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Abstract. This paper is largely concerned with constructing coarse moduli spaces
for Artin stacks. The main purpose of this paper is to introduce the notion of stability
on an arbitrary Artin stack and construct a coarse moduli space for the open substack
of stable points. Also, we present an application to coherent cohomology of Artin
stacks.

Key words: algebraic stack, coarse moduli space, stability

Introduction

This paper is largely concerned with constructing coarse moduli spaces for Artin
stacks. Roughly speaking, a coarse moduli space for an Artin stack X is the best
approximation of X by an algebraic space whose underlying space coincides with that
of X (see section 1). Coarse moduli spaces play the role of the bridge between the
geometry of Artin stacks and that of algebraic spaces and schemes. Even if we are
ultimately interested in stacks, the existence of coarse moduli spaces is useful in various
situations. In their influential paper ([22]), Keel and Mori proved the existence of
a coarse moduli space for an Artin stack whose objects have finite automorphism
groups. In particular, their theorem implies the existence of a coarse moduli space
for a Deligne-Mumford stack under a weak assumption. Let us turn our attention to
arbitrary Artin stacks. There are many Artin stacks which have positive-dimensional
automorphisms. For instance, such examples arise from group actions on algebraic
spaces, moduli spaces of vector bundles and complexes on algebraic varieties, affine
geometry and so on. Hence it is desired to construct coarse moduli spaces for general
Artin stacks. However, we can readily find Artin stacks which do not admit coarse
moduli spaces. For example, the quotient stack [A1/Gm] arising from the natural action
of the torus Gm ⊂ A1 on the affine line A1 does not have a coarse moduli space. Thus
to construct coarse moduli spaces, we need to impose some condition on Artin stacks.

Let X be an algebraic scheme and G a reductive group acting on X. In his theory of
Geometric Invariant Theory ([30]), Mumford defined the notion of (pre-)stable points
on X and proved that the quotient of the open subset of (pre-)stable points by G
exists as a geometric quotient. In terms of stacks, it says that the open substack of the
quotient stack [X/G] associated to the open set of (pre-)stable points has a “coarse
moduli scheme”.
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The main purpose of this paper is to introduce the notion of stability on an arbitrary
Artin stack and to construct a coarse moduli space for the open substack of stable
points. By the universality of coarse moduli space its existence depends only upon
the local properties of each point. In addition, one of the reasons why the theorem of
Keel and Mori is useful, is that the finiteness of automorphisms is a local condition,
and so it can be checked pointwisely. Likewise, if p is a point on an Artin stack X ,
then the stability (of the point p) introduced in this paper is defined by using local
data around p. The central notion introduced in this paper is GIT-like p-stability (cf.
Definition 5.1). (The letter “p” stands for “pointwise” and “potential”.) In its naive
form, the first main result of this paper states the following:

Theorem A. Let X be an Artin stack locally of finite type over a perfect field. Then
GIT-like p-stable points form an open substack X gs and there exists a coarse moduli
map

π : X gs −→ X

such that X is an algebraic space locally of finite type. If X ′ → X is a flat morphism
of algebraic spaces, then the second projection X gs×X X

′ → X ′ is also a coarse moduli
map. (See Theorem 5.12 for detail.) Moreover, the followings hold: for any point
x ∈ X, there exists an étale neighborhood U → X such that X gs ×X U has the form
[W/G] of a quotient stack, where W is affine over U and G is a linearly reductive
group. (cf. Corollary 5.13.)

Let us recall that in the case of Deligne-Mumford stacks the theorem of Keel and
Mori implies a more precise and fruitful correspondence: a Deligne-Mumford stack X
has finite inertia stack, i.e. every object in X has a finite automorphism group scheme
if and only if the following conditions hold: (i) X has a coarse moduli space X and
the formation of coarse moduli space commutes with flat base change X ′ → X, and
(ii) for any point on X there exists an étale neighborhood U → X such that X ×X U
has the form [V/G] of a quotient stack, where V is affine over U and G is a finite
group acting on V over U . In characteristic zero, our notion of GIT-like p-stability
successfully generalizes this correspondence to Artin stacks:

Theorem B. Let X be an Artin stack locally of finite type over a field of characteristic
zero. Let X gs be the open substack of GIT-like p-stable points on X . Then X gs coincides
with X if and only if the following conditions hold:

(i) X has a coarse moduli space X and the formation of coarse moduli space commutes
with flat base change X ′ → X,

(ii) for any point on X there exists an étale neighborhood U → X such that X ×X U
has the form [V/G] of a quotient stack, where V is affine over U and G is a
reductive group acting on V .

(See Theorem 6.9 for the precise statement.)

It is worth mentioning that in characteristic zero the definition of GIT-like p-stability
is a natural generalization of the finiteness of automorphism groups, and it is described
by the reductive condition on the automorphism group (cf. (a) in Definition 5.1) and
the conditions (a), (b), (c) in Remark 5.2 (iii) (see also Remark 5.16). In the Deligne-
Mumford case, the existence of coarse moduli space and the étale local quotient struc-
ture have played an important role. For example, Toën’s Riemann-Roch theorem for
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Deligne-Mumford stacks ([37]) relies on them, and Gromov-Witten theory of Deligne-
Mumford stacks ([1]) requires them. Similarly, in our general situation coarse moduli
spaces and the étale local quotient structures are quite useful. Indeed we present
applications of Theorems A and B to coherent cohomology (see section 7).

As an example of our situation, our existence theorem contains the case of Geo-
metric Invariant Theory. Namely, the relationship with Geometric Invariant Theory is
described as follows:

Theorem C. Let X be a scheme of locally finite type and separated over an alge-
braically closed field k of characteristic zero. Let G be a reductive group acting on
X. Let X(Pre) be the open subset of X consisting of pre-stable points in the sense of
Geometric Invariant Theory ([30]). Let S be the maximal open substack of the quotient
stack [X/G] such that S admits a coarse moduli space which is a scheme. Then we
have

[X(Pre)/G] = [X/G]gs ∩ S.
(See Theorem 6.1, Remark 6.2.)

This paper is organized as follows. In section 1, we recall some basic facts and fix
some notation. In sections 2 and 3 we present preliminary notions and preparatory
results. We define strong p-stability and prove the existence of coarse moduli spaces
in the case of strongly p-stable case. In section 4, we introduce the method of defor-
mations of coarse moduli spaces, which we apply in section 5. In section 5, we then
introduce the notion of GIT-like p-stability, which is the main notion of this paper.
By studying the local structure of a GIT-like p-stable point, we prove Theorem A. In
section 6, we discuss the relationship with Geometric Invariant Theory due to Mum-
ford (in characteristic zero). Namely, we prove Theorem C. From Theorem A and the
comparison to Geometric Invariant Theory we deduce Theorem B. Finally, in section 7
we present applications concerning coherent cohomology. In Appendix, for the reader’s
convenience we collect some results on limit arguments and rigidifications.

Acknowledgements. I would like to thank H. Minamoto who helped me to prove some
lemmas and S. Mori who asked me the properties of coarse moduli maps and it led me
to section 7. I wish to express my gratitude to J. Alper for his helpful comments and
to the referee for valuable comments and suggestions. I would also like to acknowledge
a great intellectual debt to the works of various authors, though it is difficult to fully
acknowledge them here. Finally, I am grateful to the support by JSPS grant.

1. Preliminaries

We establish some notation, terminology and basic facts, which we will use in this
paper.

We refer to the book [24] as the general reference to the notion of algebraic stacks.
We use henceforth the word “algebraic stack” instead of Artin stack. Similarly to this
reference, in this paper except Appendix, all schemes, algebraic spaces, and algebraic
stacks are assumed to be quasi-separated. Let S be a scheme. For an algebraic stack
p : X → S, the fiber X (U) over an S-scheme U is the subcategory whose objects
is objects that lies over U and whose morphisms are morphisms f where p(f) is the
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identity of U . If U = SpecA we often write X (A) for X (U). For any S-scheme T and
any ξ, η : X → X , let

IsomX ,T (ξ, η) : (X-schemes)→ (sets)

be the functor which to any f : V → T associates the set of (iso)morphisms from f ∗ξ
to f ∗η in X (V ). Here we denote by f ∗ξ ∈ X (V ) (resp. f ∗η) the pullback of ξ (resp.
η), that is, the image ξ(V → X) ∈ X (V ) (resp. η(V → T )). The functor IsomX ,T (ξ, η)
is naturally represented by the fiber product X ×(ξ,η),X×SX ,∆ X , where ∆ is diagonal.
In particular, it is an algebraic space separated and of finite type over T . If ξ = η,
then IsomX ,T (ξ, η) is a group algebraic space over X. In this case, we write AutX ,T (ξ)
for IsomX (ξ, ξ). If no confusion seems likely to arises, we abuse notation and write
Isom(ξ, η) or IsomX (ξ, η) or IsomX(ξ, η) for IsomX ,T (ξ, η). If G is a flat group scheme
of finite and separated over a scheme S, then BG denotes the classifying stack of
principal G-bundles, that is, the quotient stack [S/G] associated to the trivial action.

Let X be an algebraic stack over a scheme S. A coarse moduli map for X over S is a
morphism π : X → X from X to an algebraic space X over S such that the following
conditions hold.

1. If K is an algebraically closed S-field, then the map π induces a bijective map
between the set of isomorphism classes of objects in X (K) and X(K).

2. The map π is universal for maps from X to algebraic spaces over S.

We shall refer to X as a coarse moduli space for X.
Let us recall the theorem of Keel and Mori ([22]): Let X be an algebraic stack X

locally of finite type over a locally noetherian scheme S. Assume that for any object
ξ ∈ X (T ) over an affine S-scheme T the automorphism group AutX ,T (ξ) is finite over
T . Then there exists a coarse moduli map

π : X → X,

where X is an algebraic space locally of finite type over S. Moreover, the natural
homomorphism OX → π∗OX is an isomorphism, and π is quasi-finite and proper. If
X has finite diagonal, then X is separated over S. We shall henceforth refer to this
theorem as Keel-Mori theorem.

2. Strong p-stability

First of all, recall the notion of effective versal deformations (see [8, section 1], [24,
(10.11)]). Let X be an algebraic stack over a scheme S. Let K be an S-field, and let
ξ0 ∈ F(K). An effective versal deformation of ξ0 is an object ξ ∈ X (A), where A is a
complete local ring with residue field K, and ξ : SpecA→ X which has the following
lifting property: For any 2-commutative diagram of solid arrows

SpecR/I

²²

// SpecA

ξ

²²
SpecR //

88

X
where R is an Artin local ring with residue field K, and I is a square zero ideal of R,
there exists a dotted arrow filling in the diagram.
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Proposition 2.1. Let S be a locally noetherian scheme and X an algebraic stack lo-
cally of finite type over S. Let p be a closed point on X in the sense of [24, (5.2)].
Then there exist a complete noetherian local S-ring A and an object ξ ∈ X (SpecA)
that has properties:

(1) The residue field K of A is of finite type over S, and the restriction ξK of ξ to K
represents the point p.

(2) ξ is an effective versal deformation of ξK.

Proof. Let Yp denote the reduced closed substack associated to the closed point p.
Let f : X → X be a smooth surjective morphism from a scheme X. Then f−1(Yp) is
a closed subscheme of X. Take a closed point x ∈ f−1(Yp). The residue field K(x) is

of finite type over S, and SpecK(x)→ X represents p. Let ÔX,x be the completion of

the local ring at x. Then the induced morphism Spec ÔX,x → X is formally smooth

at the closed point x. Namely, Spec ÔX,x → X has the lifting property depicted above
(see the definition of effective versal deformations). Thus, it gives rise to a desired
effective versal deformation. 2

We shall refer to an object ξ ∈ X (SpecA) with properties (1), (2) in Proposition 2.1
as an effective versal deformation on A for p.

Lemma 2.2. Let S be an excellent scheme and X an algebraic stack locally of finite
type over S. Let p be a closed point on X . Let A be a complete noetherian local S-
ring with the maximal ideal m, and let an object ξ ∈ X (SpecA) be an effective versal
deformation for p. Then there exist an affine S-scheme U , a closed point u on U , an
isomorphism ÔU,u

∼= A, and a smooth morphism ξ̃ : U → X such that the restriction

of ξ̃ to Spec ÔU,u is isomorphic to ξ via ÔU,u
∼= A.

Proof. In virtue of Artin’s algebraization theorem ([8], [24, (10.10), (10.11)], [5]),

there exist an affine S-scheme U , a closed point u on U , an isomorphism ÔU,u
∼= A,

and a smooth morphism ξ̃ : U → X such that the system {ξ̃n}n≥0 is isomorphic to

{ξn}n≥0 in limX (A/mn+1). Here ξ̃n (resp. ξn) denotes the restriction of ξ̃ (resp. ξ)
to SpecA/mn+1. Since X is an algebraic stack, thus there exists a natural equivalence

X (A) ∼= limX (A/mn+1). Therefore the restriction of ξ̃ to Spec ÔU,u is isomorphic to
ξ. 2

Definition 2.3. Let S be an excellent scheme and X an algebraic stack locally of
finite type over S. A closed point p on X is strongly p-stable if there exist a complete
noetherian local S-ring whose residue field is of finite type over S and an effective
versal deformation ξ ∈ X (SpecA) for p, that has the following property (S):

There exists a flat normal closed subgroup F ⊂ AutX ,A(ξ) whose quo-
tient AutX ,B(ξ)/F is finite over SpecA and the following compatibility
condition (C) holds: Let f, g : SpecB → SpecA be two morphisms of S-
schemes such that their pullbacks f ∗ξ, g∗ξ are isomorphic to each other.
Let AutX ,B(f ∗ξ) → AutX ,A(ξ) and AutX ,B(g∗ξ) → AutX ,A(ξ) be the
induced morphisms, and let Ff ⊂ AutX ,B(f ∗ξ) and Fg ⊂ AutX ,B(g∗ξ)
denote the pullbacks of F respectively. Then for any isomorphism f ∗ξ →
g∗ξ the induced isomorphism AutX ,B(f ∗ξ) → AutX ,B(g∗ξ) gives rise to
an isomorphism Ff → Fg.
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For the sake of simplicity, we shall refer to an effective versal deformation ξ with
property (S) as a strongly p-stable effective versal deformation.

