.                                       j<p<q�nP

Define the Haar measure dh on Hk
,eas follows:

(10) dh =  dc  de,  dez...  dek  dT,  dt,  dtr..  dt,„.
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Let  HPLet  HI'   K
,2(0  � psm) be connected components of Hk ,-edefined by 

 (ii) HPre= 01EHkre;a,  ==  cp= 1, apti=spa==am=  -1  }• 

 k Then HPkk+2.?n, 0 p< m from a maximal system of represen-

tatives which are not conjugate to each other under inner automorphism 

of G. We put,

 (12) F"=.1he HPk,-e;T.11'> 0(1�.r<_e ),t,> t.,. . . ,tP,  0, tpt,, tp+,_,  .  .  . 
                                        >tm) 0  i  .

     Notations 1. Let  Q ,  -e„  -et, be non negative integers such 

that  .12,  x_  12,z. 0 and  vj =  ±1  (1<  j<  p)  . For  (S, =  ,  63. =  EP'  4)2, 

          RCb      6
c,=eP (  qbjc  , we put 

 (a-1)  Ep  (  cS,  62 ,  •  -  •  6p;  v,-P,  ,  •  •  •  vp-Pp)

=  det  (vi  6j  )  (15  p) 

=  Iv,  v,  62°', ,  v  694P  I  6  =  6,,  62,  •  •  •  61.
 +E  

p  *  •  •  •  r4p) =  L  p(  *  ;VA  /VA  •  •  •  /V  pip)

Let  2, , be non negative integers such that  -Q,_�4,� .  0 and  vj =  ±1 (j = 

1,  2)  . For  6, =  ez,  Sz =  ez  (z€  C), we put

                             -e,— 
                                               -  6,-vv

,.(S, 

 (b-1) n 2 ( ; vve,  ,  v,  2,) 
                            -  62--vTSts 

                                                                            , For  'Si=  6  (  ti ,  tad  R  „  e =  ±1), we put 

 , 

                                             -

 (c-1)  c2  (  6,  ,  6,  ;  v,P ,  ) = 
 2  -6,  -v ,v,(  6,  +  6,  )+

For  6, =  sett ,  S2 =  cet' (t, ,  t,cIR) , we put
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 (d-1)  X(61  S2;  vl  8 ,  ) =
-6 , -6

, 

 -  6,

We put  ;I2'  a-2' and  +x as follows  :

 +K  ( *  •  Zi ,  ) =  YK  ( * ;  v,  ,  )
 L1

.  La

where K expresses  n2,2 and  x respectively. 

 6, = , we put 

 x  (6,  ;  v,  t, ) =

 +
x(6,;  £1 ) =  Tx  ((Si;  v,

Let m be a non negative integer and  E e  R,

In-E . For  6, = ez,=  e7( z = TFe,  T,  8  E    a. 

 (e-1) H2(66° X,= (e-Pm()Rix°-e) (e+ e ) 

For  6, =  Ee  ,  61  =  Ee , we put 

 

(  f-  1)  Z (6 6 ;  X, T)  =  2 p, 
 2 6 

 aC441'

 Let  Xj=  (Ei  ,A-pj  ),  c‘i  =  0,1,  pc52 

 

,  6  =  EiLV'  Ej =  1  ,  R)  , we put

 (g-1)  .8P(6

 p)  .

For

and 

 )

 62  •  •  •  6p;  Xi  r  A2  r•••/  Xp)  =  z  I  I  (

 .Q,  z  0  ,  v, =  1

 set X 

we put

 For  6,

and

 mRF  = 
 a

 =  E,e14

 

,  .

 qibti
 Ec,1,11
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§2. 

Fix

negative 

 (le+2e+m'= 

Let  42,,t-- 

and let 

gers and 

We  define 

 conditions

Characters of non degenerate principal series

 (13)

non negative integers  k,.Q ,m  (k+2€+m =  n). We take non 

 integers such that le+24'5  k+2e,  k'5 k, 0 5 j5

n). And we take an integer p such that  OS  p5 min([kk2],-t).

    be non negative integers such that  -&  � 0

              be 1 or -1. Let  mi,my...,me be non negative  inte-

       (1�,i 5 ) .  Let  ,  .  .  .  be 0 or  1  and  f):,E  fR  (1 m) 

  ordered sets of different integers, satisfying the following 

 ns :

 A  = 

 B  = 

 C =

For an  integer

 J  = 

and define

 P =  (1:1111"'"R31.1), 
(14) 

   =  p. <  q.  (1S

We prepare two symbols r and s. The symbol r 

when 2J =  T-1, and the empty set  (1) when 2J = 

denotes an integer when  21 =  k-kL2p-j°1, and 

When both r and s denote integers, we assume 

(15)  r  <  s.

 (al  ,a,  ,  ,  a,  <  a,<  <  ak, 

 (b/  ,b,  ,...,bp) 

 (c/  ,c,  ) , biI< c.(1i<

 j' satisfying  Max(j-m4a,0)  S.  Ts,  Min(j,  a) 

 [T/2],  I =  [(k-k'2p-T)/2]  ,

 i<  J+I). 

denotes

 y  . The 

(I) when  21 

that

 P). 

(a =  k-k'2p),

an integer 

symbol s

=  k  -}e-2p-j' .

put

— 230 —



Denote by A the set of integers  ia, ,  aa , then we assume

further that

 Kub  uEulsui5 =  11, k 

Put q  =Z-p and we define ordered sets of different integers,  satisfy-

ing the following conditions:

( D =  (di  ,  d2,  d  ) 

 F =  (f,  fa  DuF  =  1,  j

 for brevity, we denote the collection  (A,  =1,  C,  B,  Q,  r, D,  (7) 

simply by  u,  . Denote by  B-C the  following  orered  set  of integers 

 corresponding to  B  ane,  C.

 B=C =  (b,  102  c2  bp  cp)

Moreover we denote by

sgn  J  sgn(A,  B- C,  P.0,  r,  s), 

We define also ordered sets of different integers satisfying the

following conditions:

( a = (a, , a2 , ap) ai< aQ.0 ...<ap 

   =  (13, ,  13,  ,  ,  6%),  6i<  2'  2.  •  •  <  e 

 07 =  1  2,.e.,  Q  j

 (1  6) =  ,  w,<  <  .  „ 

 ,„k=1-2V+j  ,
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 pUj, =  (U1 (17) 

 pV.j/ =  ,v2 , ) , < < ,u  i <  vi (1  <  i  S  J+I)  .

We prepare two symbols w and x. The former denotes an integer when

 2J =  j'-1 and  gb when  2J =  j/  respectively, and the latter denotes an

integer when  21 =  k-k.L.2p-j'-1 and  cd when  21 =  k-k1-2p-j' respectively. 

We assume the following conditions:

 jui ,  (1S  i�..  J)  , w =  tw„w2  ,  ,wj,  3  , 
(18)

   

,  vi  (3+1  <  J+I)  , x 3 =  ,NAT+2 , ,wk_v_20J.

