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I. INTRODUCTION

The component of the universe is often assumed to be the dust, namely the ideal fluid with
zero pressure, when we consider the structure formation such as that of galaxies, cluster of
galaxies or large-scale structures. A difficulty of the dust fluid model is that the shell crossing
singularities develop from rather generic initial boundary conditions. In other words, the
neighboring fluid lines of dust will cross each other, where the energy density diverges. The
strong gravitational field of shell crossing may trigger the subsequent structure formation,
however, there is no systematic method to compute the evolution of space-time after such
shell crossing singularities. Hence it might be important to understand the dynamics at
the shell crossing and the subsequent time development of the system in cosmological or
astrophysical problems.

The shell crossing leads to the infinite mass density, so that the treatment of the matter
field as a dust fluid becomes inappropriate. In order to continue the solution, we have to
determine the nature of the shell crossing by imposing some physical assumptions on the
dust fluid. One natural assumption might be that the dust fluid consists of a cold baryonic
gas or collisionless particles with zero velocity dispersion. Since the analytic treatment of
such a system is quite difficult, the N-body simulation is often adopted to deal with the
complicated dynamics of particles.

The subject here is the analytic treatment of the dust universe even after the shell
crossing singularities. We consider the spherically symmetric case as a first step, since,
unlike the vacuum case, there is sufficient physical degrees of freedom even in this case.
The Tolman-Bondi space-time is an exact solution of the Einstein equation, which describes
the dynamics of the dust fluid with spherical symmetry, however this also has the above-
mentioned difficulty of the shell crossing singularity. Our main idea is to discritize the dust
distribution into many spherically symmetric thin dust shells. We expect that this many-

shell model well approximates the Tolman-Bondi model if the number of shells are taken

sufficiently large.



The dynamics of each dust shell in isolation can be treated as a singular hypersurface in
the Schwarzschild background, which was formulated by Israel [10] more than thirty years
ago. Let us consider a time-like hypersurface at which the metric is continuous and the
first derivative of the metric is not continuous. Since the metric is roughly regarded as
the gravitational potential, its first derivative is just the gravitational force. Hence this
situation can be interpretated as that some matter field is confined within the surface; in
fact, the integrated version of the Einstein equation implies that the stress-energy tensor has
d-function-like singularity at the hypersurface. More precisely, the property of the matter
confined within the hypersurface is completely determined by the first fundamental form (the
induced metric) and the difference of the second fundamental form (or extrinsic curva,tu,;g\
of the hypersurface measured on both sides. The motion of a spherically symmetric thij
shell is described in a simple way. In particular, the equation of motion of a thin dust shell
in vacuum space-time can be solved analytically. This is an advantage of the spherical thin
shell model.

Another advantage of the many-shell model is that it may possibly describe more generic
physical situation than the Tolman-Bondi space-time, since each shell can have arbitrary
energy and momentum, while those of the Tolman-Bondi space-time should be continuous.
This means that the many-shell model may treat the shell crossing singularities. The ele-
mentary process of the shell crossing might be the collision of two thin shells. We therefore

have to specify the motion of shells after the collision, which is equivalent to determs

the interaction between particles constructing thin shells. One possibility is that two shells
marges into a shell. However, what we consider here is the situation in which the shell
is composed of collisionless particles. In this case, two shells will freely pass through each
other; we shall call such shells ¢transparent shells. Hence our first task is to realize such a
situation. Then, the shell crossing may be described as successive collisions of thin shells.
The collision of massless shells in spherically symmetric space-time was studied by Dray
and ’t Hooft [8] and Redmount [20]. They constructed this model by cut and past of four

distinct Schwarzschild space-times and derived the junction condition known as the Dray-’t
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Hooft-Redmount (DTR) relation [8,20,19]. Since the world-surface of a massless shell is the
null hypersurface, there is little freedom of the dynamics, while in the case of massive shells
the problem is more complicated. The collision of massive shells have been considered by
Ntiiez, de Oliveira and Salim [17], though this problem has not yet been solved.

Once the junction condition for colliding pair of shells is obtained, the time evolution of
the many-shell system can be completely calculated in principle. This method enables to
compute the nonlinear stage of the dust universe even after the shell crossing. Each shell
however refers to a distinct coordinate system from others, which is not suitable for putting
the initial condition and for interpretation of the result. Our next task therefore is to find
the coordinate system in which we can easily see the correspondence between the many-shell
system and the dust-filled universe.

In Sec. II, the treatment of a self-gravitating thin shell is reviewed. In Sec. III, the
collision of two spherically symmetric shells is investigated, where the junction condition is
obtained. In Sec. IV, the correspondence between the many-shell system and the Tolman-
Bondi space-time is considered, and prescriptions for putting initial conditions are shown.
Conclusions are given in Sec. V. Newton’s constant of gravitation and the speed of light are

taken to be unity in what follows.



II. DYNAMICS OF A THIN SHELL

We here briefly review Israel’s formulation for singular hypersurfaces and rederive the

equation of motion of a thin shell in the spherically symmetric space-time.

A. Self-Gravitating Thin Shell

Let a timelike hypersurface . divide a space-time (.#,g;;) into two subsets, ¥7 and
¥;, and let ¥ be the common boundary of ¥; and #;. The metric g;; is required to be
continuous, but the components of its first derivative may possess a finite difference across

& with respect to a suitable coordinate system, so the energy-momentum tensor will ha¢

a d-function-like singularity there.

I
Let h;; be the first fundamental form of the hypersurface .%, and let K be the second

fundamental form with respect to the imbedding of .% into 77:

hij; = gij — ninj, (1)

Krij = —5%nhij| (2)
I

Here n; is the unit normal form to . directed from ¥; to ¥, %, is the Lie derivative with
respect to n' The first fundamental form h;; is the induced metric on ., so this should be
determined uniquely, while K;; and K ;;; may differ.

When the hypersurface . is singular in the above sense, . may represent a thin shez€
Le., there is additional matter on . Here we introduce the surface stress-energy tensor S;;

on % which represents the matter on .-

1
Sij = g 1Kij = Khy}y, (3)

where {Q}{ = Qs — Q; is defined for any tensor field Q1) on Yy (g).