Remark 2.4. (i) To verify the condition (C) in Definition 2.3, it suffices to check
that there exists one isomorphism f ∗ξ → g∗ξ inducing an isomorphism AutX ,B(f ∗ξ)→
AutX ,B(g∗ξ) that gives rise to Ff → Fg. Indeed, the difference of two isomor-
phisms a, b : f ∗ξ ⇒ g∗ξ is b−1 ◦ a : f ∗ξ → f ∗ξ. The automorphism b−1 ◦ a :
f ∗ξ → f ∗ξ gives rise to an inner automorphism AutX ,B(f ∗ξ)→ AutX ,B(f ∗ξ) and
it induces an isomorphism Ff → Ff because Ff is normal in AutX ,B(f ∗ξ).

(ii) We will use the condition (C) also when we define GIT-like stability. Fortunately,
in characteristic zero the condition (C) in GIT-like stability is vacant.

Remark 2.5. Let H → SpecA be a finite scheme over a complete local ring A. Let
Ĥ → Spf A be the formal scheme obtained by completion with respect to m-adic
topology, where m is the maximal ideal of A. Then Ĥ is finite over Spf A. However,
the converse is not true. Namely, the finiteness of Ĥ → Spf A does not imply that
H → SpecA is finite. To see this, assume that A is a complete discrete valuation ring
with quotient field K. Then SpecK t SpecA → SpecA is not finite. On the other
hand, the associated formal scheme Spf A→ Spf A is finite.

Remark 2.6. As noted in Introduction, the letter “p” in the term “p-stable” stands
for pointwise and potential. It seems natural that a pointwise stability is defined by
using the language of deformation theory. In fact, the notion of effective versal de-
formations plays “the role of the completions of local rings” on algebraic stacks. Put
another way, we have Artin’s criterion, which provides (only one) powerful and system-
atic method for verifying algebraicity of stacks (cf. [9]). This criterion is described in
terms of deformation theory. Thus, our formulation fits in with Artin’s representabil-
ity criterion. (However, note that in this paper any algebraic stack is assumed to
have quasi-compact and separated diagonal.) Hence we make an effort to describe our
stability in terms of deformation theory.

Example 2.7. To give a feeling for the stability introduced in Definition 2.3, let us
give some typical examples.

(1) Every closed point on schemes and algebraic spaces is strongly p-stable. Let X
be an algebraic stack. Suppose that for any affine scheme SpecA and any object
ξ ∈ X (SpecA) the automorphism group space AutX ,A(ξ) is finite over SpecA.
Then every closed point on X is strongly p-stable. These examples are in the
realm of Keel-Mori theorem.

(2) Let X be an algebraic space and X an fppf gerbe over X, that is, any point
x ∈ X admits an fppf neighborhood U → X such that the pullback X ×X U is
isomorphic to the classifying stack BUG with some fppf group algebraic space G
over U . Then every closed point on X is strongly p-stable.

(3) Let X be a reduced scheme of finite type and separated over the complex number
field C. Let G be a reductive algebraic group over C, that acts on X. Let x be
a closed point on X. Suppose that x is pre-stable in the sense of [30, Definition
1.7]. Then the image of x in the quotient stack [X/G] is strongly p-stable (we
will see this in section 6 in a more refined and generalized form).
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(4) Let X be a projective scheme over a field k. Let G be an algebraic group over
k. Let BunG be a moduli stack of principal G-bundles on X. Let P be a G-
bundle on X. This stack BunG is algebraic (see for example [5, section 1]). Note
that for every G-bundle P over T , the automorphism group scheme AutBunG,T (P)
contains Cent(G) ×k T , where Cent(G) is the center of G. Suppose that there
exists an effective versal deformation ξ ∈ M(A) for P such that AutBunG,A(ξ)
is finite modulo Cent(G) ×k A. Then the point corresponding to P is strongly
p-stable.

3. Coarse moduli space (strongly p-stable case)

The main purpose of this section is to prove

Theorem 3.1. Let S be an excellent scheme. Let X be an algebraic stack locally of
finite type over S. Then strongly p-stable points on X form an open substack X st, and
there exists a coarse moduli map

π : X st −→ X,

such that X is an algebraic space locally of finite type over S. Furthermore, the mor-
phism π is a quasi-finite and universally closed morphism and induces an isomorphism
OX → π∗OX . If X ′ → X is a flat morphism of algebraic spaces, then X st×X X

′ → X ′

is also a coarse moduli map.

Let IX be the inertia stack of X . For an S-scheme Y , IX (Y ) consists of pairs
(a, σ), where a ∈ X (Y ), and σ is an automorphism of a in X (Y ). A morphism
(a, σ)→ (a′, σ′) in IX (Y ) is a morphism f : a→ a′ in X (Y ) such that σ′ ◦ f = f ◦ σ.
There is a natural forgetting representable morphism IX → X sending (a, σ) to a.
It is isomorphic to the fiber product X ×∆,X×SX ,∆ X , where ∆ : X → X ×S X is
a diagonal morphism. The forgetting morphism IX → X is isomorphic to the first
projection pr1 : X ×∆,X×SX ,∆ X → X . Thus, the morphism IX → X is of finite type
and separated.

Let P : U → X be a smooth morphism from an affine S-scheme U . Let η ∈ X (U) be
the object corresponding to P . Let AutX ,U(η)→ U be the group algebraic space of the
automorphism group of η. We have the natural isomorphism AutX ,U(η) → U ×X IX
over U .

Consider the following contravariant functor

F : (affine U -schemes)→ (Sets)

which to any f : Y → U associates the set of normal closed subgroup spaces F ⊂
AutX ,Y (f ∗η) over Y , which have following properties (i), (ii), (iii):

(i) F is flat over Y .
(ii) AutX ,Y (f ∗η)/F is finite over Y .
(iii) If pr1, pr2 : AutX ,Y (f ∗η)×IX AutX ,Y (f ∗η) ⇒ AutX ,Y (f ∗η) are the natural projec-

tions, then pr−1
1 (F) = pr−1

2 (F).

Proposition 3.2. The functor F is locally of finite presentation, that is to say, for
any inductive system

A = lim
−→

Aλ
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of finitely presented U-rings (cf. [29, Appendix A], [6, section 1]), the natural map

Π : lim
←−

F (SpecAλ)→ F (Spec lim
−→

Aλ)

is an isomorphism.

Proof. It follows from the uniqueness part of Theorem A.1 that Π is injective. Next,
we prove that Π is surjective. Let fλ : SpecAλ → U be the morphism associated to a
U -ring Aλ. Let ξ ∈ X (SpecA) be the object corresponding to the composite SpecA→
U → X . Let F → SpecA be a closed group subspace in AutX ,A(ξ)→ SpecA, that has
properties (i), (ii) and (iii). By Theorem A.1, there exist α ∈ I and a closed subspace
Fα ⊂ AutX ,Aα

(f ∗αη) which induces F in AutX ,A(ξ). In addition, by Proposition A.6 and
Proposition A.3 we may assume that Fα is a normal subgroup space that is flat over
SpecAα. Consider the quotient AutX ,Aα

(f ∗αη)/Fα. It is a (quasi-separated) algebraic
space of finite presentation over Sα by [24, (10.13.1)]. Since AutX ,A(ξ)/F is finite over
SpecA, by Proposition A.3 there exists an arrow α → µ such that AutX ,Aµ

(f ∗µη)/Fµ

is finite over SpecAµ, where Fµ = Fα ×Aα Aµ. This means that Π is surjective. 2

Proof of Theorem 3.1. Let p be a strongly p-stable closed point. Let A be a complete
noetherian local ringA whose residue field is of finite type over S, and let ξ ∈ X (SpecA)
be a strongly p-stable effective versal deformation on A for p. By Lemma 2.2, we may
assume that there exist an affine S-scheme U , a smooth morphism P : U → X , and a
closed point u such that ÔU,u = A and the restriction of P to Spec ÔU,u is ξ.

Let F be the functor defined above. Observe that F (SpecA) is nonempty. Indeed,
ξ ∈ X (SpecA) has the property (S) in Definition 2.3, thus there exists a flat normal
closed subgroup F ⊂ AutX ,A(ξ) with property (S) in Definition 2.3. Clearly, it satisfies
the above conditions (i), (ii). It suffices to check (iii). Note that for any affine S-scheme
V , the set AutX ,A(ξ)×IX AutX ,A(ξ)(V ) consists of quintuples

(f, g : V ⇒ SpecA, φ : f ∗ξ ∼→ f ∗ξ, ψ : g∗ξ ∼→ g∗ξ, σ : f ∗ξ ∼→ g∗ξ)

where f ∗ξ and g∗ξ are the pullbacks of ξ by f and g respectively and ψ = σ◦φ◦σ−1. The
first (resp. second) projection pr1, pr2 : AutX ,A(ξ)×IX AutX ,A(ξ)(V )→ AutX ,A(ξ)(V )

sends (f, g, φ, ψ, σ) to (f, φ) (resp. (g, ψ)). Therefore pr−1
1 (F) (resp. pr−1

2 (F)) consists
of quintuples

(f, g : V ⇒ SpecA, φ : f ∗ξ
∼→ f ∗ξ, ψ : g∗ξ

∼→ g∗ξ, σ : f ∗ξ
∼→ g∗ξ)

such that φ ∈ F (resp. ψ ∈ F). Thus to prove pr−1
1 (F) = pr−1

2 (F) it suffices to prove

the following: Let f, g : V ⇒ SpecA be two morphisms, and let φ : f ∗ξ ∼→ f ∗ξ be
an automorphism which lies in F(f : V → SpecA). Assume that f ∗ξ is isomorphic
to g∗ξ. Then for any isomorphism σ : f ∗ξ → g∗ξ, the composite σ ◦ φ ◦ σ−1 lies in
F(g : V → SpecA). We can check it by using the condition (C) in Definition 2.3.
Indeed, for an isomorphism σ : f ∗ξ → g∗ξ, the induced isomorphism

AutX ,V (f ∗ξ)→ AutX ,V (g∗ξ)

sends φ to σ ◦φ ◦σ−1. Therefore the condition (C) in Definition 2.3 implies pr−1
1 (F) =

pr−1
2 (F). Hence F (SpecA) is nonempty.
By the algebraic approximation theorem [7, (2.2)] and Proposition 3.2, there exists

an étale U -scheme W → U such that F (W ) is nonempty. Then the composite C :
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W → U → X is a smooth morphism. Let ι ∈ X (W ) be the object corresponding to
W → X . Then there exists the natural cartesian diagram

AutX ,W (ι) h //

²²

IX

²²
W // X .

Since F (W ) is nonempty, there exists a normal closed subgroup Fι ⊂ AutX ,W (ι) with
properties (i), (ii), (iii). Let Y be the image of W → X . It is an open substack of X .
Then the closed subspace Fι descends to a closed substack F ⊂ IY that is flat over
Y . Here we claim that F is a subgroup in IY , more precisely, F is stable under the
multiplication m : IY ×Y IY → IY , the inverse i : IY → IY , and the unit section
e : Y → IY . To see m(F ×Y F) ⊂ F , consider the 2-commutative diagram

AutX ,W (ι)×W AutX ,W (ι) //

(h,h)

²²

AutX ,W (ι)

h

²²
IY ×Y IY m // IY

where the upper horizontal arrow is the multiplication of AutX ,W (ι). Since the inverse
image (h, h)−1(F ×Y F) equals to Fι×W Fι, the morphism Fι×W Fι → Fι descends to
F ×Y F → F . In a similar way, we can easily see that F is stable under i : IY → IY .
Since the unit sectionW → AutX ,W (ι) factors through Fι, thus the composite L : W →
AutX ,W (ι) → IY factors through F . Note that L is isomorphic to W → Y e→ IY .
Since W → Y is essentially surjective, we conclude that e : Y → IY factors through
F . Hence F is a subgroup of IY .

By Proposition 2.1, for any closed point y on Y there exist a complete noether-
ian local S-ring B whose residue field is of finite type over S and an effective versal
deformation ζ ∈ Y(B) for y. Then F gives rise to a normal closed subgroup space
in AutY,B(ζ) with properties (i), (ii), (iii). Thus every closed point on Y is strongly
p-stable.