We define ordered sets of different integers, satisfying the following 

conditions:

 {.E =  (b1  ,l'a.,  •  •  •  ib  -e-1  )  '  vi <  l'2  <  °  •  •  <  1'2-4  ,  El =  (b1  ,N2  ,  ...  ,bi .e_t  )  ,  11  <  Eli  (ls i  S2-q); 

 i'bi  /  bli  ICI  k=F2-61,  k'+2//'+2,  ...  ,  k4-2-(4j  I
 Or

f vi  ,  ki+2-e+j+1,  k'+2e+j+2,  , n  I  (1  S  i  �  .4)-g)  ;
 D =  (91  :32,...,3/0. 

We assume that

 PU~,  U  /  Uiw,  XjUE U  5 =  k+261,  ,  nj 

For brevity, we denote the  colleCtion (a,  8,pWj.,07j,  w,  X B,  EI,  9) 

simply by  pUky  •
                                                           -kCtile,e/      Aft

er these preparations, we define a functionK.
ion F,,as             J 

follows: for  h  E Fk,'( c Hi
lv,e)           j,' ' 

                                   tikikIkl ,.e,)!lino, co          k'
,..e.' 1671+14ktai (19) Kj  (h) =  (-1) E s g n i I:  Z. I 

 1.1  p=o  j'..  Max  (j-w+a,  0)  pilly

 (61  '62  '  •  •  •  '  6k/ ;  Au,  Aa2  ,  •  •  •  Aaw  )  2  (  6W+204;  Xbt  Aci  )x 
 ISiSP

 1  r       2(-vi,A`Ali )  X  (6w  ,  6>: ;  Ar  r  Xs)  T  Hz(  (Sk'sagi-ir  6W+201  Aki-c4,2`kt-cliff)x 
I 51-1 1�-isy 

 Z  2 (6.b :64 ; Ak+t•E'in(631 , ,  •  •  - r(Sa•rt;2`k+2Rfi, AkfVf2,- • , Al) x I

 Trin'-fk:f-1 -1 k-zp+i-/  E
.!  E  - 

. 

I ISzSa
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where

(20)

(21)

p+q  = 

 6-;  = 

 cSK:i.ai  -I 

 SW-1-1.6 

 Ai = 

 Ak42.14i

 RI, 

 Zi = e 
,  = e

=e

 vi  =  ±1 

=  (In;  ,FI )  AKvi;=  (In;  ) 

=  E  )

We put

(22)  05,4' = 2

Because  G'= U  U  U x  •  ) 
 x  Q-G  k-t2.1/r71,41 0�..:14171

 whichis conjugate to  gEG4. We define 

follows:

(23)  0(w(v,J2, M;  c),  v(; 
 ""k' -r                 (h ) 

              ghE ("')' 

       )g

 t 0  otherwise,

where M =  (m,,  ma,...,  mO,  E = (E, ,  c, 

and p =  (p1 ,  p1,...,  RO. And put 

 +0  (w  (  .Ric; * ) , * ))  =

     Theorem 1. Take the analytic  func 

(23). Then  0(w, v)are invari nteigendis 

 a>  .>  At>  0,  vi, 

 P,  •  •  .  pm)  0,  E,,  EZ,  ...  ,E,m = 

irreducible unitary representations of 

If  Q , m  = 0, then  0 are the  characters 

 k, E  = 0, then 0 are the characters of

 (1  i  k'  ) 

(1  ) 

 (1‘. ism') 

 <  k  ) 

(1 -e ) 

 )

    for 

analytic

 gG' we take

functions  e

 P)  ) (g) 

 0  s.  k's  k, 
 k+2-e  ,

 h

on

 E(F.,"-)1

G as

0  5  j<  rti/,

 ElOiC =  (i  Caf.**,

 (w  (m.e, ,  v„ e„ , v„1(0 *) , v (*)  )  •

 functions 0(w,  v) on G as in

V) are invari nt  eigendistributions. Especially for  -e,2 

 o,  ,  > 0,  o,  c>  o

,l, 0 are the characters of

 non degenerate principal series. 

  of discrete series. And if

 continuous series.
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Proof. Let  K.  be  the  centralizer  of  en  in G. Put
 k,

E(?I<k
,.2) =?Kkcontinuous homomorphism

(  IR* = IR-  (.0} )

 m  n  KerInI  . 
                     leE'X„ ,a) 

Let Z be the center of  NC,then 9Hk
,2is the maximal connected

split (i.e. Ad(h ) is diagonizable over  IR) abelian subgroup of Z

There exists a cuspidal parabolic subgroup  Pke whose Langlands

decomposition is given as follows:

      P = Mk
,. k,N            /' 

where Nk
,Ais the unipotent radical of Pk.  Mkconsist of the

ments of the following forms:

 c, D,            C
a     .,

, ,D2.D 

. 

 CJ2  R  .   

, 1  s
,  e 

1 1  

I .• 

       

. .  E,,

>icx,4

 ele—

B'1

 D,
 -2 

      

•  
15A

 A.I 
, 

 C,  C
_

 c_t  

       it

 E,  
62

 c„„

where

 Al 

 BI 

 a;

B   1
.    E G

k— Sp  (k, IR) , A
l 

 a'  ,  €  SU  (1  
,  1)  ,i.e.,  "a

,

 C  = 
            -OZ. 

 laJ2—  I =  1,

 •-•
^ Et; at, 1

   =

 Di 
 1 

 1+3,

2v5-

 Ri 

Ri

 R',  3i

1-9;

2        =  ±1 

    ' 

 (1  5_  is-e).
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We take non negative integers  kC-ef,  j, p, q and  j'  as  follows:

 k'+22'�  k+2E,  k,  = n,js m', ps Min( [k7.2kl;,p+q (24)

 Max(j-m'+a,  0)  s  Min(j, a) (a =  k-k1-2p)  . 

Let u, v be non negative integers such that  u+v =  2  (.2-q)  ,  f4-1.  s j. 

Let  Al' A2 be ordered sets of positive integers as follows:

 A1 =  (i+1,  f+2,...,  f+u),  . 

A2 =  (j+a-f+1,  j+a-f+2,...,  j+a-f+v).

Put c  ilin(u, v) and define

 S2(u) =  tc,  c-2,...,  c-2[31)).

For  de  S2  (u) , we define positive integers ,  Eli as  follows:

 Al =  (b,  ,  „1:32. .'bblu_d. 4.2u,+ci) 
 2  2  2  2  2 

 1\  2  = (b/ ‘4-
1,1vUid. +29°° •Lk+  d u +U.+CI3..U.+ ol 2N•••••U.tf  2  2  r'  2  2  2.  2  'a,

Put  E, =  E2, = =  Ed =  1,  El+t =  E•xt,k = =  = -1.