The Gauss and the Codazzi-Mainardi equations lead to

X + I{[ij[([ij — ]X’IZ = —2G”jninj (4)



and
O:Kr — D;K1i = hiGpjen, (5)

where #Z and 2 denote the scalar curvature and the Riemannian connection of (%, k;;), re-
spectively, and Gr;;(= Ryi;—1/2 Rrg;;) the Einstein tensor evaluated in #;. By substructing
Eq. (4) (Eq. (5)) for 77 from that for #7, we find the relationships

(Krij + Kgij) 57 = — {Gu pnin (6)
and
957 = —g-h{Gj}n* (7)

The formulas (6) and (7) are used later to derive the law of conservation of the proper mass
of the shell and the equation of motion of the shell.
As a background space-time, we consider the Reissner-Nordstrém-de Sitter (RNdS)

space-time, which is the static solution of the Einstein-Maxwell equations possibly with

a cosmological term. The metric is

= _f(r)dt2 + fi(r-;)— + TzHijd:Bid.'Ej, (8)
where
2

and H;; denotes the standard metric of the two-sphere:
H = d¥? + sin® 9d? (10)
The vector potential of the Maxwell field is
A; = —%65 : (11)

The metric (8) describes the black hole with the mass M, the electric charge @) and the

cosmological constant A.



The stress-energy tensor becomes

2 ) . . .
T Q_(_gg(s; — 6,67 + 5;5;? + 6,,67) (12)

P St
There is a curvature singularity at {r = 0} unless M = @ = 0, and a null hypersurface

{r > 0; f(r) = 0} is a Killing horizon.

B. Equation of Motion of a Thin Shell With Spherical Symmetry

The equation of motion of a spherically symmetric thin shell becomes extremely simple.
Let 7}(sy be an open set of (My(s), @1(s), A)-RNdS space-time. The shell is constructed
by gluing #7 and 77 at the symmetric timelike hypersurface . Here we introduce tu;
coordinate system {t;(s), 7,9, ¢} for #7(s), which is the static coordinate system of the RNdS
space-time, where 7,9 and ¢ each assumes the same value on both sides of ., so omission

of the subscripts I, J does not lead to confusion.

Due to the symmetry of the {d, ¢ }—plane, the surface stress-energy tensor takes the form

of the ideal fluid:
S,'j = auiuj + PHij, (13)

where u; is the future-directed unit vector tangent to the fluid lines, namely the four-velocity.

In what follows, the energy condition
c>0 (14)
is imposed. In each coordinate system, the four-velocity is expressed as

i d i_ dtI(J) i dr\ o
t T (E> _< e P e (15)

where 7 is the proper time along the fluid line. Let n; be the unit spacelike one-form normal

to #, which is directed from ¥; to ¥;:

o dr tr dt[ -
== () o+ () (16)



All the non-vanishing components of K7 are

-1
Kriju'u? = [fI( )dil] [d 5 f,—é?’)} , (17)
and
Kb = Kig = L If,’") 5‘%’ (18)

where fr =1—2M;/r+Q}/r*— Ar?/3. By evaluating the components of Eq. (3), we obtain

-1 -1
() () () (Dm0

and
fIdtI de—t:—47rar (20)

For RNdS metric, The r.h.s. of Eq. (7) vanishes, since Gr;;n? = —(Q%/r* + A)n;, which
implies »;/G;*n; = 0. Then Eq. (7) leads to

dm dr
E;— = —8’/TP'I'E, (2].)

where m = 4mwor? is the proper mass of the shell. Given the equation of state of the shell
P = P(0), the proper mass m becomes a function of r In particular, in the case of dust
(P =0), Eq. (21) leads to the law of conservation of the proper mass of the shell: m = const.

By substituting Eqs.(17), (18) and the relation Gp;nin? = —(Q%/r* + A) into Eq. (6),

(#52) (&23) (%) (F3)

we obtain

dt dt
_ Q7 2@1 (fz I fJ__J) (22)
mr
From Egs.(19), (20) and (22), we obtain
dty m_-  m  q4q-
e 23
fr dr m + 2r  mr’ (23)
dty m. m  q4q-
=l 24
15 dr m 2r mr’ (24)



and the equation of motion of a shell

Pr mogug/mP—my (M —gi)(m?—¢2)

dr? 2r2 4m?2r3
A 21 P _ —2m_r)?
+ _3_r . . [m _ ((I+Q’ — ) , (25)

where my. 1= my +m; and gy := ¢, £ ¢. Furthermore, by substituting Eq. (23) or (24) into

the normalization condition: u;u’ = —1, we obtain the first integral of Eq. (25), or the law

of conservation of energy:

ar\' ey M Eg/m
dr T

2 _ 42 2 _ 2
(m q+)(m q—) +%T‘2, (26\ v

4m2r2

_|_

where & = m_/m is the specific energy of the shell.

Equation (26) corresponds to the energy equation for the shell. In order to close the
system of differential equations, we need one more equation, namely the equation of state
which gives the relation between o and P One special interest is in the sphericall massive

shell composed of collisionless particle. In this case, ¢ and P can be given in the form

L)
o= 47”‘2\/1 + 42 /72, (27)
£2
P = md’, (28)

where mg and £ are constant. The constant mg corresponds to the conserved mass of shell,
while £ is the specific angular momentum of a particle on the shell. The detailed derivation
of the above expressions for o and P is given in Appendix A. It is worthwhile to note that
when £ vanishes, P also vanishes. This means that the dust—shell is composed of non-rotating

collisionless particles. Note that Eqs. (27) and (28) satisfy the conservation law (21).

C. Motion of a Dust-Shell

In this section, we consider the motion of a dust-shell in Schwarzschild background.

The equation of motion (25) can be solved analytically when the shell is composed of dust.
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I
In general, the shell .% is assumed to divide the regions ¥7 and ¥7.;. The label I in the
I
expression () means that it is associated with the I** shell, and the label [ in Q; means that

it is defined in the region #7. The equation (26) for a dust-shell is

I

dr 11,51

— = eVI/Z(r). (29)

dr
I I

I I 2

ViR =-1+& 4+ O (30)
T 4r2?