By Theorem A.7, there exists an fppf gerbe ρ : Y → Y ′ such that for any affine S-
scheme V and any object a ∈ Y(V ) the homomorphism AutY,V (a)→ AutY′,V (ρ(a)) is
surjective and its kernel is F ×Y,a V ⊂ AutY,V (a). Since AutX ,V (a)/(F ×Y,a V ) is finite
for any a ∈ X (V ), thus the inertia stack IY ′ is finite over Y ′. By Keel-Mori theorem
and Theorem A.7, there exists a coarse moduli maps Y ′ → Y ′, and the composite
morphism Y → Y ′ → Y ′ is also a coarse moduli map. Also, note that Y → Y ′ is a
quasi-finite and universally closed morphism by (iii) in Theorem A.7. Thus, Y ′ → Y
is so since Y → Y is proper and quasi-finite. Hence for any strongly p-stable closed
point x on X , there exists an open substack U ⊂ X containing x, such that every
closed point on U is strongly p-stable, and it has a coarse moduli map. Therefore
strongly p-stable points form an open substack X s. Using the universality of coarse
moduli space, we conclude that X st has a coarse moduli space X, that is an algebraic
space locally of finite type over S. Moreover, the coarse moduli map π : X st → X is
quasi-finite and universally closed. To see that OX → π∗OX is an isomorphism, we
may suppose that X is an affine scheme and π : X → X is a composite morphism
π′ ◦ρ : X → X ′ → X, where X → X ′ is an fppf gerbe, X ′ → X is a coarse moduli map
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such that OX → π′∗OX ′ is an isomorphism. Then the natural morphism OX ′ → ρ∗OX
induced by the fppf gerbe ρ : X → X ′ is an isomorphism. Hence OX → π∗OX is an
isomorphism.

Finally, we will prove that for any flat morphism X ′ → X of algebraic spaces,
X st×X X ′ → X ′ is also a coarse moduli space. The claim is Zariski local on X. Thus,
we may assume that X st → X is divided into X st → X st′ → X, where X st → X st′ is an
fppf gerbe and the inertia stack of X st′ is finite over X s′ . Then X st×XX

′ → X st′×XX
′

is an fppf gerbe and by Keel-Mori theorem X st′ ×X X ′ → X ′ is a coarse moduli map.
Hence X st ×X X ′ → X ′ is also a coarse moduli space. 2

From the proof of Theorem 3.1, we also see:

Corollary 3.3. If a closed point p on X is strongly p-stable, then every effective versal
deformation for p is a strongly p-stable effective versal deformation.

We will denote by X st the open substack consisting of strongly p-stable points on
X .

Remark 3.4. In general, the coarse moduli map X st → X in Theorem 3.1 is not
separated. Let X = BG be the classifying stack of an affine group scheme G over
a field k. Then BG = BGst and the structure morphism BG → Spec k is a coarse
moduli map. Assume that G is not proper. Then BG is not separated over k.

Proposition 3.5. Suppose that X has a reduced open substack. Then X st is not
empty.

Proof. By [18, 6.11], there exists a nonempty open substack Y ⊂ X such that the
natural projection IX ×X Y → Y is flat. Then each closed point on Y is strongly
p-stable. 2

4. Deformation of coarse moduli spaces and p-stable points

In this section, we give a construction of deformations of coarse moduli spaces, which
is one of key ingredients to a construction of coarse moduli spaces. Let

X0
//

π0

²²

X

X0

be a diagram, where X0 → X is a nilpotent deformation of an algebraic stack X0

and π0 is a coarse moduli map which induces a natural isomorphism OX0 → π∗OX0 .
We want to construct a coarse moduli space for X by deforming X0 (under a certain
natural setting). We refer to such a construction as the deformation of a coarse moduli
space. Before proceeding into detail, it seems appropriate to begin by observing some
motivating examples:

Example 4.1. Let X = SpecR be an affine scheme of finite type over a field k and
Xred = SpecR/I the associated reduced scheme. LetG be a linearly reductive algebraic
group over k. Suppose that G acts on X, and it gives rise to an action on Xred.
Assume that these actions are closed. (An action is closed if every orbit is closed
after some extension of the base field (cf. [30, Definition 0.8].) Namely, every point
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on X is stable in the sense of Geometric Invariant Theory [30]. Then the geometric
quotient for the action on X is SpecRG. Here RG denotes the invariant ring. On
the other hand, the geometric quotient for the action on Xred is Spec(R/I)G. We
can view SpecRG and Spec(R/I)G as “coarse moduli schemes” for the quotient stacks
[X/G] and [Xred/G] respectively. Since G is linearly reductive, the natural map RG →
(R/I)G is surjective. Therefore the nilpotent deformation [Xred/G]→ [X/G] induces a
deformation Spec(R/I)G → SpecR of the coarse moduli scheme Spec(R/I)G, and the
coarse moduli scheme for [X/G] can be obtained by deforming that of [Xred/G]. This
is the reason why the stability in the Geometric Invariant Theory makes reference only
to the properties of underlying orbits.

Example 4.2. Let A2 = Spec k[x, y] be an affine space over a field k. Let Ga =
Spec k[t] be an additive group. Consider the action of Ga on A2, described by (x, y) 7→
(x, y + t). Set X0 = Spec k[x, y]/(x) ⊂ A2 and X1 = Spec k[x, y]/(x2) ⊂ A2. Then the
coarse moduli spaces of the quotient stacks [X0/Ga] and [X1/Ga] are

Spec(k[x, y]/(x))Ga = Spec k

and

Spec(k[x, y]/(x2))Ga = Spec k[x]/(x2)

respectively. In particular, (k[x, y]/(x2))Ga → (k[x, y]/(x))Ga is surjective. Next con-
sider the action on A2 given by (x, y) 7→ (x, tx + y). In this case, the closed substack
[X0/Ga] in [A2/Ga] is isomorphic to Spec k[y] ×k BGa and its coarse moduli space is
Spec k[y]. However, the natural map (k[x, y]/(x2))Ga → (k[x, y]/(x))Ga ∼= k[y] is not
surjective.

From the examples in Example 4.1 and 4.2, to construct the deformation of a coarse
moduli space, we need to impose a lifting property on invariant rings. The purpose
of this section is to axiomatize the property in the framework of algebraic stacks and
construct the deformation of a coarse moduli space. Let X be an algebraic stack over
a scheme S. Let X0 be a closed substack of X , which is determined by a nilpotent
coherent ideal sheaf I. Suppose that there exists a coarse moduli map π0 : X0 → X0

such that OX0 → π0∗OX0 is isomorphism, and for any flat morphism X ′0 → X0 of
algebraic spaces X0 ×X0 X

′
0 → X0 is also a coarse moduli map.

Proposition 4.3. For any étale morphism U0 → X0 from a scheme U0, there exists
an étale (representable) morphism U → X such that U ×X X0

∼= U0 ×X0 X0. That is,
there exists an étale deformation of pr2 : U0 ×X0 X0 → X0 to X . Moreover, such a
deformation is unique up to unique isomorphism.

Proof. Without loss of generality, we may assume I2 = 0. Let L(U0×X0
X0)/X0 and

LU0/X0 denote the cotangent complexes of pr2 : U0 ×X0 X0 → X0 and U0 → X0 respec-
tively (cf. [24, (17.3)], [32]). If pr1 : U0 ×X0 X0 → U0 is the first projection, then by
[24, 17.3 (4)], we have

L(U0×X0
X0)/X0

∼= Lpr∗1LU0/X0
∼= Lpr∗1ΩU0/X0

∼= 0.

According to Olsson’s deformation theory of representation morphisms of algebraic
stacks [32, Theorem 1.4], there exists an obstruction o ∈ Ext2(L(U0×X0

X0)/X0 , pr∗2I)
whose vanishing is necessary and sufficient for the existence of an étale deformation of
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pr2 to X . Thus, there exists a desired étale morphism U → X since Ext2(L(U0×X0
X0)/X0 , pr∗2I) =

0. Furthermore, again by [32, Theorem 1.4], the vanishing Ext0(L(U0×X0
X0)/X0 , pr∗2I) =

Ext1(L(U0×X0
X0)/X0 , pr∗2I) = 0 imply the uniqueness of such a deformation. 2

In the above situation, we will refer to U → X (or simply U) as an étale morphism
associated to U0 → X0, and write XU for U .

Lemma 4.4. Let U0 → X0 and U ′0 → X0 be schemes that are étale over X0. Let
U ′0 → U0 be a morphism over X0. Then there exists a morphism XU ′ → XU which
makes the diagram

XU ′0
//

((RRRRRRRRRRR

²²

XU ′

((QQQQQQQQQQQ

²²

X0
// X

XU0

55lllllllllll // XU

66lllllllllll

2-commutative, where XU ′0 = U ′0 ×X0 X0 and XU0 = U0 ×X0 X0. Such a morphism is
unique up to isomorphism.

Proof. Note first that XU0 → U0 is a coarse moduli map. Applying Proposition 4.3
to U ′0 → U0 we have an étale morphism X ′U ′ → XU associated to the étale morphism
U ′0 → U0, that is, a unique deformation of XU ′0 → XU0 . Then the composite X ′U ′0 →XU0 → X is also an étale morphism associated to U ′0 → X0. Finally, the uniqueness of
XU ′ implies our assertion. 2

Consider the following lifting property (L).

(L): For any étale morphism U0 → X0 from an affine scheme U0 the natural map
Γ(XU ,OXU

)→ Γ(XU0 ,OXU0
) is surjective, where XU0 denotes U0 ×X0 X0.

If (L) is satisfied, we say that X has the property (L) with respect to X0.

Proposition 4.5. Assume that X has the property (L) with respect to X0. Then there
exists a commutative diagram

X0
//

π0

²²

X
π

²²
X0

// X,

where π is a coarse moduli map for X , which induces a natural isomorphism OX →
π∗OX . Furthermore, X0 → X is a nilpotent deformation and X is locally of finite
type. For any flat morphism X ′ → X of algebraic spaces, pr2 : X ×X X ′ → X ′ is also
a coarse moduli map.

The proof proceeds in several steps.

Lemma 4.6. Let U ′0 → U0 be an étale morphism of affine schemes over X0. Suppose
that the natural map Γ(XU ,OXU

) → Γ(XU0 ,OXU0
) = Γ(U0,OU0) is surjective, where

XU0 denotes U0 ×X0 X0. Let U := Spec Γ(XU ,OXU
). Let U ′ be a unique étale defor-

mation of U ′0 → U0 to U (cf. [29, Theorem 3.23]). Let X ′U ′ = XU ×U U
′. Then there
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exists a unique (up to unique 2-isomorphism) isomorphism X ′U ′ → XU ′ of deforma-
tions of XU ′0 := X ×X0 U

′
0 → XU0 to XU . Furthermore, there exists a natural iso-

morphism Γ(XU ′ ,OXU′ ) = Γ(U ′,OU ′). In particular, the natural map Γ(XU ′ ,OXU′ ) →
Γ(XU ′0 ,OXU′0

) = Γ(U ′0,OU ′0) is surjective.

Proof. We prove the first claim. Note that by Lemma 4.4 there exists XU ′ → XU

that can be viewed as a unique étale deformation of XU ′0 → XU0 to XU . Thus by
Proposition 4.3 it suffices to prove that X ′U ′ ×XU

XU0 is isomorphic to XU ′0 over XU0 .
To see this, notice that there is a natural closed immersion XU0 → XU ×U U0 over U0.
This morphism is not necessarily an isomorphism. More generally, we have a diagram

XU ′0
//

²²

X ′U ′ ×U ′ U
′
0

//

²²

U ′0

²²
XU0

// XU ×U U0
// U0

where all squares are cartesian, and XU0 → XU ×U U0 and XU ′0 → X ′U ′×U ′ U
′
0 are closed

immersions. Since XU0 ×(XU×UU0) (X ′U ′ ×U ′ U
′
0) is naturally isomorphic to XU0 ×XU

X ′U ′ ,
thus we have XU0 ×XU

X ′U ′ ∼= XU ′0 over U ′0. This implies the first claim. Next we prove
the second claim. Let p : Z → XU be a smooth surjective morphism from an affine
scheme Z. Then there exists an exact sequence

Γ(U,OU) = Γ(XU ,OXU
)

p∗→ Γ(Z,OZ)
pr∗1,2

⇒ Γ(Z ×XU
Z,OZ×XU

Z).

Since U ′ → U is flat, thus the exactness holds after base changing by U ′ → U . This
implies the second claim because XU ′

∼= X ′U ′ . 2

Remark 4.7. By the above proof, the property that OX → π∗OX is an isomorphism
is stable under flat base changes on X.

Let X0,ét be the étale site, whose objects are affine schemes over X0, and whose
morphisms are X0-morphisms. Let O be a sheaf of rings, which is determined by

O(U0) := O(U0 → X0) = Γ(XU ,OXU
)

for any étale morphism U0 → X0 in X0,ét. For any U0 → X0 the natural morphism
O(U0 → X0) → OX0(U0 → X0) is surjective since X has the property (L) with
respect to X0. By Lemma 4.6, for any morphism U ′0 → U0 in X0,ét, there exists a
natural isomorphism OX0(U0) ⊗O(U0) O(U ′0) ∼= OX0(U

′
0). Thus, the sheaf O induces a

deformation of the ringed topos associated to (X0,ét,OX0). Namely, it gives rise to a
deformation X0 ↪→ X of the algebraic space X0.

Lemma 4.8. There exists a morphism π : X → X that has the following properties:

(a) The diagram

X0
//

²²

X

²²
X0

// X

is commutative;
(b) the natural morphism OX → π∗OX is an isomorphism.
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Remark 4.9. The diagram in Lemma 4.8 is not necessarily cartesian.