     Using these notations, we define  242 matrices  CI  (I& as
follows:

                   oPti0 
   Ci= (lq),                 -0 

 e

We also define 

 C7

 Cq+i

 1+  E-bi  EI,I;  1-  &L.;  E  

   2 2

 1-EN  co,  1+61,,  Ebi; 
2 2

 2,(2 matrices  Ci,  D 

ch T•1     Ptt

 chtb  +chtbt;
2

 chtu  -chtu;
2

 cht?,1  -chtW 

 chtls;  +cht 

— 235 —

 (l  i 

 ( 1

 +chtte;

 -e-q)  . 

as follows: 

 q)  ,

 ( 1  q  )  ;



 D. =  Sh  Tro

D= 
q+i  (  shtb,   shtb,+shtai_

2 2

 Sht-b1  —  Irtwi  Shtb;+Hht61: 
 2 2

Let  q be an element of  S/ satisfying

 (25)  4.1_, (1 2 ..• q  q+1 q+2 
       d2 f2 .  f(Lt

Take a permutation  51 as follows:

(26)(             j+u+1j'+u+2j j+a-j4v+] 

            313y...  3,5  (AA-  1

 <  <  '  •  • <  3j-Y-u-t-1  <

The following subsets HI3c,x(p, j',u, d, 

to Hk
reunder inner automorphisms of  G. 

 kW      (*)°Wk11j(*),where !di(*) =  Hi  /(*)  kCC

consist of the elements of the following

eH
kW(p.  ji,u,  d. g  . H): 

 A+  I  1  1 i 

         e:    1 
1            -(3134 1          

, -  ,                           •4_                   C

                               63' 
EN

i

 (ls  q)  , 

 (1  �-e-q)

 

,  di<  d2<.  .<dg ,  f,  < 

 j+a-j'+v+l  j+a-P-v+2 m' 
   33--3/-(4-1- I ° • ' 99h

 3j  j' -u+2<  °  •  • <  am  •

 a) of )1( ,Rare conjugate 

They are given  Hijc,,e,(*)  =

 X*)  n K,  eq, ,e,(*) = 1-0'(*)nexP,T
forms respectively.

 

1

3,m

 +
! 

  1 

           1107+ 
 =-14,

                                                

• ,-.,+                    L 
 L3(8) 1 , 

                            C 

 ,3( E 
                                                                           3a.  

, .. 

 E  3
,4  , I
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where A+        1

GH3
,   k
,4

 A1

 C Liu)

 LIO  I  
D

 B

where

 Al

Then

(27)

form a 

to each

       p,RS6K, Ref-PO!ROp-Rep = diag (e ;e  
,e ,e; 6,,,,,..,Ej.4.0i  ) 

 J

/(1D, -(1,

 B1

                                                I--
D, 

 _ co _ I LIM   CD- 
71(.2.)Liu) 

. . 

  

•  C  !  1  •D
 la)  1

   cht*,shte, 

              cht,*  

!   
                    II- 

                                         

i  sht), 

 sht• 

 A    

t ;  1 
 c  'LW  )

 D--  -(m;1!C-                go)   I 

!                                                                                                                                          

!   ,-;
.. 
  !, 

             

! C  -I            -x-2)     i  git!  
        IT-         shta,i              I!cnta. 

                                                           ! 

    s htax cht* 

 a 

     . . 

      sht.3,„ chra,,

 1

 ch.r.7,  1, 

 ch'cp 
 cht,

 chte

 cht;14,43'

 

,  B1

 I

 D To) 

 sh  te,

 sht

 sht*„

it

 shti

 sh"c? 

 sh-ti

sh

 shta,oi

 H3  ,(p,  j/, u, d,  q,  a); j, p,  j/ satisfying (24)

 1  s  u�.  Min(2  (R+p---ef  )  j-j') 

 d  cQ(u) 

 ' satisfying (25) 

H satisfying (26)

maximal system of representative which are not conjugate

other under inner  automorphimnof)K  k
,R'
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     We take A, B, C, P, Q, r and  s as in (13), (14) and (15) 

respectively. We denote the collection (A, B, C, P, Q, r,  s) 

simply by  4 and put sgn  g = sgn(A,  B•C,  P•Q, r, s). Let  (cS, 

 ...,S,) and  (X,  ,X2,...,An) be as in (20) and (21) respectively. 

We take PP7W.,U.'P,V. , w and x as in  (16)  , (17) and (18) res- 

pectively. We denote the collection (PY,PYPW.U.,V.,, w, x)                                           Y

simply by _al., . Let w be an irreducible square integrable repre-

sentation of Mk
,eand v be a purely imaginary valued regular

linear form eCIk
,e(the Lie algebra of 811k,e). The character of J 

this representation  w has been calculated in T. Hirai [2(d)]. 

Using this formula, we can express the character y(w,  v) of the

representation  w0v as follows: for 1.1(113k(pj', u, d,  u, R'  ,              Ce''H

(28)  'Y(W,  V) (h)

 4+06 (-1)  sgn g ,Aa, ACtw )  rk.(61S'cii-ii6W421i;Ab  FAC;  )

k w-e` P-I d?  A ' (e 

 2  TE
 av  I  S  z  S  341

        1:7 01-F1(36 Rej? ..,e 1<,e ,e,...,e 

 2  (6kki  '(5\i=  ;Apt.  ',Ali

 ,eEet,,, Ey ee                  t:y

)  x((Sw  (sx  ,  )

 -x

ci.„1.),etjta7))

 t2 e-tH V2Rtb .+-t) /2 mfi+1  eP*/ e ,,b. 

 cR eptep-tile( tu-tu)/2_j(tu-tu)/21

,Y11

 66iOcitDi,if= C...E= 6 
5i1,

0 otherwise.

We extend  wov as the representation  pk                                              naturally and get the induced

representation  7(w,  v)  =  Ind  wov of G. Its character  0(w,  v) can be
                            P" CT 

obtained by T. Hirai [2(a)]. This is exactly (22). The irreducibility 

of  7(w,  v) is given by Harish-Chandra  [1(d)]. Even if a parameter  (A1, 

 A2,...,Xn) is not regular, y(w, v) is an invariant eigendistribution
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Then  e((13,v) is an invariant  eigendistribution on  G. on  )1(  k
,e

 §2. Fourier transforms  

 Notations  2. We define functions corresponding to those in

Notations 1. Each function (*-2) has the same conditions of the 

corresponding function  (*-1).

(a-2)  (6,  , 6-.el,) 
                                p'  A 

 = (6c,-(1) +)(6:t2) +64-7!1) )--(6:24) +6e>t ); 
        creSpcro) 

       4h (b-2) +11'
2(61 , 6222)  = 2(6, +6)62.+2 (63.+6%)61

(c-2)  %2(6,  ,  62;  f%)  =  4(6!'4'+); 

                                                                                                          , 

 (d-2) 45(1(6, ,  62 ; t,, t2  )  = 4  (6, 622.+6,'624) 

 (d-2)  (6,  ; =  26-!'

(e-2)  W2(6, , 62; A , A )  = (g'ne+re) (VT-VT);

(f-2)  zI2  (6, ,  6%; X ,  A ) =  2?4(t'-4)4(  eFT  4(t,tt,  (tittx,)12  )

                                    _rt,tuIllgi4(t,-t0/27tQtrt4 ,in              -2e(e -e )b ; 

                                                                   ,PAi,  (g-2) E'(6
1 , 4, ... ,O;A,A,—pi)=isgn G11(ee47k4tA)c64,6)  0,-ES1,  a=1

     For  fEC7(G), we put 

                 ,R,1 (29) Fk,R
f(h) = LkKkf (h)  (hEH1(I)).  k,12 

Every Ffk,R  (01  k,Q  ,  k+22..‹. m) has the following properties.