I I
where € = £1. In the dust-shell case, m and hence & , are constants. The solution becomes
Io I I I,

2 - I I
Ay = " =Ty (o =) (1)
3m+2
e(r — o)
1o 1 I I I g\
V2 % I
= () _ N i S N (r) l, (&> 1) (32)
E2—1 22 —1p32 '9(&2-1) &2 — 1
1,1 I
(T — 7o)
1L a1 I TonI I
21 — I
= 4 I(r) - M arcsin - (1=& )rI—l-n;_,_ , (€2 < 1) (33)
1—-6&2 21— &2)3/2 [my?2 —2(1 — &2)m 1/2

according to the value of éz, where 7, is the integration constant. The specific energy (f@
determines the motion of the dust—shell: é’ 2 < 1 for bound motion, éf’z = 1 for marginally
bound motion, and 2’2 > 1 for unbound motion. For é’z < 1, the allowed region for the
motion of the dust—shell is not restricted. On the other hand, when éI”2 is smaller than unity,

the areal radius of the dust shell assumes the maximal value given by

I I
I _ —_l—{%n{++-;-[n{+2+r{zz(l _(gaz)]l/z}7 (€* < 1). (34)

rmaz I

1-62
The motion of a I** dust-shell is expressed in terms of two static coordinate systems {tl_,%}
and {%.,.,%}, where tI_ := tr and ti_ := tr41. From Egs. (23), (24) and (26), we can obtain
the motion of I** dust-shell in these coordinate systems. It is governed by the following
differential equations
dt; _1 %éI" F nIz/2 (35)

I I I ’
dr (- my FmE)VI(T)

11



I
These can be integrated according to the value of &7 as follows:

11 I
C(ti — t()i)
; I I I (I I 1
- / dr (é”(r tmy) £ m(E - 1/2)) + (my £ m&) ((5”771[_,_ + (&% — 1/2)) —
r—my Fmé
1
X i 1 i
(1 = &%)r2 4+ myr + m?2/4]/2
L 1 L1
= Fi(r) + %:(r), (36)
I I I
where o4 is the integration constant. The functions fﬂ:({*) and gi(ﬁ) are defined by
L1 L1 ISP
‘é:i:({') _ rl€(2myr + 6m2 — r;zz) + 3mm |V (r)7 (éf2 _ 1) (37
3m?
Lr b1
I 1/2
ff?:t(;) _ ErvV I(r)
1-&2
(1/2— Nk 65— | P I
+ +e 111} RaTEN %VW(?’«)), (€2 <1)  (38)
(1 — &2)/2 (1 — &2)1/2
Lr 4o r
I 1/2
gzi(;) _ éerv I(r)
1-¢&7
(6 — 1)k & + (67 — 1)k nhy = 287 — 1)} !
— 7 + arcsin i + T , (€2 >1) (39)
(&2 — 102 [m2 + m(&2 — 1)
and
I (s hE) & (8 —1)2)
gﬂ:(r) = - = I
Cak
I 1 I 2(@{ 11/21 {/2 I
X 10|(26% — 1)ty + 2h& (67 — 1) 4 22 =254 TVI ol (40)
r— rr{+ F mé
where

I ! I I I I 1 I
Py = (6 = 1)(my £ &) + iy (my £ ME) + mP/4 = (nh, £ hEPV (i, +hE) > 0.

(41)

12



I1I. COLLISION OF TWO SHELLS
A. Transparent Shells

We consider here the situation in which two shells .51” and {;’”I with respective proper
masses 7 and Ivﬂ:rzl, collide with each other at the two-sphere p with radius r5. Then, the
world-surfaces of two shells will divide space-time into four regions, 7, (a« = I, + 1,1 +
2,(I +1)’). Suppose that ,SI’ divides 77 and 7744, {}”1 divides #1741 and Y7., 51”’ divides ¥7

I+1
and ¥(y11)y, and #' divides {741y and 77y,

13



FIGURES

Va:(ms,q4)

u’

Zo(K,q-) T (W,q7)
FIG. 1. The configuration of 51’, {;’} and ¥, (a=1-1,1,I+1,I').

We require that the charge of each shell does not change and that each proper mass
is continuous throughout the collision. Each region 7, has the static coordinate system
{ta,7,0, 8} of the RNdS space-time with the parameters M,, @, and A.

We now consider the problem of determining My, @ and the velocity of each shell, when
M, Q. (a=11+1,1+2),A, 7 and ‘W are given. The charge of each shell is obtained by
simply substracting @, of inside region from @, of the outside region, according to Gauss’s
law. Let 77 be the inside region and 77, the outside region without loss of generality. Then
,51’ and {;’”1 have the charges qI_ = Q41 — Q7 and 5]+_1 = Q42 — @141, respectively. Since
they must be conserved throughout the crossing, Q(41y = Qr + {f_l = Q1 — Qrs1 + Qryz-

The mass parameter M i1y of #1411y is not known until the velocity of a shell after tk -

collision is determined.

I I+1
Let & () have velocity 4= d/d7I' (I;il = d/dlil) and the outward normal # (I?_zl), and

L, Il L1 I, I+1 I+1 I I+l
let &' (') have velocity v’ = d/d7’ (v = d/d T7'), and the outward normal n’ ( n’ ),where
both ¢ and "4 are future pointing. Applying Eqgs. (23), (24) and (26), we can determine
the velocity and normal of each shell before the collision up to two sign ambiguities. When

I I I+1 I+1 . .
u,n, u and n are written in the forms

14



4 = (dtr/dt)dy, + (dr/dF)a,, (42)

= (dtr41/d1)dyy,, + (dr/d1)0,, (43)

n = —(dr/dT)dt; + (dt;/dF)dr (44)
= —(dr/dT)dtrey + (dtryy/dT)dr, (45)

= (dtry1/d'F)0,,,, + (dr/dF)o,, (46)

= (dtrpa/dF)as,,, + (dr/dFH)a,, (47)