Proof. Let Z → X be an étale surjective morphism from an affine scheme Z. Let
XZ → X be an étale morphism associated to pr2 : Z×XX0 → X0. Namely, there exists
a natural morphism XZ → Z. Let W → XZ be a smooth surjective morphism from a
scheme W . To construct a desired morphism X → X, it suffices to show that there
exists a morphism [W ×X W ⇒ W ] → [Z ×X Z ⇒ Z] of groupoids (cf. [24, (2.4.3)]).
To this end, it is enough to prove that there exists a morphism XZ ×X XZ → Z ×X Z
which makes the diagram

XZ ×X XZ // //

²²

XZ

²²
Z ×X Z //// Z

commute. If Z0 → X0 denotes the projection Z ×X X0 → X0, then pri : XZ ×X XZ →
XZ (i = 1, 2) is an (étale) deformation of projection pri : X0 ×X0 (Z0 ×X0 Z0) →
XZ0 = X0 ×X0 Z0 (i = 1, 2) respectively. Also, pri : Z ×X Z → Z (i = 1, 2) is
an (étale) deformation of projection pri : Z0 ×X0 Z0 → Z0 (i = 1, 2) respectively.
Thus by Lemma 4.6, the projections XZ ×Z,pri

(Z ×X Z) → XZ (i = 1, 2) is naturally
isomorphic to pri : XZ×XXZ → XZ (i = 1, 2). Hence we can obtain a desired morphism
XZ ×X XZ → Z ×X Z. Finally, by the construction we have Γ(XZ ,OXZ

) = Γ(Z,OZ).
This means that OX → π∗OX is an isomorphism. 2

Lemma 4.10. The morphism π in Lemma 4.8 is a coarse moduli map for X . For
any flat morphism X ′ → X of algebraic spaces, pr2 : X ×X X ′ → X ′ is also a coarse
moduli map.

Proof. First of all, it is clear that for any algebraically closed field K the morphism
π induces a bijective map from the set of isomorphism classes of X (K) to X(K)
because π0 does. If X ′ → X is a flat morphism of algebraic spaces, then pr2 : X0 ×X0

(X ′ ×X X0) → X ′ ×X X0 is a coarse moduli map by our assumption. On the other
hand, the underlying map of pr2 : X ×X X ′ → X ′ can be identified with that of
pr2 : X0×X0 (X ′×X X0)→ X ′×X X0. Therefore, pr2 induces a bijective map from the
set of isomorphism classes of X ×X X ′(K) to X ′(K) for any algebraically closed field
K. Thus, it remains to prove that for any flat morphism X ′ → X, pr2 : X ×XX

′ → X ′

is universal among morphisms to algebraic spaces. Let f : X → W be a morphism to
an algebraic space W . What we have to prove is that there exists a unique morphism
φ : X → W such that f = φ ◦ π. We first prove the case where W is a scheme.

Claim 4.10.1. If W is a scheme, there exists a unique morphism φ : X → W such
that f = φ ◦ π. For any flat morphism X ′ → X of algebraic spaces, the projection
pr2 : X ×X X ′ → X ′ is also universal among morphisms to schemes.

Proof of Claim. The composite X0 → X → W induces a morphism X0 → W . It is
enough to show that if U → X is an étale morphism from an affine scheme U , then there
exists a unique morphism U → W extending U0 := U ×X X0 → X0 → W , such that
XU
∼= X ×X U → X → W is equal to XU → U → W . Since U and U0 have the same

underlying topological space, thus we have a map U → W as topological spaces. Thus
it suffices to construct a morphism of structure sheaves. To this end, we may assume
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that W is affine. Since we have the morphism XU → W , there exists a morphism
Γ(W,OW )→ Γ(XU ,OXU

) = Γ(U,OU). Clearly, it gives rise to a desired morphism. The
uniqueness follows from the fact that U → W should arise from Γ(W,OW )→ Γ(U,OU)
associated to XU → X → W . By Remark 4.7, for any flat morphism X ′ → X,
pr2 : X ×X X ′ → X ′ induces a natural isomorphism OX′ → pr2∗OX×XX′ . Therefore,
the above argument can be applied to pr2 : X ×X X ′ → X ′. 2

Next we will show the case whenW is an algebraic space by reducing it to Claim 4.10.1.
This part is done by a more or less well-known argument. But for the reader’s con-
venience we will present a proof here. Let V → X be a smooth surjective morphism
from an affine scheme V , which gives rise to

R = V ×X V
pri

⇒ V → X .
Let X ′ → X be a flat morphism of algebraic space. We will prove that the sequence

W (X ′)→ W (X ′ ×X V ) ⇒ W (X ′ ×X R)

is exact. Let X ′ = X ×X X ′, V ′ = X ′ ×X V and R′ = X ′ ×X R.
We first prove that W (X ′)→ W (V ′) is injective. Let Y → W is an étale surjective

morphism from an affine scheme Y . The fiber product Y1 := Y ×W Y is quasi-affine
(cf. [24, (1.3)]). Let ξ, η : X ′ ⇒ W be two morphisms to W . Assume that ξ, η have
the same image in W (V ′). It suffices to show ξ = η. Take an étale surjective morphism
X ′′ → X ′ so that there exist lifts ξ0 : X ′′ → Y and η0 : X ′′ → Y of ξ and η respectively.
Since X ′′ → X ′ is étale and surjective, it is enough to show that two composites

X ′′
ξ0,η0

⇒ Y → W coincide. It is equivalent to proving that (ξ0, η0) : X ′′ → Y ×Y factors
through the image of (pr1, pr2) : Y1 → Y × Y . Put R′′ = R ×X X ′′, X ′′ = X ′ ×X′ X

′′

and V ′′ = V ′ ×X′ X
′′. Consider the commutative diagram

V ′′

²²

// X ′′

²²

// X ′′
ξ0 //
η0

//

²²

Y

²²
V ′ // X ′ // X ′

ξ //
η

// W,

where the left and middle squares are cartesian diagrams. Notice that the morphism
V ′′ → Y × Y induced by (ξ0, η0) factors through the image of (pr1, pr2) : Y1 → Y × Y
since Y → W is étale surjective and ξ, η have the same image in W (V ′). Denote by
α ∈ Y1(V

′′) the image. Since we have the morphism X ′′ → Y × Y induced by (ξ0, η0),
thus pr∗1(α) and pr∗2(α) coincide in Y1(R

′′). Since Y1 is a scheme, by Claim 4.10.1 we see
that α comes from Y1(X

′′). Therefore, we conclude that W (X ′)→ W (V ′) is injective.
Next we will prove the middle exactness in W (X ′) → W (V ′) ⇒ W (R′). Let h :

V ′ → W be a morphism. Suppose that the two composites h ◦ pr1, h ◦ pr2 : R′ → W
coincide. (Namely, it gives rise to a morphism X ′ → W .) It suffices to show that
h arises from some X ′ → W . For ease of notation, we replace X ′, X ′, V ′ and R′

by X , X, V , and R respectively. The morphism X0 → X → W induces X0 → W .
Take an étale surjective morphism X ′0 → X0 from an affine scheme X ′0 so that there
exists a lift X ′0 → Y of X0 → W . By [29, Theorem 3.23], there exists a unique étale
deformation X ′ → X of X ′0 → X0. Then it is enough to construct f : X ′ → Y and
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g : X ′′ := X ′ ×X X ′ → Y1 which makes the diagrams (♣)

X ′′
pr1 //
pr2

//

g

²²

X ′

f
²²

Y1

pr1 //
pr2

// Y,

V ′ //

²²

V

h
²²

Y // W

commute, where V ′ := V ×X X ′. We first construct f : X ′ → Y . To this aim, notice
that V ′0 := X ′0×XV ∼= X ′0×X0V0 → V0 := X0×XV factors through pr2 : Y ×W V0 → V0.
Again by [29, Theorem 3.23], V ′ → V factors through pr2 : Y ×W V → V . Thus, we
have f ′ : V ′ → Y ×W V → Y , which fits in with the right diagram of (♣). Next we
will observe that f ′ ◦ pr1, f

′ ◦ pr2 : R′ = R ×X X ′ ⇒ Y coincide. Clearly, it holds
after restricting to R′0 = R ×X X ′0. This implies that two morphisms R′0 ⇒ R0 ×W Y
induced by R′0 ⇒ Y coincide. The morphisms R′ ⇒ R ×W Y induced by R′ ⇒ Y are
étale deformations of R′0 ⇒ R0 ×W Y respectively. Thus by [29, Theorem 3.23], two
morphisms R′ ⇒ R ×W Y coincide. Hence f ′ ◦ pr1 and f ′ ◦ pr2 coincide, and it gives
rise to X ′ := X ×X X ′ → Y . This induces Γ(Y,OY )→ Γ(X ′,OX′) = Γ(X ′,OX ′). Let
f : X ′ → Y be the induced morphism. Next we construct g : X ′′ → Y1. By the above
construction, we have X ′ → Y . It gives rise to a : X ′ ×X X ′ → Y ×W Y because the
right diagram of (♣) commutes. Note that by Lemma 4.6 (X ′×X X ′)×X X0 is naturally
isomorphic to X0×X0 (X

′
0×X0X

′
0), whose coarse moduli space is X ′0×X0X

′
0. Also, notice

X ′0×X0X
′
0
∼= (X ′×XX

′)×XX0. Applying the schematic case to X ′×X X ′ → X ′×XX
′

there exists a unique morphism g : X ′×XX
′ → Y ×W Y such that a = g ◦π′′, where π′′

is the natural morphism X ′ ×X X ′ → X ′ ×X X ′. By the construction of f and g, they
make diagrams (♣) commute. Hence we obtain a desired morphism φ : X → W . 2

Proof of Proposition 4.5. We now obtain our Proposition 4.5 from Lemma 4.8 and
Lemma 4.10. 2

Let X be an algebraic stack locally of finite type over an excellent scheme S. Let p
be a closed point on X . We say that p is p-stable if there exist a quasi-compact open
substack U ⊂ X containing p, and a closed substack U0 ⊂ U determined by a nilpotent
ideal sheaf, that has the properties:

(i) p is strongly p-stable over U0;
(ii) U has the property (L) with respect to U0.

According to Theorem 3.1 and Proposition 4.5, we have:

Proposition 4.11. Let X be an algebraic stack locally of finite type over an excellent
scheme S. Then p-stable points form an open substack X s, and there exists a coarse
moduli space

π : X s −→ X,

which induces a natural isomorphism OX → π∗OX . Moreover, it is universally closed
and quasi-finite. If X ′ → X is a flat morphism of algebraic spaces, then X s×XX

′ → X ′

is also a coarse moduli space.

Remark 4.12. Ultimately, we shall only be interested in GIT-like p-stability which
will be introduced in the next section. The reason, however, that we introduced the
ad hoc notion of (strong) p-stability is to prove some properties of GIT-like p-stable
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points. In addition, we hope that the machinery of p-stability will be useful in the
other situations.

The property (L) may seem to be hard to verify. Nonetheless, in the next section
we will show that the property (L) is satisfied in the GIT-like stable case which we
think of as a reasonable setting.

For the later use, we need:

Lemma 4.13. Let X0 → X be a closed immersion defined by a nilpotent ideal I.
Suppose that there exists a coarse moduli map π0 : X0 → U0 to an affine scheme, and
for any flat morphism U ′0 → U0, the projection q : XU ′0 := X0 ×U0 U

′
0 → U ′0 is also a

coarse moduli map. Let U ′0 → U0 be an étale surjective morphism of affine schemes.
Let XU ′ → X be an étale morphism associated to U ′0 → U0, that is, a unique étale
deformation XU ′ → X of XU ′0 → X0. Suppose that Γ(XU ′ ,OXU′ ) → Γ(XU ′0 ,OXU′0

) is

surjective. Then Γ(X ,OX )→ Γ(X0,OX0) is surjective. (In particular, the property (L)
is étale local property.)

Proof. By induction, we may and will assume that I is a square zero ideal. Let
J := I ⊗OX0

OXU0
. Since Γ(XU ′ ,OXU′ ) → Γ(XU ′0 ,OXU′0

) is surjective and U ′0 is affine,

we have Γ(U ′0, R
1q∗J ) = 0. On the other hand, Γ(U0, R

1π∗I) ⊗Γ(U0,OU0
) Γ(U ′0,OU ′0) =

Γ(U ′0, R
1q∗J ). Since U ′0 → U0 is étale and surjective, we see Γ(U0, R

1π∗I) = 0. This
means that Γ(X ,OX )→ Γ(X0,OX0) is surjective. 2

5. GIT-like p-stability

In this section, we now introduce the notion ofGIT-like p-stable points. In this
section, we will work over a perfect base field k. Let X be an algebraic stack locally
of finite type over k.

Definition 5.1. Let p be a closed point on X . The point p is GIT-like p-stable if there
exists an effective versal deformation ξ ∈ X (A), which has the following properties:

(a) The special fiber of AutX ,A(ξ)→ SpecA is linearly reductive, that is, AutX ,A(ξ)×Spec A

SpecA/m is a linearly reductive algebraic group over SpecA/m, where m is the
maximal ideal of A.

(b) If I denotes the ideal generated by nilpotent elements in A, then there exists
a normal subgroup scheme F in AutX ,A(ξ) ×A Spec(A/I) which is smooth and
affine over SpecA/I, and whose geometric fibers are connected. Furthermore,
the quotient AutX ,A(ξ)×A Spec(A/I)/F is finite over A/I, and the compatibility
condition (C) as in Definition 2.3 holds for F ⊂ AutX ,A(ξ)×A Spec(A/I).

Remark 5.2. (i) Let K be a field and K ′ ⊃ K an extension of fields. An algebraic
group G over K is linearly reductive if and only if so is G×Spec K SpecK ′ over K ′.
Therefore, to verify (a) in Definition 5.1, it is enough to show that there exist a
field K and a morphism v : SpecK → X , such that v represents the point p and
AutX ,K(v) is linearly reductive over K.

(ii) According to [14, V IB Corollaire 4.4], to check that a group scheme F is smooth
over a reduced scheme S, it is enough to prove that every fiber is smooth and F
is Zariski locally equidimensional over S.
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(iii) The characteristic zero case is simpler than the general case. If G := AutX ,A(ξ)×A

Spec(A/I)→ Spec(A/I) is equidimensional, then by [14, V IB Corollaire 4.4] the
identity component G0 (cf. [14, V IB Définition 3.1]) is a smooth open normal
subgroup, whose geometric fibers are connected. By [14, V IB Proposition 3.3],
the compatibility condition (C) holds for G0. Hence in characteristic zero, the
property (b) in Definition 5.1 is satisfied if and only if the following conditions
hold:
(a) G → Spec(A/I) is equidimensional,
(b) G0 is affine over Spec(A/I),
(c) G/G0 is finite over Spec(A/I).