      (i ) Ffk,R is zero outside some relatively compact subset of 

  R HK and can be extended to a continuous function on the whole  k,

 Hk
,/  .  (  [I  (a)  ] Lemma 40)

(ii)  Fk,R (wh)e(w)  Ff(h) (hEH' (I), wEWk,1 ).                                              k
,R 

(iii) The restriction of  I-Von every connected component of
 HI (I) may be considered as an infinitely differentiable  func-

tion on the closure of the component.

                                                                                             , 

Using the  notions of §2, we definefunctionscICason

follows:
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                            Mmalie) Mlt0,00 
         (h)  = (-1)k/Yki-k(k-t-Oh.   J 

 j'.M0)(0-?r=t-a,o)  p  LTV
 tC

k,( 61  ,  • •  -  6kt;  Xa,  rktz,•••1  Xak,  )  li+r112  (40004  610-2c4i;  Abi  '  Ac;  )x 

Trf+,'2iti!cS;N.T.)x/(Sw ,; Xr , As ) 11- Hf2cSk'+api; Ad;idi+I)x 

  1[ z'(6,6; Xf, A4,)( 6,, 6,,,6gim; Xii+2.41 ,A1.0.1e42,rXn)x     2'hi-bli•--; 

     s7t+ i71-sk-4-1-4-4    .f 1�i‹,m1  ICrIS.Cc15-iI�t-1bi

Lemma 2.1. Define the functionstRie'R and (+1-(kYi)' on Fic'e by (22)

and (30) respectively. Then we get

(31)T1.)+f„1,     k'e`T,0Mil-FICI mi-FFmkHmr.Ri  J2, (31)1.=l,.., ,,02 l.",ek, 2  , 2,—,2 ' 2 'Rf'Ra'-)(lY 

We define functions (-1-K')/on (Hj(R)Y= Hj                  ile ,e'kW(.1kce'(R) H' as follows: 

(32) (1-Kkn(h) =e(w) (-1-kkikC ei 
                                i

)/  (h,) (h = wh. E (Hi,(R))%h.eFk''''  ji  ' 
                                                                            k,e'  w  E W  )  .

                                                 -P     Let W be the permutation group onz- =  I  (ti  ,Z2  Zi 

 tp  integers} generated by the following permutations:

      any permutation of  Zi  ; 
(33) 

      change of the sign of  ti  (1  5 i  s  p)  .

Let f be a function with parameters  (ti ,  ,Zp  )  E  ZP  . Let A be

a subset of  ZP . We define the sum on A as follows:

(34)  2=  w 4 
ss -e'ea  CA,A,-,ep) E )-e  A P P) 

where =  Wp;  w(Zi =  (t  rt2r•••14)1 
For A =  (zi  ,t2  ,  ,  )  ti  ZP;  t,  Z  22  ...  ,er,  2.  0  3  ,  we simply denote  S  (A) 

by  S  (tiz  ,e2>  >  0)  - When A is infinite, the sum on the right hand

side of (34) defined by the following limit,
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 1%.

          lim  2:  fce  CR ) 
(.)21/4.,*...ep) E A2XP  Ms,  hh,M2,N:,  .,Mp,  +c)0  "2'142

 e A

     Lemma. 2  .  2  .  Define the functions (+K)r on (Hk1
,-e'(R) )1 by  (  32  )  . 

For  f€C":(G)  , we put the functions FkC'ei(h) on HkW'as in  (29)  .  Then.

we get

 (35),-?'                                 (                         Fkle (h) (+,)h) dh               C-("..�.2      S2--7.4�0) fKkJ 
 g,4n,�0),-S(m.e.o)  (H?c,f,  )' 

                 RDIV-ttil—t) hx(i,ci)' 
        =( -1 ) k'rri 4- k (lc+ 0/2.,-'                                                  m'! 21  t!!  t.  !                    21 

 P=0  j/=-4-117sX  Ci  -014-  Q.0)  0)  1,+V J!  I! u!  V! ® 

   5 'l             Fic( 6i ,62 e, . . . o(SR)1-Cki( 6 1 , 6 2,...:6K' ; A 1 rX2y .... r X K'  )  x  f' 

® • -
 Tr112.1 — I 61<+2;  ;  A  k'+2.i  X  )  111.21  s2;-1n'ski-21313i —1, A k4-2loi)  X 

                                                                                  ta'  

I  sis 

               et:142-i-1,Ertz:eti'+2"•,Ak,s2f ,„3.*2;)tx ( Sty.,(Sx„,; a-rt,,As.) X 

 Hz  (  akitar+2.;  -I  k'txp+li  ;  A  AR+2; )  x 

      yt.1;,  it z;etEy -o-a; e;Aloara'a  )  x 
 i<  'LS  U. 

 IT Zjt           Ej,(1_4' et_iiet.3"4+11-1,e;  Ak421.1.2‘44.2;  —I  Ak+2g{  24i-I; ) 
 <isv 

 / 

       

,  • . , ei e , .  .  , ;  x

   ,ni/11— E K-2134.1k-2p-H-(5'+i) 
      t-                                    ej+2i---i

 i<is.ent  I  si�j, 

 , 

 dcbc  .  dybk,  dtt  ,

where  0 means 

 S  (t.  E2  •..2  2k,2  s  z  -2-  0)  •  •  • 

 s(2kt2p-I2.444�  0) , S  (twi,44.12  ) ,  ..  •  , 

 S  tk.t.2p.E3•1„1  tiOra.t.tjt  I  �  0) S  �  tS.  �:  0) S  M  �  )  •  •  e S  �  0  )  ;

 ® is the following domain, 

 t  >  t  2  >  0  ,  .  .  .  ,  >  >  0  ,  t  0  ,  .  .  .  ,t3+23-> 0 , 

 0, 
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 >  tj.4.t  >  0,  ...,  tjrtzLA>  0,

 t  >  0  , ,  tj-,4„:),t11,  7  0  ,  tj7  o, 

 t:),„_:34„„( o  ,  ,  )0,  T  0,  .  •  -r,e,  7 0;

 w. ,  xo ,  ro and  so are the following symbols,

      j' if 2J =  Y-1  k-k1-2p-j/ if  21 = 
wo = ,  x, = 

 if  2J  =  j'0 if  21 =  k-k=2p-j' 

       integer  ro if 2J = 
 ro = 

 0 if  2J  =  j' 

        integer  so if  21 =  k-k12p-j1 
 s, = 

 0 if 21 =  k-k'2p-j'

satisfying

 1,  2,..., k+2p+J+I,  r.,  so =  ki  , 
 ro<  s,, , if  ro and  se are  integral.

     Notations 3. We define functions corresponding to those in 

Notations 1, 2. Following notations express the histories of  func-

tions.