B = —(dr/dF)dt sy + (dtren/dF)dr (48)
= —(dr/d"F)dtrys + (dtrpa/dF)dr, (49)

the respective components are expressed as

dir/dt = (fi — fra + P2)/20 1, (50)
dtre/dT = (f1 = fren = 0%)/20 fran, (51)
dr/dT = qb* = 2(fr + fra)V® + (f1 — fran)21Y2/20, (52)
dt141/dF = (frn — frea+ DD)/28 fran, (53)
dirga/d'F = (fro1 — frea = '02)/2'0 frea, (54)
dr/d'F = TE [T — 2 fraa + Fr) T + (Frae — Frr)12/277, (55)

where & := nI?,/r, . I+1/7‘ and f, :=1—2M,/r + Q2/r* — Ar?/3, (a = 1,1 + 1,1 +2),
and ¢ (He'l) is the sign factor with respect to the velocity of the shell ,SI” ({;}), namely, if
€ =1 then . is expanding, while otherwise it is contracting.

We now need a boundary condition to determine M(z.,y and the velocity of each shell
after the collision. We impose here the condition of transparent shells, by which we mean
that the velocities of 5’ and I.;’”l are conserved throughout the collision; namely, 4 and '3
continuously join T and & at p, respectively. (There is no notion indicating the continuity
of vector fields across a singular hypersurface a priori. However, when a continuous metric

is given as in the present situation, we may naturally introduce this notion by identifying

the normal vectors on both sides of the singular hypersurface.) This condition is equivalent

15



to that of Niiez et al [17]. Other conditions are, of course, possible. However this one is
geometrically invariant and has a simple physical meaning, and thus it would be among the
most natural assumptions. Furthermore, this uniquely determines M4/, as we show in the
following. To realize this condition, we evaluate u at p with respect to the coordinate system

{tr42,7} (coordinates 8 and ¢ are ignored). We decompose u into the directions T and

I+1 I

) . +1 I+1 | I+1 I+1 I

Since the metric g on . has the form ¢;; = — 4 ;v ;+n'; n ]—}—r?Hm u can be expressed in
I; I I41,141, I L1141, I+1

the form ' = —u; 47 u* + u; on 5” Since both ‘&' and %" can be expressed with

respect to the coordinate system {42, 7}, we obtain the desired expression for u at p. As we

have required, i continuously joins 4 at p. Thus o = (dtryz/ dl+1’)8tI 4o+ (dr/ 4 )0,

becomes
Iél, _ fI+ldt]+1 dt1+1 dt[+2 -1 d?" dT dt1+2 f_l dt1+1 ( dr )2 - iizdt_H.l d?” 6
J A N T il I S U P=y 7 s
dt}.}.l dt]+1 dT' dt]+1 dt[+2 dr d?" dt] 1 dt[ 2 d dT’
Jr+1 ~ fr42 - H ( ) d.. (56
{ dE o dE g P ol & A f”ldT dTE (56)
Therefore, using Egs. (50)-(55), we obtain the relationships
I41 I Y,
dirga/d T = (40 frofrea) M2 = fr+ fran) (B2 = fron — frae)
II+1.1 I
— €€ [l/4 —2(fr+ f[+1)V2 + (fr— fI+1)2]1/2
I+1 I
X [T = 2(frra+ fro) D2 + (Frea — fre) %), (57)

and

dr/dlill = (I+1/4Vf1+1)
X [(fr = fr41— ){I+14 2(free + fI+1) b4 (free = fre1) P2
+ (frea + fron = DA = 2001 + Fra)? + (fr — fran)?}V7) (58)

Finally, applying Egs. (24) and (57), we obtain an expression for M (1+1) after some manupu-

lations:

16



M1y = ‘(V +' Aro/4 + (fre1 — fr— fraz)ro/4

= (7 = )% = fraa)rofafren +7/2+ Qhyyy /2r0 — Ar3/6

II+1
(

—(€ E'ro/4fre )Pt = 2(f1 + Fran) P + (f1 — fran)2?

1419

><[I-1bl‘1 v +(f1+2 fI+1)2]1/2, (59)

—2(fr42 + fre1)

or equivalently,

f(I+1)' =1~ 21Vf(l+1)'/'f‘o + Q(ZIH),/Tg — Ar§/3
= (P + T2+ (fi = fron + frea) 2+ (B = )52 = frya)/2f1m
+ 8 2 fr) P = 20f1 + Fre)P? + (fr = fran) ]2

X [I+14 2(fr42 + fI+1) a 24 (fi42 — fI+1)2]1/2- (60)

We can obtain ‘& , or equivalently dt;/ d"F" and dr / d"F , in a similar manner. However,
we have only to substitute as 1 <> tri2, f1 € frio, 7o I#, v o Fin Egs. (57) and
(68). Both M(r41y and f(;41) are of course invariant under such substitution. Equation
(60) is a generalization of the DTR relation to the case of timelike shells, which is uniquely

determined under the condition that two shells are transparent.

B. Neutral Null Shell Limit

We consider here the neutral null shell limit and rederive the original DTR relation. It
has been pointed out by Nufiez et al. [17] that it is possible for f; + friz = fr41 + fuaay
or f(r+1y = fr41 to hold instead of the DTR relation frfris = fry1f(z+1) in this limit. We
show in the following that the former can occur only when one of the shells violates the
energy condition and that the latter is irrelevant.

The neutral null shell limit of, say .#, is formally achieved by setting P = 0 and taking
m,q = 0. Let \ be the affine parameter of %, which can be constructed by the formal

substitution A = 7/m. The tangent null vector d/dA is future pointing only when the limit

m — 0 is taken with keeping m > 0.