(iv) Consider the case when X has finite inertia stack. Suppose that all closed
points on X are GIT-like p-stable. Then in characteristic zero, X is a Deligne-
Mumford stack ([12]), and in positive characteristic X is a tame stack introduced
by Abramovich, Olsson, and Vistoli ([2]).

Proposition 5.3. Let X0 be the reduced stack associated to X . Let p be a GIT-like
p-stable point on X (or equivalently X0). Then there exists an open substack Y0 ⊂
X0 containing p, which has a coarse moduli map π0 : Y0 → Y0 such that it induces
an isomorphism OY0 → π0∗OY0, and for any flat morphism Y ′0 → Y0 the pullback
Y0 ×Y0 Y

′
0 → Y ′0 is also a coarse moduli map.

Proof. Let ξ : SpecA→ X be an effective versal deformation for p, which satisfies
the properties (a) and (b) in Definition 5.1. Note that if I denotes the ideal generated
by nilpotent elements in OX , then the ideal I of nilpotent elements in A is the pullback
of I via ξ : SpecA→ X because X is excellent. Then p is a strongly p-stable point on
X0. Thus by Theorem 3.1 we obtain our Proposition. 2

Let X be an algebraic stack locally of finite type over the base field k. According to
Proposition 5.3, we will denote by X gs the open substack of GIT-like p-stable points.
The main purpose of the remainder of this section is to prove Theorem 5.12, that is, to
show the existence of a coarse moduli map for X gs by applying the results developed
in section 4.

Lemma 5.4. Let X be an algebraic stack locally of finite type over a perfect field k.
Let X0 be the reduced stack associated to X . Let X gs

0 be the open substack of GIT-like p-
stable points. Let X gs

0 → X0 be a coarse moduli map (cf. Proposition 5.3) Let U0 → X0

be an étale morphism from an affine scheme U0. Let XU → X gs be an étale morphism
associated to U0 → X0. (See Proposition 4.3.) Suppose that XU0 = X gs

0 ×X0 U0 has the
form [V0/G], where V0 is an affine U0-scheme and G is a linearly reductive algebraic
group over k, which acts on V0 over U0. Then there exist a nilpotent deformation
V0 → V and an action of G on V , which extends the action on V0, such that XU is
isomorphic to [V/G].

Proof. We may and will assume I2 = 0. By our assumption, there exists a mor-
phism f : XU0 → BG corresponding to the principal G-bundle V0 → [V0/G] ∼= XU0 . To
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prove our claim, we will show that there exists a dotted morphism filling the diagram

XU0
//

f

²²

XU

||
BG.

Note that XU0 → BG is representable because it arises from the G-morphism V0 →
Spec k. According to [32, Theorem 1.5], an obstruction for the existence of a dotted
arrow lies in Ext1(Lf ∗LBG/ Spec k, I) = Ext1(f ∗LBG/ Spec k, I), where LBG/ Spec k denotes
the cotangent complex. We claim

Ext1(Lf ∗LBG/ Spec k, I) = 0.

To prove our claim, we first show that LBG/ Spec k is of perfect amplitude in [0, 1].

Consider the composition Spec k
w→ [Spec k/G] = BG→ Spec k, where π is the natural

projection. Then we have a distinguished triangle

Lw∗LBG/ Spec k → LSpec k/ Spec k → LSpec k/BG → Lw∗LBG/ Spec k[1].

Since LSpec k/ Spec k = 0, LSpec k/BG
∼= Lw∗LBG/ Spec k[1] (the symbol∼= means the existence

of a quasi-isomorphism). The morphism w is flat surjective of finite type, and thus it
suffices to show that LSpec k/BG is of perfect amplitude in [−1, 0]. To this end, consider
the flat base change z : Spec k ×BG Spec k ∼= G → Spec k of w : Spec k → BG,
we have z∗LSpec k/BG

∼= LG/ Spec k. Note that the morphism G → Spec k is complete
intersection in the sense of [15, (19.3.6)], and thus according to [19, Ch. III (3.2.6)]
the cotangent complex LG/ Spec k is of perfect amplitude in [−1, 0]. Therefore we deduce
that LSpec k/BG is of perfect amplitude in [−1, 0]. (If G is smooth, then LG/ Spec k is of
perfect amplitude in [0].) Hence we conclude that LBG/ Spec k is of perfect amplitude
in [0, 1]. Since f is flat, thus Lf ∗LBG/ Spec k

∼= f ∗LBG/ Spec k is of perfect amplitude in
[0, 1]. Thus we have RHom(f ∗LBG/ Spec k, I) ∼= RHom(f ∗LBG/ Spec k,OXU0

) ⊗L I, and
RHom(f ∗LBG/ Spec k,OXU0

) is of perfect amplitude in [−1, 0]. Note that [V0/G]→ BG
is an affine morphism. In addition, the push forward with respect to BG→ Spec k, is
an exact functor from the category of quasi-coherent sheaves on BG to that of quasi-
coherent sheaves on Spec k. Therefore the global section functor on [V0/G] ∼= XU0

is exact. Taking into account local-global spectral sequence for Ext groups, we see
that Ext1(Lf ∗LBG/ Spec k, I) = 0 and there exists the desired arrow XU → BG. The
pullback of the natural projection Spec k → BG by XU → BG gives rise to a principal
G-bundle V := Spec k ×BG XU → XU . Notice that V → XU is a flat deformation of
V0 → [V0/G] ∼= XU0 to XU . Thus V is affine. This means that XU has the form [V/G]
where V is affine, as desired. 2

Remark 5.5. (i) From the above proof, we see that if G is a smooth algebraic group
over k, then LBG/ Spec k is of perfect amplitude in [1].

(ii) Also, the same argument shows the following: Let A be a local k-ring with residue
field k and maximal ideal m. Let G be a linearly reductive algebraic group over
k. Let X̂ → Spf A be a formal algebraic stack, that is, an inductive system of
algebraic stacks Xn → SpecAn, where An = A/mn+1. Suppose that X0 = BG =
[Spec k/G]. Then the system X0 ↪→ X1 ↪→ X2 ↪→ · · · Xn ↪→ has the form

[Spec k/G] ↪→ [SpecB1/G] ↪→ [SpecB2/G] ↪→ · · · [SpecBn/G] ↪→ · · · ,
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where Bi is an artin local k-ring over Ai for any i. (To see this, replace f : XU0 →
BG in the proof of Lemma 5.4 by Id : X0 = BG → BG and apply the same
argument.) Furthermore, if G is smooth, we have Exti(LBG/k, (m

n/mn+1)|BG) = 0
for i = 0, 1, which deduces, by [32, Theorem 1.5], that the system of G-rings
{Bi}i≥0 is unique up to isomorphism.

Proposition 5.6. Let X0 be the reduced stack associated to X . Let X gs
0 be the open

substack of GIT-like p-stable points and π0 : X gs
0 → X0 the coarse moduli map. Then

for any closed point p on X0 there exists an étale neighborhood U0 → X0 and a closed
point u ∈ U0 lying over p, such that (i) if k(u) denotes the residue field of u, then
Spec k(u) → X0 extends to α : Spec k(u) → X0, (ii) U0 is an affine k(u)-scheme,
and (iii) XU0 = X gs

0 ×X0 U0 has the form [V0/G], where V0 is finite over U0, and
G→ Spec k(u) is the automorphism group of α.

The proof of this Proposition proceeds in several steps: Lemma 5.7, 5.8, 5.9, Propo-
sition 5.10 and 5.11.

Lemma 5.7. Let L be a field. Let H → SpecA be a group scheme that is affine
and smooth over A, where A is a complete noetherian local L-ring with residue field
L. Suppose that the fiber of H over the closed point of A is linearly reductive, and
all geometric fibres of H → SpecA are connected. Then there exists an isomorphism
H → H ×L SpecA of group schemes over SpecA.

Proof. Let Ĥ → Spf A be the formal group scheme associated to H → SpecA,
which we can view as a smooth deformation of H to Spf A. Note that H is linearly re-
ductive and thus higher group cohomology groups are trivial. Thus by the deformation
theory of group schemes (cf. [14, Expose III (3.7)]), we see that there exists a unique de-
formation of H to Spf A, that is, H×̂L Spf A, and thus there exists an isomorphism be-
tween Ĥ andH×̂L Spf A. LetHomA(H×LA,H) (resp. HomA(H, H×LA)) be a functor
which to any S → SpecA associates the set of homomorphisms H×LA×AS → H×AS
(resp. H ×A S → H ×L A ×A S) of group schemes over S. According to [14, Expose
XIX 2.6], H is a reductive group over SpecA (cf. [14, Expose XIX 2.7]). Then by [14,
Expose XXIV 7.2.3], HomA(H ×L A,H) and HomA(H, H ×L A) are represented by
schemes locally of finite type and separated over A. By the above observation, there
exist inductive systems {SpecA/mn+1

A → HomA(H ×L A,H)}n≥0, {SpecA/mn+1
A →

HomA(H, H ×L A)}n≥0 arising from the isomorphism Ĥ ∼= H×̂L Spf A. Here mA

is the maximal ideal of A. Since HomA(H ×L A,H) and HomA(H, H ×L A) are
schemes, these systems are uniquely extended to u : SpecA → HomA(H ×L A,H)
and v : SpecA → HomA(H, H ×L A). Let us denote by u : H ×L A → H and
v : H → H ×L A the corresponding morphisms respectively (here we abuse notion).
The uniqueness also implies that u ◦ v is the identity morphism H. Similarly, v ◦ u is
the identity morphism of H ×L A. This completes the proof. 2

Lemma 5.8. Let p be a GIT-like p-stable closed point. There exists an open substack
U ⊂ X0 containing p, that has the property: there exists a closed subgroup F ⊂ IU
such that F is smooth and affine over U , geometric fibers of F → U are connected,
and IU/F is finite over U .

Proof. This proof is parallel to Proposition 3.2 and the first, second and third
paragraph of the proof of Theorem 3.1. Let ξ : SpecA → X be an effective versal
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deformation for p, which satisfies the properties (a) and (b) in Definition 5.1. By
Lemma 2.2, we extend the versal deformation ξ to a smooth morphism P : U → X
where U is an affine scheme having a closed point u such that A ∼= ÔU,u and ξ ∼= P |A.
Consider the following contravariant functor F : (affine U -schemes)→ (Sets) which to
any f : Y → U associates the set of normal closed subgroup spaces G ⊂ AutX ,Y (f ∗η)
over Y with following properties (i), (ii), (iii):

(i) G is smooth and affine over Y , and geometric fibers are connected,
(ii) AutX ,Y (f ∗η)/G is finite over Y ,
(iii) if pr1, pr2 : AutX ,Y (f ∗η)×IX AutX ,Y (f ∗η) ⇒ AutX ,Y (f ∗η) are the natural projec-

tions, then pr−1
1 (G) = pr−1

2 (G).
As in the proof of Proposition 3.2, using a standard limit argument (cf. Appendix) we
see that the functor F is locally of finite presentation. By the approximation theorem,
there exists an étale neighborhood V → U of u such that F (V ) is not empty. As in the
proof of Theorem 3.1, this implies that there exist an open substack U ⊂ X containing
p and a closed subgroup F ⊂ IU that has the desired property. 2

(The first setup): For simplicity, we will replace X gs
0 andX0 by X andX respectively.

For any U → X, we write XU for X ×X U . Let p : SpecK → X be a geometric point
and q : SpecK → X the composite of p and the coarse moduli map, where K is a
separable (algebraic) closure of k. Shrinking X by Lemma 5.8 we assume that there is
an closed subgroup F ⊂ IX , such that IX /F is finite, F → X is smooth and affine,
and all geometric fibers of F → X are connected. Fix an étale neighborhood U → X
of q : SpecK → X, where U is an affine scheme. There exists a rigidification XU → YU

associated to F (cf. Theorem A.7). Note that YU has finite inertia stack and each
stabilizer is linearly reductive. Then according to [2, Proposition 3.2] (and its proof),
there exist an étale neighborhood U ′ → U and a closed point u′ ∈ U ′ (the image of
SpecK → U ′) such that (i) Spec k(u′) → U ′ extends to α : Spec k(u′) → XU ′ and
U ′ is a k(u′)-scheme, and (ii) if G, H and Ḡ denote IXU ′ ×XU′ ,α k(u

′) = Autk(u′)(α),
F ×XU′ ,α k(u

′) and G/H respectively, then the base change YU ′ = YU ×U U
′ has the

form [W/Ḡ], where W is an affine scheme which is finite over U ′ and has the trivial
fiber W ×U ′ Spec k(u′) ∼= Spec k(u′). For ease of notation, we replace U ′ and u′ by U
and u respectively. Let L := k(u) be the residue field of u.

Lemma 5.9. There exists an étale neighborhood V → U of q, such that (i) the mor-
phism WV := W ×U V → YU ×U V lifts to WV → XV , and (ii) the group scheme
WV ×XV

F → WV is isomorphic to the constant group scheme H ×L WV → WV .

Proof. Clearly, we may assume that X is quasi-compact. Observe first that it is
enough to prove the case when the base field is algebraically closed (in particular,
L = K). Note that any algebraic extension of k is separable. In addition, X and X
is of finite presentation over k. Thus, standard limit arguments show that an étale
morphism V ′ → U ×L K with the desired properties always arises from some étale
morphism V → U with such properties. Therefore we may and will assume that
k = L = K.