(b-3)

(c-3) 

(d-3) 

 (d1-3)

+A, 
 n2 (Mr

 +AT  +A, 
 T12  (E;  )  = 

 C2  (Pile  ;1)27E)

1.2' (PI FE iP276 )

 t5s('  ,  s,) =

_  4coth 2 m€  Zo 
 - 

4  tanh  mE

 11'2  (M,)  ME  Z

 1

 4   cothffp  coth7  (p,+p2)

 1 
4—cothrrp2cosechTr(pi+p2)

 = ---1T-- coth7TP , cosechfrP, 

 1     -  
4 cosechTrP, coth7P.,_ 

_  .F-T  
  2  cothIrp,

   cosechrrp,   2

 (z. 

 (Z, 

 (1D

 E,

2Z)

 2Z+1)  , 

0,1)  ; 

1, 

-1; 

 1  , 

-1; 

1, 

-1;
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Lemma 2.3. Let F be a continuous function of bounded variation

on the p-dimensional torus  TP and satisfy

 F ,e,,e'cr) = F ,  .  .  .  , eFr(1)P )  (aES  ).

Then we get

(a-4)Ert6,c7(1)+F74,,FF6F                  F(e ,eP )(e,e„-,eP;Aig,,,APp) 
      S(A24?..--2-Opao)

 (1),  •  •  ,SbPE  [  Tr  Tr]  dq),

 F  62,  .  4)/) )  e  (FT  (-P,,I),+9.qi,+  .  +  Pp  4,r)  ) 
          e Z 

                                                        dqb,dcP2.d(pi,                     (1),,(1)2,-.,oPpe [-Tr/7/1

    =  F(1,1,...,1) 

where e(x)  =  ex.

 Proof. From the  definition of the sum, every  (A  ,A,...,4)EzP 

is counted  exactly once. And from Jordan's theorem we get the

second assertion.

We put I(*)  = the left hand side of (*-4). 

Lemma  2.4. Let F be a continuous function on  C*  =  C-10 which

vanishes outside some compact set and continuously differentiable on

 C-R+  (  R+ =  tE.R;t  �..  01  ). Suppose F satisfies  F(ez)  =  F(e2)

= -F(62), then we get 

(b-4)  21  F(e2)  +11;  (ez,  e2;A,t  )dedT

 ed-7,71 

 T),()
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                       AA/ 

=Lhirtf )+A112./(rn,E)dE =ZF-F 
 rine2  P=°,/  mte7p 

 EER  EdR:

where  F (m,) =F (ez)e,Pi("Me+ E T) dedT . 

 0,  [  —T1  ,  T11 

 TER

      Proof. From the symmetry of F, we have 

 I  (b)

= 2=  F(ez)e-14-1.1"c*F4+4)(4 

 iAL6T  dedT. 
 Oe[-7,7] 

 T)0

We define

 at  (T) =e-1.4)lt, bm(T) =  F(ez)eR"  de  (T>0). 

 ee[-ir,Tr]

We sometimes denote  a .p(T) bm(T) by  a.e, bm respectively.

Let  a,ao,Q,Ro be non negative integers.

 01-1-(10 

                                   Q.2  bmt  b-ert.-k=
 1/1=4eA(30) 
 ems  (WAX)

where  u(Q,  ,  I  ) =  Max  (-t-  2  ,-e-2  (.  )  ,  A.t(g  ,  a,  ()  =  Min  (  2  a-..e  a  +2 

We put the limit of the sum of bm as follows:

                              (p-=0,1),  v(ZP) = bm 
 71to  zp 

 v(k)  =  v(4) k 0  (mod2), 

 v(Z, ) k a 1  (mod2).

Then there exist positive numbers M,K satisfying

 "Q)  <PI for all  u  v
,  u,vEZ; 

A=L4

 C.t.e  <  c for  all  Q  E  Z.
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Because  2  aj/ converges absolutely, for an arbitrary positive
          R67 

number  e , there exists a positive integer r satisfying 

 -1-1  ml

 1Qs(-01  -±-  ,m> r,  2M

For this  E and r, we can take a positive number s satisfying: 

if  u  a.  ,(3o)  ,  v  02,  a  ,  s  (-r  r) 

 ^719,010
z<6                        (-rr)ytQ) 

ft=,124.0 2K

Then if we take sufficiently large positive integers  et,oto,(3,%, 

we get

 �__  u/r/. .  bertt,  2  Ctz  24)
 A=_<4o

  citPotr(L,p) 
 4  2.  ICQI  Irog  L'V) 

 TII=UV,014430 
 ins-2.(px0d2)

 -1-1 a-ma.  \r(S0,4  p) 
    t  )10/1  b,„  --b(-P)  < 

                 'M=1,44,04642K2.t.1
 NA-7.Qm4,11)

Hence we have

 qe  l'"‘ •
                    l>",1 41111E-Zp

On the other hand,

 QAtob,(7.) = cothT b, (T) p = 0 

 4 

 J2o qtt-rtik 
              cosechT  I bm(T)  p = 1

are integrable functions and there exist positive numbers N, 

satisfying

 13.,(-c)  <  N  (Ion ,  T.70), 

 get)  =  0
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Then from Lebesque's

 I  (b) 
 P=0,I  meZp

where

 f 
c(m) =cothT 

            cosec

we know

  F(ez) cothT dT=

 F(ez) cosechT dT=

T. )

where  NC) = F 
 T.ER

Fubini's theorem, we

     Lemma 2.5. For F 

all infinitely differe 

some compact set ) sat 

= -F(set' , se` ) , we get 

(c-4) 22 F( 

 z

 P(p,

 R,  P,  ET2

theorem

l

and Fubini's

 ez  )  C  ).71)

theorem,

 dm  J"

we 

 de

get

 06PX:TC1  T>0

 ME Zo

cosechT  mE

21 F(ez) cothT dT

 TER

 E(E) cothrrC/2  dE, 4171

 ER

 1 
 2  F(eZ) cosechT dT

 TER

 P(E)  tanh7/2  dE,

 EIR

F(eZ)e dT. Applyingthese formulas and

obtain the assertion of Lemma 2.4. 