17



By taking the limits of Egs. (23), (24) and (26), we obtain the components of each

velocity of the two neutral null shells with respect to the coordinate system {tr,7}:

I I
S dtl+1/d/\ = (fl—fI+1)7"/2fI+1a (61)
! I
d?"/d)\ = €|f[ - f]+1|7"/2, (62)
I+1 I+1
S dtr/d A = (fra = fre2)r/2 14, (63)
1 I+1
drjd A = ¢ |f1+1 = fraalr/2, (64)
I 'I" I
o~ ‘\\ l“
sl \ r=+
K., T R
t ‘\ ™ ;l ‘| N el
4 V [[I‘ ) vy Moy
- ' J A //,’
VN A=l IV
[ oo II b
r=+ el -
I‘I‘ \\\‘\\\\ "‘
it

FIG. 2. The Penrose diagram of the RNdS space-time with positive cosmological constant when
three kinds of Killing horizon exist. Double lines are the curvature singularities, dashed lines the

hypersurfaces: r = const and the directions in which t increses are represented by the arrows on

the dashed lines.

Let the point of collision be located in block I or III in Fig. 2 with respect to the region
7141, which is characterized by properties that (P1)¢;,; strictly increases in the future null
directions, (P2)r strictly increases (decreases) in the out-going (in-going) null directions,
and (P3)fry, is positive. Then, the inequalities dtf+1/df\ > 0 and dt1+1/dI-AH > 0 hold by

the property (P1), and thus f; > fry1 > fry2 is obtained from Eqs. (61) and (63) with the

I+1

property (P3). Furthermore, the property (P2) leads to ¢=1and "t = _1. Similary, we

I+1

can show that the relations f; < fry1, fre1 > fr42 and e =T = 1 hold both in II and

18



IV, the relations f; < fry1 < friz, ¢ = —1 and Ing = 1 hold both in I’ and IIT’, and the

I _ —1 hold both in IT and IV’ The four cases

. I
relations f; > fry1, fr1 < fryzand €=
listed above are exhaustive, even if #74, has degenerate horizons, negative or vanishing mass

and/or A. In all cases, the following relationship holds:

II+1

€ € |fr — frallfrez — fraal = (f1 = fre) (fre2 — fr)- (65)

Then, Eq. (60) reduces to the well-known DTR relation, [8,20]

fraafuvy = frfree. (66)

I I+1
Equation (65) is violated only if one of d/dA and d/d A is past pointing; i.e., one of shells
does not satisfy the energy condition. Then the following relationships [instead of Egs. (65)
and (66)] hold:

N Fr — frallfrae = freal = —(fr = fran) (Frez — fran), (67)
and

fron+ fiy = fr+ frio (68)

C. Collisions Near Horizons

When two neutral null shells collide near the Cauchy horizon in the Reissner-Nordstrom
(RN) space-time, it is seen from the DTR relation that the resulting mass, M(zy1y, is very

large. This is a simple model of the mass inflation. [19]

We treat here the collision near the horizon of two timelike shells. For example, consider
a collision slightly outside the inner black hole horizon of #7141, r = r— 1= My41 — (M}, —
Q%.,)Y? in the RN space-time with Mrp1 > Qry1 (see Fig. 3). This restriction is not

essential and the following discussion may be applied to any horizon in general.
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FIG. 3. The Kruskal diagram of the RN space-time with Mry; > Qry1. The solid lines
denote hypersurfaces (r = const), the double lines the singularities (r = 0), and the dashed lines
hypersurfaces (t74; = const). Mass inflation does not occur at p, while it may occur at p’, where

a falling shell and another escaping one collide.

Let the radius of the collision be ro = r_ + My1,6, where § is a small positive parameter.
The quantity fry; = O(6) is negative, since the collision is assumed to occur outside the inner
horizon. When ¢ is sufficiently small, both dr/dvI' and dr/af&1 are positive, so =" =1
Assume that both shells fall into the same horizon, i.e. both dt1+1/d71' and dt_r+1/d1¢1 are

possitive (possibly both negative). Then, from Egs. (51) and (53), we obtain the following

inequalities:
Iy
fr=v" < fr, (69)
I+1
frza =0 2> fre1- (702

The condition fry; < 0 leads to the result that the Lh.s. of Eq. (69) is negative:
I
fr— < 0. (71)

While the Lh.s. of Eq. (70) may be negative, however, in the limit § — +0, this is not

possible. To show this, note that dt1+1/d1:|1:1 must diverge in this limit. If f1+2—I¢12 < —frm

I+1

1 v holds by Eq. (53). This leads to a contradiction, so we

is kept, then dtry,/d 7 <1/

conclude that fry, — RN —f141 holds in the limit 6§ — +0. In particular,
I
fra =02 >0, (72)
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is obtained.

On the other hand, Eq. (60) becomes

fasy =% ~ F)(E? = froa) + €W = A2 = fraall/2frm +O(1),  (73)

where we have singled out the only possible singular terms. However, these singular terms

cancel when ¢ = "' = —1 under the conditions (71) and (72). Thus, f(741) remains finite in

the limit § — +0. We obtain a similar result in the case § < 0. Moreover, f(r+1y converges

to the same value in both limits:

(fifrsr =02 (f1 + fraa = 82 = ''%)
(fr = ) (frz = 5"2) |

This expression would be valid even if the horizon were an outer black hole or cosmological

(74)

lim firay =

horizon, or a degenerate or non-degenerate horizon. The quantity M| 1+1y also converges to
a finite value, which suggests that phenomena like mass inflation do not occur just in the
presence of a massive flow falling into the horizon. From a physical viewpoint, the result is
natural, since timelike flows of matter themselves do not suffer the infinite blue-shift, unlike
null flows or gravitational waves.

Secondly, we assume that one of the shells does not fall into the inner black hole but
instead tries to escape from it (either dt/ dt or dt/ 4+ is negative). This implies that this

shell would fall into the other horizon in the limit § — 0. Then a similar argument leads to

fusry = (fr = ) (frz — D3/ fra1 + O(1) = —o0. (fr1 = 0), (75)

This means that M,y can in general take arbitrarily large positive values in this case. The
collision of neutral null shells rather corresponds to this case; it is not sufficient to take the
limit f;, I#, cII, Ii;l_ — 0 in Eq. (74) to obtain the neutral null shell limit, since the conditions
dt/ d7 > 0 and dt/ d"F' > 0 are no longer satisfied in the case of the collision of null shells.
Thus, we obtain another conclusion that mass inflation occurs when a falling shell and

another escaping one collide near the horizon.