Next we prove that there exists an étale neighborhood V → U that satisfies (i).
Let O be a strict henselization of the local ring of OU,u. Since strict henselization
commutes with finite extensions of rings, thus W ′ := W ×U SpecO is the disjoint
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union of spectrums of strict henselian local rings, that is, W ′ ∼= qr
i=1 SpecAi, where Ai

is a strict henselian local ring with residue field K for all i. Since u ∈ U has the trivial
fiber SpecK, we see i = 1. We let W ′ := SpecA. The rigidifying morphism XU → YU

is smooth, and thus there exists a lifting W ′ → XU of W ′ → YU . We can write
SpecO → U as Spec(colimλBλ), where Uλ := SpecBλ → U are étale neighborhoods
of the (geometric) point u : SpecK → U . Note that XU is of finite type over YU .
Hence there exists some étale neighborhood Uµ → U such that Wµ := W ×U Uµ → YU

extends to Wµ → XU .
Next we will show that there exists an étale neighborhood Uµ′ → Uµ that satisfies

(ii). Let W ¦ denote the spectrum of the completion Â of A with respect to the maximal

ideal. In other words, we also have W ¦ = SpecA⊗̂OÔ, where Ô is the completion of O
with respect to the maximal ideal ofO. Then by Lemma 5.7, the group schemeW ¦×XF
is isomorphic to W ¦ ×K H over W ¦. Then considering the category of rings over A
and applying Artin’s approximation theorem, we see that there exists an isomorphism
of group schemes between W ′ ×XUµ

F and H ×K W ′ over W ′. Applying Theorem A.2

and A.5 to the system {Uλ′}λ′→λ, we conclude, by standard limit arguments, that
there exists Uµ′ → Uµ such that the group scheme Wµ′ ×XUµ′

F → Wµ′ is isomorphic

to H ×K Wµ′ → Wµ′ . 2

Since YU
∼= [W/Ḡ], we see that WU ×X IX /(WU ×X F) is embedded in WU ×L Ḡ.

Let G′ be the reduced scheme associated to G and set Ḡ′ := G′/H. The schemes G′

and Ḡ′ have naturally (smooth) group structures because L is perfect. Next we prove:

Proposition 5.10. There exists an étale neighborhood V → U of q such that the group
scheme (WV ×X IX ) ×(WV ×LḠ) (WV ×L Ḡ

′) → WV can be embedded into WV ×L G
′

as the inverse image of (WV ×YU
IYU) ×(WV ×LḠ) (WV ×L Ḡ

′) ⊂ WV ×L Ḡ
′ under

WV ×L G
′ → WV ×L Ḡ

′.

Proof. (Step 0) As in the proof of Lemma 5.9, we may assume that the base field
is algebraically closed. Thus we will let k = L = K. Moreover, by Lemma 5.9 we can
take an étale neighborhood V → U that has the properties (i) and (ii) in Lemma 5.9.
For ease of notation, we may replace V by U .

(Step 1) First we observe that it suffices to construct the desired embedding over W ¦.
(For the notation W ¦, see the proof of Lemma 5.9. We will continue to use notation in
the proof of Lemma 5.9.) Assume that the group scheme G := (W ¦ ×X IX )×(W ¦×KḠ)

(W ¦ ×K Ḡ′)→ W ¦ can be embedded into W ¦ ×K G′. Consider the natural projection
W ′×KG

′ → W ′×K Ḡ
′ and take the inverse image P ofW ′×X IX /(W ′×XF) ⊂ W ′×K Ḡ

in W ′ ×K G′. Let F be the functor which to any a : Z → SpecO associates the set
of isomorphisms of the group schemes from (WZ ×X IX ) ×(WZ×KḠ) (WZ ×K Ḡ′) to
a∗P . Using Theorem A.2 and A.5 we easily see that F is locally of finite presentation.
Then we can apply Artin’s approximation to conclude that the group scheme (W ′ ×X
IX )×(W ′×KḠ)(W

′×KḠ
′) can be embedded intoW ′×KG

′. By standard limit arguments,
we see that there exists an étale neighborhood V → U of q such that the group scheme
(WV ×X IX ) ×(WV ×KḠ) (WV ×K Ḡ′) → WV can be embedded into WV ×K G′ in the
desired way.

(Step 2) Next we prove that there exists an embedding of the scheme G into W ¦×KG
′,

that is, an isomorphism between G and P ¦ := P×W ′W
¦ as schemes. Note thatW ¦×XF
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is isomorphic to W ¦ ×K H as group schemes. The quotient Q := G/(W ¦ ×X F) is a
(non-flat) finite group scheme over W ¦. We have YU

∼= [WU/Ḡ] and thus Q is a closed
subgroup scheme of W ¦ ×K Ḡ′. Let {Id = g1, g2, . . . , gn} be the set of (K-valued)
points on Ḡ′. (Note that Ḡ′ is finite étale over K. Namely, Ḡ′ can be viewed as the
finite group {Id = g1, g2, . . . , gn}.) The connected component of Q on which gi lies,
denoted by Qi, is isomorphic to the pullback of the diagonal W ¦ → W ¦ ×K W ¦ by
(IdW ¦ , gi) : W ¦ → W ¦ ×K W ¦. Therefore, each connected component of Q can be
identified with a closed subscheme in W ¦. Let us identify Qi with Mi, where Mi is a
closed subscheme of W ¦. Let b : G→ Q be the projection. Note that this projection is
a principal H-bundle, and Mi is the disjoint union of the spectrums of complete local
rings. (H is the identity component of G′.) Also, the principal bundle of a smooth
algebraic group over a strict henselian local ring is trivial. Therefore G is isomorphic
to H ×K Q as a scheme over W ¦. We will regard G as H ×K Q. (Here we do not take
care of group structures.) Thus, it is enough to prove that the group scheme G→ W ¦

is isomorphic to the group scheme H×K Q→ W ¦ (here H×K Q equips with the group
structure arising from that of G′ in the natural way).

To this end, we fix some notation. We write Ŵ ′ for the formal scheme associated
to W ¦ and the adic topology on Â arising from the maximal ideal. Let Ĝ (resp.
(H ×K Q)∧) be the formal scheme obtained from G → W ¦ (resp. H ×K Q → W ¦) by

completion over Ŵ ′. Let Q̂i be the formal scheme obtained by completing along the
closed point of Qi. Applying Remark 5.5 (ii) to the base change X̂ → Spf Ô of X → X

to Spf Ô, we see that Ĝ is a closed formal group subscheme of G×̂KŴ
′. (The special

fiber of X̂ is a classifying stack BG (cf. [24, (11.3)]).)

(Step 3) Next we will show that there exists a closed immersion of formal group schemes

φ : Ĝ→ G′×̂KŴ
′

over Ŵ
′
, which identifies Ĝ with (H×K Q)∧. From (Step 2), it is clear that there exists

a closed immersion of formal group schemes φ′ : Ĝ→ G×̂KŴ
′. Moreover, we know the

existence of an isomorphism Ĝ ∼= (H ×K Q)∧ of formal schemes. Thus, it is enough to

show that this immersion factors through G′×̂KŴ
′ ⊂ G×̂KŴ

′. To this end, observe
first that the “identity component” of Ĝ is the closed subscheme H×̂KŴ

′ (in G×̂KŴ
′).

The fiber of Ĝ→ Ŵ ′ over the closed point is G′ and its identity component is H. Hence
it is enough to prove that any smooth deformation of H to Ŵ

′
that is embedded in

G0×̂KŴ
′
, is H×̂KŴ

′
. Here G0 is the identity component of G. In characteristic

zero, we have G0 = H, thus our assertion is clear since “identity component” of
(H ×K Q)∧ is a constant deformation of H to Ŵ ′, and any surjective endomorphism
of a noetherian local ring is an isomorphism. In positive characteristic, note that by
Nagata’s classification of linearly reductive groups (see for example [30, page 27]), H
is a torus. Moreover, G0/H is a linearly reductive group, thus by the classification in

[2, Proposition 2.13] we see that G0/H is a diagonalizable group. Let Ĥ be a smooth

deformation of H to Ŵ
′
that is embedded in G0×̂KŴ

′
. (Ĥ is a constant deformation

of H.) Consider the composite homomorphism Ĥ → G0×̂KŴ
′ → (G0/H)×̂KŴ

′
,

where the second homomorphism is the natural projection. Since Ĥ is isomorphic to
H×̂KŴ

′
as formal group schemes, the composite Ĥ → (G0/H)×̂KŴ

′
comes from a
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homomorphism of abelian groups. Namely, ifH = SpecK[M ] andG0/H = SpecK[N ],
then the composite arises from a homomorphism N → M . However, any N → M is
the trivial homomorphism since M is free and N ⊗ZQ = 0. This means Ĥ ⊂ H×̂KŴ

′
.

As in characteristic zero case, we deduce that Ĥ is equal to H×̂KŴ
′
. Using this, we

will show that φ′ factors through G′×̂KŴ
′ ⊂ G×̂KŴ

′. To see this, we may consider
the problem by restricting Ĝ to some open and closed subgroup of Ĝ×̂Ŵ ′Q̂i, that is

smooth over Q̂i for each i. (Ĝ is the union of such subformal schemes.) Namely, we may

assume that Ĝ is smooth over Ŵ ′, that is, we have an isomorphism Ĝ ∼= G′×̂KŴ
′ of

formal group schemes. Consider the composite ρ ◦ φ′ : Ĝ→ G×̂KŴ
′ → (G/G′)×̂KŴ

′,
where ρ is the natural projection. It suffices to prove that the image of ρ ◦ φ′ is
trivial. In characteristic zero case, it is clear. In positive characteristic, we put G/G′ =
SpecK[N ], where N is an abelian group whose order is a power of ch(k). For each

connected component Ĉi of Ĝ, choose a section si : Ŵ ′ → Ĉi. Then the composite ρ◦φ′
is uniquely determined by the images ρ ◦ φ′(si). Note that the number of connected

components of Ĝ is prime to ch(k). Moreover, the identity component of Ĝ maps to

the unit of (G/G′)×̂KŴ
′, hence for each i, there exists a positive integer n, such that

ρ ◦ φ′(sn
i ) is the unit of (G/G′)×̂KŴ

′ and n is prime to ch(k). Therefore, we see that
ρ ◦ φ′(si) is the unit. This implies our claim. Hence we have the desired morphism φ.

(Step 4) We then claim that φ is induced by an isomorphism G → H ×K Q of group
schemes over W ¦. For any i, let Ḡ′i be a subgroup of Ḡ′, which is generated by gi.
(Here we regard Ḡ′ as a finite group.) Let G′i be the preimage of Ḡ′i under G′ → Ḡ′.
For any i, set Gi := G′i ×K Qi via a fixed isomorphism G ∼= H ×K Q of schemes. The
scheme Gi can naturally be viewed as a closed and open subgroup scheme of G×W ¦ Qi

(over Qi). (Note that at this point we do not claim that the group structure of Gi

comes from that of G′i.) On the other hand, we denote by G′i×̂KQ̂i the formal group

scheme over Q̂i ⊂ W ′, whose group structure arises from that of G′i. The formal group

scheme G′i×̂KQ̂i → Q̂i is a closed and open subgroup scheme of (H ×K Q)∧×̂Ŵ ′Q̂i.

The morphism φ identifies the formal completion Ĝi of Gi over Q̂i with G′i×̂KQ̂i (as

a formal group scheme). We denote by φi the restriction of φ to Ĝi. We will extend
φi to an isomorphism Gi → G′i ×K Qi of group schemes over Qi. (Note that the
target G′i ×K Qi has the group structure coming from G′i.) To this aim, consider the

functor Hom[
Qi

(Gi, G
′
i ×K Qi) over the category of Qi-schemes, which to any T → Qi

associates the set of morphisms of schemes f : Gi → G′i×K Qi over Qi, such that (i) the
restriction to the identity component of Gi is a homomorphism of group schemes, and
(ii) f commutes with the right actions of identity components of Gi and G′i ×K Qi on
Gi and G′i×K Qi respectively. Note that the identity component of Gi is isomorphic to
H×K Qi as a group scheme. In addition, since we have an isomorphism Gi

∼= G′i×K Qi

of schemes, by choosing a closed point cj on each connected component of G′i we can

take sections sj : Qi → Gi. The functor Hom[
Qi

(Gi, G
′
i ×K Qi) is represented by a

scheme over Qi. Indeed, a morphism f : Gi → G′i×K Qi with the properties (i) and (ii)
is uniquely determined by the restriction of f to the connected component of Gi and
the image of sections {sj}j under f . Therefore, if G0

i denotes the identity component

of Gi, then HomQi
(G0

i , G
′
i ×K Qi) ×Qi

(Qi ×K (G′i)
r) represents Hom[

Qi
(Gi, G

′
i ×K Qi),

where HomQi
(G0

i , G
′
i ×K Qi) is the hom scheme which to any T → Qi associates the
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set of group homomorphisms G0
i ×Qi

T → G′i ×K T , and r + 1 is the number of the
connected components of Gi. By [14, Expose XXIV 7.2.3], HomQi

(G0
i , G

′
i ×K Qi) is a

scheme (locally of finite type and separated) over Qi. Thus, Hom[
Qi

(Gi, G
′
i ×K Qi) is

represented by a scheme over Qi. The morphism φi induces an inductive system of
sections {SpecRi/m

n+1
i → Hom[

Qi
(Gi, G

′
i×K Qi)}n≥0, where SpecRi = Qi and mi is the

maximal ideal of Ri. Since Hom[
Qi

(Gi, G
′
i ×K Qi) is a scheme, the system is uniquely

extended to a section Qi → Hom[
Qi

(Gi, G
′
i ×K Qi). It gives rise to a morphism Φi :

Gi → G′i×K Qi that is an extension of φi. To check that Φi is a group homomorphism,
it suffices to show that Φi commutes with respect to group structures. It follows
from the facts that φi is a group homomorphism and the natural completion map
Γ(Gi×Qi

Gi,OGi×Qi
Gi

)→ Γ(Gi×Qi
Gi,OGi×Qi

Gi
)∧ is injective (consider the compatibility

of Φi with group structures in terms of ring homomorphisms). For any i and j, the
intersection (Gi×Qi

(Qi∩Qj))∩ (Gj×Qj
(Qi∩Qj)) is a (reductive) smooth, affine group

scheme over Qi ∩ Qj. Two morphisms φi and φj coincide in the intersection (after
associating the formal schemes), and thus taking into account the above argument, we
see that Φi and Φj coincide in (Gi ×Qi

(Qi ∩Qj)) ∩ (Gj ×Qj
(Qi ∩Qj)). Therefore, Φi’s

are glued together, and thus we have an isomorphism G→ H ×K Q of group schemes
over W ¦. 2

(The second setup): Taking into account Lemma 5.9 and Proposition 5.10, assume
further that there exists a lifting W → XU of W → YU

∼= [W/Ḡ] such that:

(i) U is an affine scheme of finite type over L,
(ii) the pullback of F → X by the composite W → XU → X is isomorphic to W×LH,
(iii) (W ×X IX )×(W×LḠ) (W ×L Ḡ

′) is embedded into W ×L G
′ as the inverse image

of (W ×YU
IYU)×(W×LḠ) (W ×L Ḡ

′) ⊂ W ×L Ḡ
′ under W ×L G

′ → W ×L Ḡ
′.