 FEC7(  fIR.*x  P.*)(  R* =  )( the space

differentiable functions which vanish outside 

t ) satisfying  F(cd`',  Ed:/) =  -F(cet' ,  se')

      t.-t,-t. F (ce, Ee)+c; (Ee, ce;  dt^  dta

 +1,
 F  (P,,E;  ,E)  C1%  (P,  E  ;  102,  ,E)dP,
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where

                            F( eel'', Ej7-) e (P:ti+atht, dt,. hp,  rE ; pz.,e ) =
 tj .E  IR

     Proof. From the symmetry of F, we have 

 I(c) 

 =  4 7: F (s e-eit14:t1s1-41  dti  dt1 
    Va.) E-9A)

where A =  ;  A9,.>  0  ,  or  0  �-€1

Because F is infinitely differentiable and with compact support 

from  Lebesque's theorem and  Parseval's equality, we obtain 

 I  (c)

= 4  1 F (set°,cet') 27. 
                           V,J0e-sleoe'24.""E14-eL dt,  dtz

 t,)-t,>0

 4   F(
P,;  p,.  ,c)  L  K  (pi  ;  ;E)  dp,  dpz 

 (27)1  41.-e,)S(A)
 P,AER 

where

 K(Rfpa .;-R, ,-(ez;E)  = 6.P'+.92 e(.2,trd.t7-FT(Rtci-                                             P.t5.))  dtidta

 tc,t1,0

 p,)  (p,+R)  )

The Weyl group W of type  Clis realized as the set of the following 

transformations on  0:  w,(a,b) =  (a,b),  w,(a,b) =  (-a,b),  w3(a,b) = 

 (a,-b),  wa,b) = (-a,  -b),  wja,b)--  (b,a),  wja,b) =  (-b,a),  wq(a,b)= 

 (b,-a),  w8-(a,b) =  (-b,-a). For  WEW, we define  S(w), as follows: 

 stiVrt.-&)
  =  S(w) E   

(  -e,  -  wP, )  -F  wp,)  -R  p,)  p,)
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Then we have

  1 j 
 S  (w3  ) =  ' 

                           j = 2,3,6,7  .

                                                                          vi,-(Q,-14..)  62'14' sgnw   =1 .".Lssgnw  S  (w)  
       4,40E%) w€w(P, -.RwP,) (2.-EwP,.)(so,),w,,(.w  (W1-e,  -R q)  (w-11.,  —  F  q) 

= 2 _ew:4,-Q0ewj;,p,+4,) 

                                                                       -^0, 

 Lt,J20 eA) 3=1.a,s,t. (w-,;',.Q, -FIR)  (dr.Q,  -Fq)  336,7.s..  (w,,l,  —AP,) (w6-iQ -J----TR)   1     [ Z 
= Zc  

                                                                  C,Q0,-e,)&-E1 (-Q,---R)(-4-F1P,) 4,,.k,),-21R-R-R) (-ex--...1),)0

From this equality, we have

 sgnw,  w  E  

 (j2,,t)e%)  jr.1.41,5',8-  \  -e,  (  13+  r3,2 ))

 =  -sgnw  E.'  
                                  (w' (_R,+A)-Frw (q-I-P0)  g2.,zoeu) wow

                              _1+14

-t-( _(),-P,11)) (S„--5wwc;  q)(A+P,))} 
         sgn wj w sgnw c-'

=Z2-sgn  w  E--  
       .s(A) wow (w-,:'.R‘-.Frwq)  (v.73-  (),+A)—Rw(Pg+q))

 =  -sgnw  c. 
 woA,  (-Q.-Rwq)  (t+-e.-Fw  (  )  °

Then we obtain 

I (c) 
 ..q,-K.P.  4 A1  

sgn  wi  w  a  -F (c
,,,E;q,,E)Y-     (2T1)2- 4  1W) .2,..Q..•Silki j..-,s'aw G2-FiwwP)-g+-P-F]ww(P-E-P))dp'dpI                                                 i.,.,.w,--1,,...,.,2.

 41—sgn w11,4 -
(2T01F (10,,; q,' 411Z/(4—Fwq)(A-q,—Rw (q+0) dRdft

 ftER 

   1   (Fs(Q,E;q,E) 7£  -
(2T01k ,jezz ()  (  R+q-l-R(-1),14,)  )  dqdp.t.  A  P

..EIR
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 4,4)61'  (R+R0((14-11.+n-(A+A)  )

= E-- 
                      (p,+k++-P2) )    _,Zr e2 1,Ez( P,) ( 

   7 coth  Tr  (P,+Pz)  e = 1 
 pFP 1

1Z 

 1   TF cosech  Tr  (R+p
i) E =  -                                           E =  1

 

(  72  coth7p coth  (P
,-E-P,)  e = 1 

 coth7pz cosech  TY  (R+q)  e = —1

Hence, we obtain the assertion of Lemma  2.5.

Lemma  2.6. (1) For  Pe'(  R* R*) satisfying  F  (cet

 -F  (se  ,-se  ) = -F(-ce , se ) we get 

(d-4) (ee-t' , -set' ) +x;_ (set' ,-set';-(),,-&)  dt,  dta 
 s(9  o)

 t,,t,>

            1"."(p,,s;p,,-E)+.';‘(1 (R,s;r1,-s)  dp,dpi

 1?,..cER

(2) For  FEC:(R*) satisfying  F  ) =  -F ) we get 

 (d-4)+t,                       F (E,e)x(e,e (it! 
 Skg.�0)

 t,-> 0

          F(p,,e1)je  dip,  •

 PEER

 Proof. From the symmetry of F, we have 

I (d) 

= 4              (1F (se , -set' )Jt'f4t2 (-c) dt, 
 SA)  t

i,  t2  > 0

where

A  =  (  ,49.)  Z".  ;  ,  50  3
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Because F  is infinitely differentiable and with compact support, from 

Lebesque's theorem and Parseval's equality, we get 

 I  (d)

                F(set', -set')                                             e =4s,t,+.49,-t2el,  dt,  dta

 ta> 0

  4  

  (27)i P(p,e;R,—E)  z  K(p,,p,,;;e) dpdp2  , 
 R,RcR

where

 (s;  ,  6)  =  (-e)-91  e  (1,t+-exto-  )  )  dt,  dta

 t,,t2> 0

 _  (-e)-11,
 (2,-FP,)  (.&-  ii,) •

Let W have the same meaning as in the proof of Lemma 2.5.

Put  Wo =,w2,w„1 , then  Wo is a subgroup of W. 

 22   sgn  ww/E1'(•sy4 
 te,e,)estA)  w  ,  w  (k,  -R  ww/P, )  ww'R )

= Z . sgn w (-c)    V
,A)ES(A)  w/Ewo  w'.W,,  (w'?,--g7  wP,)  (w=&--gi  wq) 

 Esgn w (—eye   4
"oe 22 NAiliklo PI wq) wq)  •

Using this equality, we have 

 I  (d)

 4 sgnww A-04           hP
,,E;P,,-E)12. dpdp    (27)%                                      !wt4 ,40ES(#1)vi,v,PEWD4-Fww1:;') (411-Plww10

 p,P,ER

            sgnw  =  P(R
,E;R,—6)12:dpdp  (271-)'. 11V( -Q.-RwP,))'

 P,, REP

 1 J1, ,  —E)-=hp ,,E;11,—E)dpdp   (27r-(p, ,)ER+P'P,) (R+F2
 PI,VR

— 250 —



                cp,(,_c)k  _ 7r2cothffp,cosechff s =  1 

 (A,L)Ezz  (p+P-e,) (q+RA)  TrIcosechvp
,  coth7p2  c =  -1  . 

Hence, we obtain the assertion (1) of Lemma 2.6. We obtain easily the

assertion (2) of Lemma 2.6.

Lemma  2.7. Let  F  e  Co  (C*) be as  in  Lemma  2.4. We get

(e-4) F (ezZ                         ) H2(e,  e  ;X1  ,X2)  deciT 
 S(""°)  e cLIZTO

     =  F(m ,  U. 