Here we examine the relative velocity of colliding shells. Define the Lorentz factor be-

I I+1 . . .
tween . and 3’ by v = —&iIztl‘, which may be related to the relative velocity v by
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v = (1 —v?)~/2 When two falling shells collide near the horizon, we obtain
1= Wfran = DI - 1)+ D - /200 = ER) + 008, (76)
while when a falling shell and another escaping shell collide, we have
v == f1)(free — 5121208 fran + 0(1), (77)

The former remains finite, while the latter in general diverges with § — 0. This is another

feature distinguishing two types of the collision near the horizon.

D. Collision of Two Dust—Shells

So far, the treatment of colliding shells are disscussed in general cases. We shall however
investigate a simpler case of colliding dust—shells to make physical meaning clear.

It is convenient to introduce the following quantities defined at the moment of the colli-

sion:
I I dr
p=m—p (78)
dr 'r=ro
;e
w = oy’ (79)
I
E:= My, — My, (80)
and
I 1L 1
er == mé Fw. (81)

) I
The quantity ]I) corresponds to the three-momentum, O the self-gravity, and E the energy

of the I'" dust-shell. The equation (26) can be expressed in the form

I, 2Mrp1\ 1 4 I,
m <1— 7‘0 >—e+ —p”, (82)
or
12 21\41) I 2 I
1 - =62
( o e P (83)



and the Egs. (23),(24) become

( 21W1> dtr Ir

—I_ =me_,
dr
(1 _ 2]V-’I+1> diryr I

7 =meg.
dr

To

I I+1
The velocities of the dust-shells .’ and %’ can be written as

I, I I4+1;141; I I+1;1+41;
ut=—ujul Uty n 0t
I+1,; II41;1; I+l I:1;
uw't = —uyu U+ nint

Using the coordinate system of #7,;, we obtain

II+1 I I41
I PP —er e

] ! I+1(1 —_ 2MI+1/T0)

I I+1£ é[+1
I I+l; Il I; _P—e4 P
u;n’=-—"u;n TiT

mth (1 — 2Mp41 /7o)

I I+1
The components of the velocities of the dust—shells %’ and .#’ become

2M ditr 1 /L II+1y1/91 I+1;
(-2re) o= g (B vacttiynii),

To d m
dr 1 IT+1 I I+1
= (P 2B ),
dT m

and

( ZMI)ii_tlz_l_(Iﬁl_l_I _2(II+1)1/2I I+1),

I, — T4l
dr’ m
dr 1 /142 II+1 1/21 I
5 = o (8 - 20 )
dr’  m

From the above expressions, we find that the energy transfer is expressed as

LI+1 TI+1yq /21 I+1;
= —2(w'w ) u; %"

Y

and that the three momenta after the collision is obtained from the formula

I 1,141
P’ = + A ?,
I+1, I I AI I+1
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(86)
(87)

(88)

(89)

(90)

(91)

(92)
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where
AMET = oY (97)

I’I+1 . oy
Note that 11”114;11- should be negative. Hence the energy transfer A E is always positive,
! N oo I I+Y
which means that the .% always releases energy, while . gains energy. In addition, u; u

should be positive at p to ensure that the two dust—shells collide. Thus, the three-momenta

of both shells always decrease: AI’;H < 0.

The decrement of three-momenta due to the collision may be recognized as to be a kind
of Ricci focusing effet. Let us consider an irrotational congruence of timelike geodesics. The
increasing rate of volume of a spacelike section of this congruence with respect to proper
time of a timelike geodesic in it is called expansion of this congruence. As is well know.
when this congruence goes through a region filled by matter satisfying the strong energy
condition, its expansion necessarily decreases. This is called Ricci focusing effect.

A dust shell is regarded as a spacelike section of a congruence of timelike geodesics. A
collision between two dust—shells means that a congruence corresponding to the trajectory
of one shell goes through the other shell satisfying the stron energy condition. Hence we
expect that the congruence corresponding to one shell suffers a kind of Ricci focusing effect
in the collision. For the congruence corresponding to the other shell, the same effect is also
expected.

However, we should note that volume of a spacelike section corresponding to a shell
vanishes identically, since we have assumed that the shell is infinietely thin. Hence, strictly
speaking, there is no Ricci focusing effect in ordinary sense. However, since the area of the
section does not vanish, we may consider the focusing effect with respect to the Increasing

rate of this area. The area of the spacelike section is given by 47r? The increasing rate 4

of this area is given by
_ 2dr
Cordr

0 (98)

From the above equation, we can see that the three-momentum p = mdr/dr of the shell is

essentially the same as the increasing rate 0 of the area, where m is the proper mass of the
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shell. Hence noting that the areal radius of a shell is unchanged through the collision, the
decrement of the three-momentum due to the collision may be regarded as a kind of Ricci
focusing effect.

Here it is worthwhile to note that there is a relationship

A'E2—A"p?=di'd (99)

I,I+1
This shows that A E has a lower bound.
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IV. MANY DUST-SHELL SYSTEM

The many dust-shell system can be regarded as a discretized version of the Tolman-
Bondi model, which describes spherically symmetric dust universes. We shall show that
the initial condition of the many dust—shell system is fixed in terms of the Toman-Bondi
solution. We describe a manner to set up the initial condition for the Toman—Bondi solution.
Then, we give a prescription to identigy the initial condition for the Toman solution with

that for the many-shell system.