Proposition 5.11. With the notation as above, XU has the form [W/G].

Proof. Note first that we have the lifting ξ : W → XU and thus by Theorem A.7
(iii) there exists a natural isomorphism α : W ×YU

XU → W ×L BH over W . This
isomorphism is described as follows. Let ρ : XU → YU be the rigidifying morphism.
For any ω : T → W , an object which belongs to W ×YU

XU(T ) amounts to data

{ω : T → W, η : T → XU , θ : T → IsomYU ,T (ρ(η), ξ̄(ω)) ∼= IsomXU ,T (η, ξ(ω))/H}
where ξ̄ is the composite W → XU → YU . Then consider the principal H-bundle

IsomXU ,T (η, ξ(ω))×IsomXU ,T (η,ξ(ω))/H,θ T → T

and denote by φθ : T → BH the corresponding morphism. Then α sends (ω, η, θ) to
(ω, φθ). There exists the diagram

W ×L Ḡ //

²²

W ×L BH //

²²

W

²²
W // XU

// YU

where the right vertical arrow is determined by W → [W/Ḡ] and all squares are
cartesian. Note that W ×L Ḡ→ W ×L BH is a morphism over W . We will prove the
claim:
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Claim 5.11.1. The composite W ×L Ḡ → W ×L BH → BH factors through second
projection W ×L Ḡ→ Ḡ.

Before the proof of the above claim, assuming that the claim holds, we will complete
the proof of our Proposition. By the claim, W×LḠ→ W×LBH arises from Ḡ→ BH.
The fiber of W ×L Ḡ→ W ×L BH over SpecL→ W ×L SpecL→ W ×L BH is G→
SpecL. Here the first morphism SpecL → W ×L SpecL is determined by the unique
point on W lying over u ∈ U , and the second morphism W ×L SpecL → W ×L BH
is defined by the identity of W and the natural projection SpecL → BH. Thus we
obtain the diagram

W ×L G //

pr1

²²

W ×L Ḡ //

²²

W

²²
W // W ×L BH // XU

where all squares are cartesian. This means that XU is isomorphic to [W/G] where the
action of G on W is an extension of that of Ḡ. 2

Proof of Claim 5.11.1. To prove our Claim, it suffices to prove that the restriction
of W ×L Ḡ → W ×L BH → BH to W ×L Ḡ

′ factors through the second projection
W ×L Ḡ′ → Ḡ′. To see this reduction, it is enough to show that the morphism
φ : W ×L Ḡ

′ → BH uniquely extends to a morphism W ×L Ḡ → BH, and any
morphism ψ : Ḡ′ → BH uniquely extends to a morphism Ḡ→ BH. To see this, set I
and J are the ideals of OW×LḠ and OḠ determined by W ×L Ḡ

′ and Ḡ′ respectively,
and assume that I2 = 0 and J 2 = 0. By the deformation theory [32, Theorem
1.5], it suffices to check Ext0(Lφ∗LBH/ Spec L, I) = Ext1(Lφ∗LBH/ Spec L, I) = 0 and

Ext0(Lψ∗LBH/ Spec L,J ) = Ext1(Lψ∗LBH/ Spec L,J ) = 0. Notice that φ and ψ are flat.
(Any morphism X → BH factors through the natural projection SpecL→ BH after
replacing X with some fppf cover X ′ → X.) Thus by the same argument in the proof
of Lemma 5.4, it suffices to see that LBH/ Spec L is of perfect amplitude in [1]. It follows
from Remark 5.5 (i).

Next observe the morphism W ×L Ḡ → W ×YU
XU
∼= W ×L BH. Let (ω, g) be

a T -valued point of W ×L Ḡ, where ω : T → W and g : T → Ḡ. Considering the
cartesian diagram

W ×L Ḡ //

²²

W

²²
W ×YU

XU
// XU

where the top horizontal arrow is the action of Ḡ, we see that the image of (ω, g) is
described by

{ω ∈ W (T ), gω ∈ XU(T ), g ∈ IsomYU ,T (ω̄, ḡω)(T )}
where ω̄ and ḡω denote the images of ω and gω in YU respectively, and for any f :
T ′ → T we identify IsomYU ,T (ω̄, ḡω)(T ′) with {g′ ∈ Ḡ(T ′)| g′(f ∗ω) = f ∗(gω)}. Thus
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we have the diagram

P //

²²

IsomXU ,T (ω, gω)

²²

T // IsomYU ,T (ω̄, ḡω) // Ḡ×L T

where the square is cartesian, and the lower right horizontal arrow is a closed immer-
sion. The principal H-bundle P corresponds to the image of W ×L Ḡ→ W ×LBH →
BH. Suppose g ∈ Ḡ′(T ). Let Isom′YU ,T (ω̄, ḡω) := IsomYU ,T (ω̄, ḡω) ×Ḡ×LT (Ḡ′ ×L T )
and Isom′XU ,T (ω, gω) := IsomXU ,T (ω, gω)×IsomYU ,T (ω̄,ḡω) Isom′YU ,T (ω̄, ḡω). Here we claim

that Isom′XU ,T (ω, gω)→ Isom′YU ,T (ω̄, ḡω) can be identified with the principal H-bundle
Isom′YU ,T (ω̄, ḡω)×(Ḡ′×LT ) (G′×L T )→ Isom′YU ,T (ω̄, ḡω). In particular, P depends only

on g ∈ Ḡ′(T ). To this end, we first consider the case when g : T → Ḡ′ extends to
g̃ : T → G′ and ω ∼= gω in XU . If Stab′(ω) := Isom′YU ,T (ω̄, ω̄) ⊂ Ḡ′ ×L T , then

IsomYU ,T (ω̄, ḡω) is g · Stab′(ω) in Ḡ′ ×L T . Thus if G′ acts on W via G′ → Ḡ′ and

˜Stab′(ω) denotes the stabilizer group scheme of ω with respect to the action of G′, then

the inverse image of Isom′YU ,T (ω̄, ḡω) in G′×L T is g̃ · ˜Stab′(ω). By our assumption and

the second setup (iii), we have ˜Stab′(ω) ∼= AutXU ,T (ω)×IsomYU ,T (ω̄,ω̄) Isom′YU ,T (ω̄, ω̄) over

T . In the general case, take an étale surjective morphism T ′ → T so that T ′ → T → Ḡ′

extends to g̃ : T ′ → G′ and w|T ′ ∼= gw|T ′ in XU . Then by the previous case and the
descent theory, there exists a dotted closed immersion

Isom′XU ,T ′×T T ′(ω|T ′×T T ′ , g̃ω|T ′×T T ′)
pr1 //
pr2

//

²²

Isom′XU ,T ′(ω|T ′ , g̃ω|T ′) //

²²

Isom′XU ,T (ω, g̃ω)

²²
G′ ×L (T ′ ×T T

′)
pr1 //
pr2

// G′ ×L T
′ // G′ ×L T,

where the left and central vertical arrows are pullbacks of

Isom′YU ,T ′×T T ′(ω̄|T ′×T T ′ , ḡω|T ′×T T ′) ⊂ Ḡ′ ×L (T ′ ×T T
′)

and Isom′YU ,T ′(ω̄|T ′ , ḡω|T ′) ⊂ Ḡ′ ×L T
′ respectively. This implies our Claim. 2

Theorem 5.12. Let X be an algebraic stack locally of finite type over a perfect field.
Then the open substack X gs of GIT-like p-stable points has a coarse moduli map π :
X gs → X, such that X is locally of finite type. Moreover, π is universally closed
and quasi-finite, which induces an isomorphism OX → π∗OX . If X ′ → X is a flat
morphism, then the second projection X gs ×X X ′ → X ′ is a coarse moduli map.

Proof. Let X gs
0 be the reduced algebraic stack associated to X gs. By Proposition 5.3

there exists a coarse moduli map π0 : X gs
0 → X0. Then by Proposition 5.11, any point

on X0 has an étale neighborhood U0 → X0, such that X gs
0 ×X0 U0 has the form [W0/G],

whereW0 is an affine scheme which is finite over the affine scheme U0, andG is a linearly
reductive group. By Lemma 5.4, the étale deformation XU → X gs of X gs

0 ×X0U0 → X gs
0

to X gs has the form [W/G]. Since G is linearly reductive, thus

Γ(XU ,OXU
) = Γ(W,OW )G → Γ(X gs

0 ×X0 U0,OX gs
0 ×X0

U0
) = Γ(W0,OW0)

G
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is surjective. Applying Lemma 4.13 we conclude that the nilpotent deformation X gs
0 →

X gs has the property (L) in section 4. Therefore according to Proposition 4.5,X gs has
a coarse moduli map. By the construction, it is clear that π is universally closed and
quasi-finite. The last assertion also follows from Proposition 4.5. 2

From Proposition 4.5, Theorem 5.12, Lemma 5.4, Proposition 5.6, we deduce

Corollary 5.13. Let X be an algebraic stack locally of finite type over a perfect field.
Let π : X gs → X be a coarse moduli map. Then every point on X admits an étale
neighborhood U → X such that X gs ×X U → U has the form [W/G] where W is finite
over U , and G is a linearly reductive group acting on W over U . More precisely, U is
an affine scheme over a finite (separable) extention k′ ⊃ k of fields and G is a linearly
reductive group over k′, which acts on W over U so that the quotient stack [W/G] is
isomorphic to X gs ×X U over U .

Remark 5.14 (Isovariant étale). Corollary 5.13 says that GIT-like stable point is ap-
proximated by a quotient stack via an étale morphism [W/G] → X (with the above
notation). Moreover, [W/G] → X preserves the structures of automorphisms. More
precisely, if I[W/G]→ [W/G] and IX → X denote the inertia stacks of [W/G] and X
respectively, then the natural morphism I[W/G]→ IX ×X [W/G] is an isomorphism.
It is quite useful. For instance, generalizing Thomason’s descent theory ([36]) Joshua
developed the isovariant étale descent theory for G-theory on algebraic stacks ([21,
Section 5]). Informally, an isovariant étale morphism of algebraic stacks is an étale
morphism which preserves the structures of automorphisms (cf. [21, DEFINITIONS
3.1 (iii)]), and the notion of isovariant étaleness is crucial for the descent theory of
G-theory. Note that the above morphism [W/G] → X is isovariant étale. Moreover,
under the stable condition (see Definition 5.15 , Remark 5.16), one can reduce G-theory
of algebraic stacks to equivariant G-theory, that is, the case of an affine scheme pro-
vided with the action of a reductive group. Since this topic is beyond the scope of this
paper, we will discuss these issues and applications in another paper.

Motivated by Theorem 5.12 and Corollary 5.13, we propose a class of Artin stacks.

Definition 5.15. Let X be an algebraic stack locally of finite type over a perfect field
k. We say that X is of GIT-like stable type over k (or simply stable algebraic stack
over k) if X gs = X . In other words, X is of GIT-like stable type if the automorphism
groups of all closed points are linearly reductive and any closed point admits an open
neighborhood U ⊂ X , such that the inertia stack IU0 of the reduced stack associated
to U has a closed subgroup F0 that satisfies:

(i) F0 is smooth and affine over U0, and all geometric fibers are connected,
(ii) the quotient IU0/F0 is finite.

Remark 5.16. By Remark 5.2, in the case of characteristic zero X is of GIT-like
stable type if and only if the followings hold: (i) the automorphism group of every
geometric point on X is reductive, (ii) if Xred denotes the reduced stack associated to
X then the inertia stack IXred is Zariski locally equidimensional over Xred, (iii) the
identity component of IXred is affine over Xred, and (iv) the quotient of IXred by its
identity component is finite over Xred. (See Theorem 6.9.)