Proof. From the symmetry of F, we obtain the assertion. 

Lemma  2.8. For  FE  d:(  a*x112*) satisfying the symmetry of Lemma 2.5

we get

(f-4) F (re; , eel) Z2;) dt, 
   armao)2

nn€7p

             ,7-11+CA/        2s 2 ' s)Z(-1;  s;Z)do(p = 0,1),         2P

 to  eJR

where

p(T1,44:"2r.-n+E_  F(set',  ce') e((114-2°1`' +.P71(-114-)t2)  dtidt2.                                                    2 

Proof. Put a =   = Then from the symmetry of F, we hal;              2 ' T 2 °of.Puta=T=-=1--=2-ThenfromthesymmetryofF,wehave 

1(f)

                  z = 2 
/F (ee+0,--, Ee-°- )eln.do  dT 

 Cr-)0, -c 
                              -1710- 

  E  =  cotha  P  =  0 
 ?Pp 

 cosecho  p =  1.

Because F is infinitely differentiable and with compact support, 

from Lebesque's theorem and Parseval's equality, we obtain
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 I  (f) =

By the  change 

assertion of

Lemma

s(*)  F  ( siet4 
 F(...qet°

For  0  �  q� 

sa  —...=  Sp

=  3  1,2, ...,pj

(g-4)

     Proof 

the first 

the second

     For  fcC.(G) 

follows:

                   +0-.m-0.- 2  5 F ( se, se )  coth  a  PE do dT p = 0  , 
 cr._)0,,c  eR 

2  C  F(EJ*°-,  se°-) c  cosecho  e  do  di p = 1  , 
     co.?0,t(112 

- aF ( se-1.Z0-n                      ,ce'`').)0:V9-It )d n  dT co th72 dn dC p =  0, 

2 

   ,42 LIR 
 - ,FTTt,--°-R004z              F(Eea- ,se)e)(au  di c tanhIII• dfl dC  p= 1. 22 

        ..eal )-c-IR

 nge of the variables t1 =  T+0,  tl=  T—O, we obtain the 

of Lemma  2.8.

2.9. Let  Fce,a(R*)P ) satisfy the following symmetry: 

     -ti 
 ..qe  ..)  = ...)  (1S  i  1  p)

     -tj a-t 

         sie) -(c; ,•) F( sie . . . )  (15  iS  j�  p)  . 

 p, we put  6i =  ciet' (1  S  iS p) , where  c1 =  e,  =..  .=  cg  =1,  cg+1 =

= -1. Let  al  ,aa,...,  apbe integers satisfying  lay  az,...,api

 . Then we get

   F(6ch,(54/—)-Acitat(9-1-1                   -P6601‘• ••eipA•A2/' • • • l•)_,••• 
                                                                                                                    r-./

    F(61 ,6z,6P)6,, „. ,6P°'••-AiA,AP)11iF+1                                                   EP4dt, dtr-dtp

 CX,0,1-00
 P Ertr-i-ti 

 p!  F  (  6/ , 6, ,.... ,cSP) e ( R ( pitg+friti+ ••• +ptPP)ir ei dti dt.,... dtp .                                                                                                           -i---.(

             /P  
. Because Ep-Tr Ei satisfies the symmetryc(*), we have

 7=1 

equality of (g-4). Using the symmetry  c(*) of F. We obtain 

 equality.

 k,-P
 , we define the  Fourier transformation of  Ff as
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      \ (h) ( (h) dh  
-  - 0)  (H

tc,,,e,r
                                                      t 

 =(-1)k'Irt+ k( k+14Mirk([jCalq,r)Plin(J, Q.)qrtiI,OK! ae' !  -2 

      Alc',,ei,P=03/.ti,x(j-qn=i-Q, 0 )                                                         MI,"', YRA,p= a , 1 'filitti Q 2rii 1 ,'-ln1/41)e2Y.2+ p 

  )F  f  . ('Elrt2 ,  .  . , tiV;ml ,  Et , .•,111 '  Eg "m.21-1 'E/ti  ' ° • • ira.hp'C.H-p  ; ®  )x 
          + A 

        Ti'r-i.; ar,e,  )IT2+ZI(Pc2i-/''P'E. )x                                i'i      I.�i<i)(..9+,-1-1 IsiS72-iz21

 11 (Pjt2i_, ; Pi+ai Ea„.i x'(  Pw.,  Evv.;  Pxo  Exo) x 

 II Zy ( ril÷i; )Z(i+; Zrp-cti.i) x                                                 ,141-1  J

 — k-2p+ - -n- k:-2pt1-6+i) IIEiCjt2i-I I) E6'+.2i-i 11  Ejea-yta_i-1 

                                              < 

      Si�Ir�-i 

 dn7t,

where

                     nti-1                                        t+iZ+  
    (p,s,••• 'PrrES-1-1IE• "  i3222

°T1
1*(k+  
   2; Ey4.21,4 ; pyi.2,,+1,Ej42,44.1, • • rp, r  Ej r Pj+1° ;

                                      +E rittuto+t-.4+1%tut)+gturriTI 

   2 sj+cli'+126.)-K610-'' 2`_                                                               j'""J't-2-1)--0 2  I

 Ej+0.-,i+2v;Pj+q-;)'-autt"6.i+o-j'+'2"-l' • •  •  '  Pft" ) 

 is the following domain,

 P  r.Jnine-titin)        • • fP, -.•l,••• • •I nco.,/ • • • rill?€ IR  W-2P ;

                      0 (36)  r  fA-                 \1,4-2 r • • • ,Zi(irnirl r • • • 'MI  P  'El  P2rE2  r  •  •  •  Plyir  Ern)

              R (1)Prqb           F
f(e,,e2 , ...,etc,ezi,e2I, ...,eza2,e,e1 ee 

 cp,,  (q°  (ti  +2a  cbio-  +1.1,  ep  1,c  +m  131+  +ml  j2  ,s,  +  ER  +  pztt  1  p  tm7)

 dybd(1)2. de,  ..delaT, ..dTdt,             &_itz i

     Lemma 2.10. For  fE Cc.:(G) , we define  Fkf'Z'  and Ff'2.as in  (29)  , (36) 
                                                              Ak° 

respectively. And we put (+Kkce), as in (32). Then we obtain 

   21 z' (37)
sC��...2_,Qicx0)Ff(h)Khh) dh 

 S(CYN)-0)-- SO'nAxo)  tui
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 wo=j'fx =2J =-1'-k(-Y                                           2p-j/ 21 = k-kL2p--1 /. 
                                     lc 

 o 

   0 2J  =  i  .1/4.  V 21  =  k-k'2p-f 

a =  k-k'-2p.

      Proof. We apply  Lemma  2.3,..., Lemma 2.9 to Lemma 2.2. Then we 

obtain the assertion.