A. Initial condition for Tolman—-Bondi space-time

The metric of Tolman-Bondi solution is written in the form

(9r/OR)?

dstp = —dT? 4 LI
5B 1= A(R)

dR? + r*(T, R)H;;dz'd2? (100)

where J'(R) < 1 is an arbitrary function. The Einstein equation gives

(53%) =2 (m)+ 2 (&), (101)
and
M'(R
AT, ) = s, (102)

where M(R) is the Misner-Sharp mass function and p(T, R) is the energy density of tl-

dust. The differential equation (101) can be integrated. The solution is

1/3
.o (__9M2<R>) [T — To(R), (#(R) = 0) (103)
M(R
= s (coshy 1), T~ To(R) = [_—ﬁ%(sinhn ), (K(R)<0)  (104)
M(R) M(R .
= 2O o), 7 To() = iﬁ)ﬁw(n —sing), (0< H(R)<1)  (105)

where Tg(R) is an arbitrary function which corresponds to the moment of the big bang

singularity. The Tolman-Bondi solution is characterized by two arbitrary functions, namely
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the Misner—Sharp mass function M (R) and the specific energy
&(R) = (1~ ¥ (R)"* (106)

There is a scaling freedom of the comoving radial coordinate R. Assuming that the areal
radius r is a monotonic function of R at the initial time 7' = 7™, we fix this freedom by
imposing R = r at T = T*. Then, the mass function can be written in terms of the initial

energy density p*(R) as
R
M(R) = /O 4nR?p*(R)dR. (107)

In other words, the mass function can be fixed by the initial condition. The remaining
degree of freedom is encoded in the function J¢(R) or Tg(R). These two functions depend
on each other through the relationship for £ (R) = 0

3\ 1/2
Ts(R) = T* — ( : 1?411(23)) (#(R)=0) (108)
for ' (R) <0
Ts(R) =T — (—_%-)))T/E(sinhn —n), (K(R)<0) (109)
where
n = arccosh <1 - ZJST(P%ZR) , (0< A (R)<1) (110)
and for 0 < X' (R) <1
Ta(R) = T° - opy(n = sin), (111)
where
X (R)
7 = arccos (1 — WR> (112)

We give two methods to fix these arbitrary functions.
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In the first method, we consider the expanding universe (unperturbed Hubble flow) as a

background. At the initial time 7' = T, the fluid lines of dust is assumed to conincide with

that of the unperturbed Hubble flow:
2M(R)

r

or _ (—%(R) + ) = H'r, (T =17 (113)

T~
where H* = const. is the Hubble parameter of the background universe. Since r is equal to

R initially, it turns out that the function J£(R) has the form

oM(R)

B~ H**R? (114)

X (R) =

The second method is just to set T5(R) = 0, which means that the big bang is simulta-

neous.

B. Motion of Dust—Shells in Synchronous Comoving Coordinate System

It is convenient to work in the synchromous ‘comoving coordinate system to see the
correspondance between the dust—shell universe and the Tolman-Bondi solution.
Let us consider the coordinate transformation from the static coordinate system {¢r,r}

into the synchronous comoving coordinate system {77, R;} of the Schwarzschild metric de-

fined by
(1= o (Rp)M? 1 or or
I = oy Ao = kP \ o ) \agp ) e (118)
or or
with the condition
87" 2M[ 1/2
—aTI = €7 ( r - ¢%I(]%I)> (]‘17)

where J7(R) is an arbitrary function and e; = +1.

The metric in the synchronous comoving coordinate system becomes

(9r/0R;)?

7 dR} + r*(Ty, Ry)Hyjdz'da? (118)

dst = —dT}? +
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The inverse transformation of Egs. (115), (116) is

(2MI/T' - %(RI))lﬂd

dTy = (1 — 1241, —
I (1 J{[(R[)) dtI €y 1 — 2]\/[I/T‘ T, (119)
ar \™ 1 - (R
dR[ - (ﬁ;) ["6[(1 - J{](R[))I/Z(QM[/T —_ %(RI))I/Zdtl + m(;—/—i—)'dT (120)
The equation (119) can be easily integrated when J#7(R;) = #; = const.:
Ty — Tor = (1 = 1)1 — e1 [H4(r) + (7)), (121)

where Tor is an integration constant and the functions 5% (r) and #;(r) are defined by

H(r) = 2(2Mr)?, (7 = 0) (122)
H(r) = (—Hgr® + 2Myr)'/?
Mi(1 - 2.4) m‘M, — Sir + [ — 2Myr)]

(—H7)V/?
M1 -27) . ( KT
———ee——— AT CS1N

%(T) = (_'XIT2 + 2MI7‘)1/2 — e%/II/Z 1-— FI) y (:XI > 0) (124)

, (H1<0) (123)

and

I1(r) = 2M(1 — H7)'/?
2M;(1 — 1) — [(1 = S7)(=Hr® + 2M;r)]”

. 125
7"—2M[ ( )

xIn|3 — K7 +

C. Matching Condition of Two Synchronous Comoving Coordinate Systems

Next, let us consider the trajectries of (I — 1)%* and I** dust-shells in terms of the syn-

chronous comoving coordinate system of I*? region ¥;. Substituting Eq. (36) into Eq. (121)

we obtaln

=211

Tr (7Y = Tor + (1 — )2 [%;j e (%(I?) + 9, (F ))l —e [,%@(’Fl) + yI(’#)] (126)

(127)

To(B) = Tog + (1 — )2 [t(f_ +é (35_ () + é.(%)) — ¢ [%@(%) + (1)

29



One does not have to know the comoving radial coordinate Ry of the dust—shells to decide

whether (7 — 1)** and I'h shells collide; the collision between these shells occurs when the
solution of the following equation exists:

Ty = To(r). (128)

I-1 I
To match the two synchronous comoving coordinate times refered by . and %/, we have

I-1 I
to give the relationship between ¢ o4 and %o, which is obtained by the equation

I-1

T (7% = To(#), (129)

I
where #* denotes the areal radius of % at Ty = T* Then from Egs. (126) and (127), v

obtain

(1 — ) [T* Ty ter (.%f;(IFl) + JI(I;I))} , (130)

fo = & (éf_(%) + é&(%))
(1= o) [T* ~Tort e (jf,(#) + f,(f»))} (131)
(132)

These gives the relationship

I-1 I _ I-1 _ I-1 _ I I
top—too=—¢ <y+(’r1) + 9 +(Irl)) +£(5¢'_(£) +g_(£)>

+er(l =) (4T + 217 - () - () (133)

D. Initial Condition for Dust—Shell Universe

The initial data for the many dust-shell system is set up by using the initial data of the
Tolman-Bondi solution. In terms of .#(R) and ¢ (R) of the Tolman-Bondi solution, the

initial data for the dust—shell system is given in the manner
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My =0, Mrpy = 2M () — My, (I=1,2,3, --) (134)

&= (1— i) (135)

I
Since & = (M4, — MI)/17[1, we find

M) — My = bin(1 — o (7))/? (136)

2

We consider the following parameter o

oM, 2m, 4M()
o = 1* = 1* = 1* . (137)
r r r

A smaller @ guarantees higher accuracy of the N-body approximation. For given o, we

obtain 7* by definition. Then we obtain the proper mass of the first shell
2M ()

) (138)
1 — 2 (r*)

1
m =

We assume that 752 = r}z for all shells.

Next let us consider the synchronous comoving corrdinate system associated with this
initial data. This is give by
I
Hipr = (1— &)/ (139)
and
I
€141 = E. (140)
We may set To; = 0 for all I. The integration constants associated with the motion of the

I
dust—shells ¢+ are fixed by the conditions

I

T (7% = Ty(+*) = T* (141)
for all I. Then we obtain

- I-1 _ I-1 _

Tor =2 (BL(7)4 907

_1/2 % I-—-l* I—l*
+(1 - #7) T+ e (2G0r™)+ I(r ™) )|, (142)
I I
fo = 1 (3?_(7{*) + g-(#*))

H1 =)y [T 4 e (407 + 217 )| (143)
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V. CONCLUSIONS

We have considered a model of the inhomogeneous universe composed of many gravitating
thin shells of dust. This model can treat the time evolution of the dust universe even after
the shell crossing singularities arise. The problem of the shell crossing has been resolved
here by introducing the transparent shells, which will represent the shells of collisionless
particles.

The junction condition for colliding transparent shells has a simple form [Eq. (60)], and
it reduces to the DTR relation in the limit of the massless shells.

We have investigated the relativistic effect of the shell-collision. The mass parameter of
the region after the shell-collision depend on the relative velocity of colliding shells. Th.s
implies that mass inflation phenomena may not occur even when two massive shells collide
near the event horizon, which shows good contranst to the case of the collision of massless
shells.

The collision of two dust shells can be characterized by the energy and momentum
transfer between shells, which are determined by the generalized DTR relation. Whenever
two shells collide, the momentum of each shell necessarily decrieses. This can be regarded
as a kind of the Ricci focusing effect.

The many dust-shell system has been described in terms of the synchronous comoving
coordinate system. This method shows clear correspondence between the shell system and
the analytic solution (Tolman-Bondi metric) of the Einstein equation, so that suitable for
the set up of the initial data and for the interpretation of results.

This note gives the analytic approach of the many-shell system, and we can now be able

to perform the N-shell simulation, which is currently under investigation.
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APPENDIX A: EQUATION OF STATE FOR A SPHERICAL SHELL OF

COLLISIONLESS PARTICLES

We shall derive the equation of state for a spherical shell composed of collisionless par-

ticles. The stress-energy tensor for collisionless particles each of which has the rest mass p

is given by [24]
ij_N N=1/2, TTTTI S (e
19 = 3 [(g) P uUTs (x — xu(N)d, (A1)
n=1

where U* should be a tangent vector of a timelike geodesic. We implicitly assume the limit
of N — oo fixing mg := Ny, which corresponds to the collisionless-particle system. We
consider a spherical shell composed of such collisionless particles. The line element of the

spherically symmetric space-time is written in the form
ds?* = —AX(T, R)dT® + B*(T, R)dR? + r*(T, R)(d9* + sin® ¥dy?). (A2)

The shell is assumed to respect the spherical symmetry. The coordinate system is chosen

such that UF = 0. It is convenient to introduce the following tetrad basis:

E® = —A8° (A3)
EY = B! (A4)
B = ré} (A5)
E® = rsin983 (A6)

Then the angular components of the tangent vector U(4) := Ei(A) U of the timelike geodesic

are given by

U = £ cosy, (AT)
T
¢

U = ~siny, (A8)

where £ and 1 are constant. The other components are given by
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U0 = 1+ U (UG = —\/1+e2/r2, (A9)

v =o. (A10)

The constant £ corresponds to the absolute value of the specific angular momentum of the
particle. The particles composing a spherical shell may have different values of ¢ but £
should be identical for all particles; if the value of £ for each particle differes, these particles
will not remain on a same shell.

The tetrad components of the stress-energy tensor is written in the form

TA)B) — Z / 1’:‘51 2511: §(T — To(N))S(R — R,)8(9 — 9:;(X)8( — i(N))dA

(Al11)
where R, is constant corresponding to the location of the shell and 75 is the time coordinate
on the shell. First we perform the summation for particles at the same point {J,¢} =
{94,px}. The number of particles at {J,¢0} = {Vx,px} is denoted by N,. Then we

ontain

T(4)(B) _ N/ZN:“ / Notp(UDT2) 8(T — T5(A))S(R — R,)8(9 — 9:(A))8(¢ — wi(A))dA,

ol r2ABsin 9
(A12)
where from the assumption of the spherical symmetry
1 &y L2 B
AP = 5= 5 BT = 27/0 UAUE) gy (A13)
n=1

and U := E',-(A)d:l:fz /d)\. Averaging over the sphere, the non-vanishing components of the

stress-energy tensor are

700 14 £2/r? B 3
(TOO)q = 72 f —m-B—cS(T T,(\)6(R — R,)d), (Al4)
2)(2 3)3 £2 — —
(TO@)g = (T))g = 4 S50 — To(V)I(R — R)d), (A15)
where
(Q)q = é / / Q sin 9dddy (A16)
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is defined.

The unit tangent vector of the shell and its unit normal is given by

. U° .
U = ——=————=0, (A1T)
1+ £2/r?
ABU®
N, = 5t (A18)

e

The surface stress-energy tensor of the shell is given by

R;+0 .
SAE) — /R AT P an.da (A19)

Hence we find

m
SO0 = o1+ /2, (A20)

m 52 2
SO@ — g@E) - Mo /T (A21)

4rri o /1 + 52/1"2.
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