§3. Plancherel formula  

Let dg be the normalized Haar measure on G  ([1(c)), p.115). Let

dh be the Haar measure on Hk
redefined by (10). Then put the left

invariant measure dk
,eqon  G/Has  follows: 

                     dg =7 dh,                                    k
fe

Using this measure, we define the  Harish-Chandra transform on  q i.e as 
 in  (7). Recall, for  f  C0  (G) 

(38) KrS)=k(h) conj  A" (h) f(gh(P) dkk                                                             (h Ht
re). f

Then we have

 r 

(39)  f(g) dg =  z  ak,e K,f,h,ek,f,h)  Akrf  (h) dh,                          K£''R' 
 ki-len. 

                      HkR 

where  akre  1/1Wkrfl

     Lemma  3.1. For  f  e  C:(G)  , we put  Kfn'° as in  (38). Then we  4et. 

(40)  Ln,0  =                                            c f (e)  ,

 n(ni-i)h
where  a = n(n+3)/2,  c = 2  II'  .-Trp!  (n+1)  and e is the identity  ele-

Issp0

ment of G.

                            n,0 Proof. Since conj A(h) = (-1)n An,0(h), we apply ([1(c)],

Lemma 17.5 ) to G. We get the assertion of Lemma 3.1.
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     We call (w,v) of type  (k,-R) if (w,v) is parameterized by  (21). 

For  (w,v) of type  (k,-(,),  we  take the invariant eigendistribution 

 0  (w  v) defined by (23). We sometimes denote  0  (w,v) by  0(w,v).  k
y.,2

     Put the analytic function Kkk(w,v)onH",,as follows: 
                ,Rk,R 

(41)Kki(w,v) (h) s Ak(h) 0..(w,v) (h)  (hG  kk
,lc/re

Then we have from (39),

(42)  (Om  (w,v), f) =  f  (g)  Om  (w,v) dg 
                                    Er'

         k'b'/                (h)  (
w,v)  dh,

There  exists a constant  a such that II1V; (w,v) (h) �  a for any kYe anej
 (a,v). Then for any  (w  ,v) , we obtain

(43)  (e(w,v),f)1  aMf  (fcC7(5),

where

 Mf  =  2  a  7  ! ky?'                      Kf(h)Idh. 
 W+24  '�,rk 

              Hj,

     Let  Wn be the Weyl group of type  Cn realized as the permuta-

tion group on  Rn. Let  ep be the set of all polynomials of n 

indeterminates. And put the subset 6on of n as  i PE g;  wp =  p 

 (Vw  Wn)  . When  X=  (XOCz,...,  Xn) are differential operators 

on  Hk,.e defined by  (8)  , we consider P(X)  (PE  g) are differential 
operators on  Hkx  . For any Laplace operator D on G, there exists 

a unique  P0eg such that for any  fECr(G) and  (w,v), 

    Kk= pKkw, (44)D 0(w,v)=Pw\POk
,R (w,v),   bfkps,I
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where

                           m+Pi mr;TEt rntR Mr1“4 n=  (4  5  ) P(0=PE)' 22 2'RR ??

(46) X =  (K,,1;,...,Xn) are differential operators on  Hkere([2(c)],§6). 

Hence from (43), (44), we have that for any  fEC°:(G) and PEGg, 

there exists a constant  MD  f such that for any  (w,v), 

(47)  1P(LA),v)(0(wrv),f)  MD,  f.

     Lemma 3.2. Let  fEe:(G). For any positive integer N, there 

exists a positive constant  MF such that for any  (w,v), 

(48) (1+  1(w,v)12 )N  1(e(w,v),f))<  Mg,f

     Proof. From  (47), we get the assertion as in  ([2(b)],Lemma 3.2) 

corollary. Let (w,v) be type  (k,,e). The series

 (0  (u)  ,  •  •  fratf  €f  I  "•  /6M)  IV  (Er  ••  •  akrPi  -  •  •  ,p),  f)

is absolutely convergent and the convergence is uniform with respect

to

The following lemmas are due to T. Hirai.

Lemma 3.3  ([2(c)] Cor. p551, Let Kk (w,v) be defined by (41)           . k
„-e

Then for  fEC7(G)

(49)2: NW,-e' Lic'Kkf'"(h) LkC'eKkkl(w,V)(h)dh=(-151L(w,v)(eiv(w,v),f) 
 i-ars.n                 H'(k+2

.e5  n),                      k'
re'

where L is the polynomial defined in §1, 1.2 and L (w,v) is defined 

as in  (45).
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Lemma 3.4  ( [2  (c)  ],  Remark  6.3)  . Let  (W,  v) be type  (k,R  )  .

Letbe )e defined by  (32)  . Then we get for  (G)  , 

                                   '(50)27.(7)0(ic''rFkf'1-C(h) (4-KkiRt)(h)dh =  (-1)rL(wiv)  (+0  (wiv) if) 
       62,V4,71 

                    (11';',6.01 

                m'  !  
where (  (m /-j)!  j!

Theorem  2. For  fECr(G), we get

 f  (e)  = Z  cocve  (  r  (u,e;  c,  p)  L(-e,m;
 lo-2.12�/t  .2,  �-e.�  -.24>o 

 t,>0.-Apo                      Mir> 0, •-•,,Thi3O 
               e-m= 0. I S).> o

,+„, („          -rek;n1h, ,211;€,i4i ••• i‘o,) ,f)

           dp  „,dp,„

Where

i(m,e; = ITY(;mp-1) TFY(10P+10;y4r) Y(Pp-10;Et.-f) 
  l�p&-k0<85:1" t

            II y(p;k+ed 

                    P 

                           tanhIr 
 Y(E;P)  = 

 coth7U2

(p  F_°' 0  mod2)  , 

(p 1 mod2);

 L(Q,m;E,p)

           ra,+1-;CmtPCs 111FR)pp
, ;7PFT; =L(R"P,./.....4'2,2  ," 2 ,2

 c(kd) positive constants.

Outline of the proof.  Using the notation .Lemma  3.4,                                       am

we put

   kreirrt'CCCR)f(h)dh (51) b=()E                                             Fk(h)(+Kk 
             Kiowj  s4

,2 >Z<2  0) 
                    S (C,11� V.,M2�0) 0 

 E-I,  I

 Y  (m ,e;  •  •  dP„,  •
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Then

(52)

from Lemma 2.3 and

 bn'° =  Fni°  n
,o  f

Lemma 3.1, we

(e) =  (-1)(1  c

have

 f  (e)  .

Put

(53) ak,=(-1)nl2_---(L(49,m;,P)  Y(m,E;E,P)
 A>J,.>  ->100 ) 

 >0 

      = I

(+.(1)((4AD     0 ,0\/f-qty rni/•,111 ,b€1  /  ••  /  (.49)  1,  .\)  I  E.Q  I  Pz,  •  •  •  f)

 

.  .  d  .  clp,  .

Then

 (54)

from Lemma  3.4,

 142-r�  K*14 
 1<'�k

we have

b.'  .  =  (k4-2$�n).

Using 

Hence

Lemma 

from

 2.10

 (52)  , we

we solve 

 obtain

 this equation 

the assertion

 with respect 

of Theorem 2.

to bn'o  n  
,o
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