In virtue of the works of Inaba [20] Lieblich [25], Toën and Vaquié [38], we have
the moduli Artin stack Db

p(X) of objects in the derived category of perfect complexes
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(satisfying a certain condition) on a proper flat scheme X. Also, the general result of
[38] yields the moduli stack of complexes of representations of a finite quiver. Recent
developments on derived category reveal the importance of these moduli stacks. On
the other hand, we would like to call attention to the fact: one cannot interpret these
stacks as quotient stacks (at least a priori since abstract approaches are applied). It
would be interesting to apply our GIT-like p-stability to these stacks. We hope to
come back to this topic in a future work.

6. Comparing with Mumford’s Geometric Invariant Theory

By an algebraic scheme over a field k we mean a scheme locally of finite type and
separated over a field k. In this section, we assume that the base field k is algebraically
closed of characteristic zero except Theorem 6.9. In this section we discuss the relation-
ship between our GIT-like p-stability and Geometric Invariant Theory due to Mumford
([30]). Moreover, we prove Theorem B.

Let X be an algebraic scheme over k. Let G be a linearly reductive group scheme
over k. (An algebraic group over k is linearly reductive if and only if it is reductive.)
Let σ : G ×k X → X be an action on X. Let X(Pre) ⊂ X be the open subset of X,
consisting of pre-stable points in the sense of [30, Definition 1.7]. The main purpose
of this section is to prove:

Theorem 6.1. Let [X(Pre)/G] be the open substack of [X/G], associated to X(Pre).
Let [X/G]gs be the open substack consisting of GIT-like p-stable points on [X/G]. Let
S be the maximal open substack of [X/G], admitting a coarse moduli space that is a
scheme. Then

[X(Pre)/G] = [X/G]gs ∩ S.
Remark 6.2. We would like to invite your attention to some of the advantages of
our approach. First of all, as in Keel-Mori theorem coarse moduli are allowed to
be algebraic spaces (rather than schemes). It makes the framework more amenable.
Moreover, contrary to Geometric Invariant Theory our approach does not rely on global
quotient structures (cf. Remark 5.16). It is important for several reasons. First, in
practice it is hard to prove that a give algebraic stack is a quotient stack. In addition,
algebraic stacks do not necessarily have such structures (see [17, section 2]). Secondly,
as mentioned at the close of section 5, nowadays we often use abstract methods for
constructing algebraic moduli stacks, such as Artin’s representability theorem, and
Geometric Invariant Theory is not applicable to stacks constructed by such abstract
methods. For example, Lieblich applied the Artin’s theorem to the constructions of
moduli stacks of twisted sheaves ([26]) and complexes ([25]), and Olsson used the
theorem in the work on Hom stacks ([34]). In addition, Lurie proved an amazing
generalization of Artin’s representability theorem to derived algebraic geometry ([28]).

Remark 6.3. According to Theorem 6.1, we may say that in a sense the notion of
GIT-like p-stability is an intrinsic generalization of pre-stability, that is, the “local
part” of Geometric Invariant Theory.

By the theory of good moduli spaces [3, Theorem 6.6], the geometric quotient
of X(Pre) by G in the sense of Definition 0.6 of [30] is a coarse moduli space for
[X(Pre)/G]. (We will recall the notion of good moduli spaces introduced by Alper in
section 7.) Thus [X(Pre)/G] ⊂ S. Namely, [X(Pre)/G] = [X(Pre)/G] ∩ S.
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We first show [X(Pre)/G] ⊂ [X/G]gs. Note that if [X(Pre)/G] is contained in
[X/G]gs, then [X(Pre)/G] ⊂ [X/G]gs ∩ S.

Proposition 6.4. Any closed point on [X(Pre)/G] is a GIT-like p-stable point.

To prove this Proposition, we may and will assume that X is affine, and the action
of G on X is closed (cf. [30, Definition 1.7]).

Lemma 6.5. Let p be a closed point on X(Pre). Then the stabilizer group is (linearly)
reductive.

Proof. According to Matsushima’s theorem (cf. [27, page 84]), an orbit is affine if
and only if the stabilizer is reductive. Since every orbit in X(Pre) is a closed set in an
affine open set, thus our claim follows. 2

Let X0 be the reduced affine scheme associated to X. The base field is perfect, and
thus G ×k X0 is also reduced. Therefore, the action on X induces a (closed) action
σ0 : G×k X0 → X0. Let Stab→ X0 be the stabilizer group, which is defined to be the
second projection (G×kX0)×X0×kX0 X0 → X0, where (σ0, pr2) : G×kX0 → X0×kX0,
and X0 → X0 ×k X0 is the diagonal map. Let F be the identity component of Stab.
Note that F → X0 is Zariski locally equidimensional (cf. [30, page 10]) and geometric
fibers are connected and smooth because the base field is characteristic zero. Then by
[14, V IB Corollaire 4.4], F → X0 is a smooth open normal subgroup of Stab. Note
that the inertia stack I[X0/G]→ [X0/G] is described by

[Stab/G]→ [X0/G],

whereG acts on Stab ⊂ G×kX0 by (h, x) 7→ (ghg−1, gx) for any (h, x) ∈ Stab ⊂ G×kX0

and any g ∈ G. Thus F descends to an open subgroup stack [F/G] → [X0/G] of the
inertia stack. Moreover, the affineness of Stab over X0 together with the following
Lemma 6.6 implies that F is affine over X0.

Lemma 6.6. The quotient Stab/F is finite over X0.

Proof. Let x ∈ X0 be a closed point on X. Let Gx be the stabilizer group of x.
The étale slice theorem of Luna ([32, page 96]) says that there exist a locally closed
affine Gx-invariant subscheme V ⊂ X0 containing x, and the commutative diagram

(V ×G)/Gx
//

²²

[V/Gx] //

²²

Z

²²
X0

// [X0/G] // Y,

where all squares are cartesian, all vertical arrows are affine and étale, and Z (resp.
Y ) are geometric quotients of V (resp. X0) by Gx (resp. G). Here if V = SpecA
and X0 = SpecB, then Z = SpecAGx and Y = SpecBG, and (V ×k G)/Gx is the
quotient of V ×kG by the action of Gx determined by h · (v, g) = (hv, gh−1). Using the
diagram, we want to reduce the problem to [V/Gx]. Let StabV → V be the stabilizer
group scheme of the action of Gx on V . Since StabV is equidimensional, thus StabV

contains G0
x ×k V , where G0

x is the identity component of Gx. To see that Stab/F
is finite over X0, it suffices to show that StabV /(G

0
x ×k V ) is finite over V . We can

consider the action of Gx on V to be the action of the finite group Ḡx := Gx/G
0
x. Then
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it follows from [30, Proposition 0.8] that the action of Ḡx on V is proper. In particular,
StabV /(G

0
x ×k V ) is finite over V . This completes the proof. 2

Proof of Proposition 6.4. By Lemma 6.5, every closed point on [X(Pre)/G] has a
(linearly) reductive automorphism group. Let x ∈ [X/G] = [X(Pre)/G] be a closed

point. Take a closed point x′ ∈ X lying over x. Let ÔX,x′ be the completion of local

ring OX,x′ at x′. Then Spec ÔX,x′ → [X/G] is an effective versal deformation for x.

And by Lemma 6.6, the restriction of the subgroup scheme F to Spec ÔX,x′ yields (b)
in Definition 5.1. 2

Next we will show the converse:

Proposition 6.7. We have [X(Pre)/G] ⊃ [X/G]gs ∩ S.
Proof. We say that a point x ∈ X is regular if it admits an open neighborhood

on which stabilizers have constant dimension. Let Xreg denote the open set of regular
points. Clearly, [X/G]gs ⊂ [Xreg/G]. Let V ⊂ X be the open subset consisting
of points lying over [X/G]gs. Let v : V → [X/G]gs be the natural projection. Let
p : [X/G]gs → Z be a coarse moduli map. Let z′ ∈ [X/G]gs be a closed point and z
the image in Z. Suppose that z has a Zariski open neighborhood which is a scheme.
We will show that z has an affine neighborhood T such that v−1p−1(T ) is an affine
scheme. By Corollary 5.13, there exists an étale neighborhood U → Z of z, such that
[X/G]gs ×Z U → U has the form [W/H]→ U where W is affine over an affine scheme
U , and H is a linearly reductive group over k. Then [W/H] → BH ×k U is affine,
and BH ×k U → U gives rise to an exact push forward functor from the category
of quasi-coherent sheaves on BH ×k U to that of quasi-coherent sheaves on U . If T ′

denotes the image of U → Z, then we can conclude that (p ◦ v)∗ is an exact functor
from the category of quasi-coherent sheaves on v−1p−1(T ′) to that of quasi-coherent
sheaves on T ′. Thus v−1p−1(T ′) → p−1(T ′) → T ′ is an affine morphism (notice that
v : V → [X/G]gs is a principal G-bundle, in particular an affine morphism) . Take an
affine neighborhood z ∈ T ⊂ T ′. Then v−1p−1(T ) is affine. Since [X/G]gs ⊂ [Xreg/G],
the action on v−1p−1(T ) is closed by [30, page 10, line 19-20]. This implies our claim.

2

Proof of Theorem 6.1. Proposition 6.4 and 6.7 imply our claim. 2

Remark 6.8. In the proof of Proposition 6.4, we can find the filtration as in Defini-
tion 5.1 (b).

In the proof of Lemma 6.5 and 6.6, we observed the closed action of a (linearly)
reductive group on an affine scheme. From the observation, we have the following
characterization:

Theorem 6.9. Let X be an algebraic stack locally of finite type over a field k of char-
acteristic zero. Then X is stable algebraic stack (Definition 5.15 and Remark 5.16) if
and only if the following conditions hold:

(i) There exists a coarse moduli map π : X → X, such that X is locally of finite
type. For any étale morphism X ′ → X of algebraic spaces, the second projection
X ×X X ′ → X ′ is a coarse moduli map.
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(ii) For any point x ∈ X, there exists an étale neighborhood U → X, a finite extension
of k′ ⊃ k fields, and a (linearly) reductive group G over k′, such that U is an affine
k′-scheme and X ×X U has the form [W/G], where W is a scheme that is affine
over U and G acts on W over U .

Proof. The “only if” direction follows from Theorem 5.12 and Corollary 5.13. We
next prove the “if” direction. Taking into account Remark 5.2 (iii) we may and will
assume that the base field is algebraically closed. As noted above, by Lemma 6.5
and 6.6 it suffices to show that if [W/G] → U is a quotient stack as in (ii), then the
action of G is closed. Since [W/G]→ U is a coarse moduli map, the action of G on W
is closed, that is, every orbit is closed. This completes the proof. 2

Remark 6.10. Perhaps one wish to have a necessary and sufficient condition for the
existence of a coarse moduli space. However, if one removes the condition (ii) The-
orem 6.9, then there are pathological examples even in the case of Deligne-Mumford
stacks (that have only quasi-finite inertia stacks). For instance, it happens that a
Deligne-Mumford stack which does not have finite inertia stack, has a coarse moduli
space. Let A1

C be a complex affine line and f : A1
CtA1

C → A1
C the fold map. Removing

one point q from f−1(0), we obtain a flat group scheme g = f |G : G = {A1
CtA1

C \ q} →
A1
C over A1

C, such that g−1(p) consists of two points (resp. one point) if p 6= 0 (resp.
p = 0). Let BG be the classifying stack of G over A1. Then the inertia stack is quasi-
finite over BG but not finite over BG. However, A1

C is a coarse moduli space for BG.
We can not apply Keel-Mori theorem to BG, and in particular BGgs does not coincide
with BG. The point is that BG does not satisfies (ii) in Theorem 6.9.

Furthermore there exists a Deligne-Mumford stack which does not admit a coarse
moduli space. Such an example can be found in Example 7.15 of [35].

Remark 6.11. Strong p-stability can differ from Mumford’s theory. We will present
the simple example which illustrates it. Let P1

C be the projective sphere over the
complex number field C. Let G = PGL(2,C) be the algebraic group that is the
automorphism group of P1

C over C. The algebraic group G acts on P1
C in the natural

manner. Every affine open set U on P1
C is not G-invariant, that is, G(U) 6= U . Thus

every point on P1
C is not pre-stable in the sense of Geometric Invariant Theory. In fact,

the stabilizer group is unipotent. Let Stab → P1
C denote the stabilizer group scheme

over P1
C. Then we can easily see that Stab→ P1

C is flat. Therefore, every (and only one)
closed point on [P1

C/G] is strong p-stable in our sense. In this case, the coarse moduli
space is SpecC. In general, algebraic stacks which have non-reductive (and positive
dimensional) automorphisms are complicated. For instance, by Nagata’s example the
finite generation of invariant rings does not hold.

7. Application

In this section, we discuss the finiteness of coherent cohomology as an application.

Proposition 7.1. Let X be a stable algebraic stack locally of finite type over a perfect
field. Let π : X → X be a coarse moduli map. Let F be a coherent sheaf on X . Then
Rπ0
∗F is a coherent sheaf on X , and Rπi

∗F = 0 for i > 0.

Proof. Our claim is étale local on X. Thus by Corollary 5.13 we may assume
that X → X is of the form [W/G] → U , where W = SpecB is finite over an affine
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scheme U = SpecA, and G is a linearly reductive group. A coherent sheaf F on [W/G]
amounts to a finite B-module M which is equipped with a G-action commuting with
the action on B. The direct image π∗F corresponds to MG. Thus the rule F 7→ π∗F
is an exact functor because G is linearly reductive. Hence Rπi

∗F = 0 for i > 0. It
remains to prove that Rπ0

∗F is a coherent sheaf on X . It is enough to show that MG

is a finite A-module. Note that M is a finite A-module, and MG is a sub A-module.
Since A is noetherian, MG is a finite A-module. 2

Theorem 7.2. Let X be an algebraic stack locally of finite type over a field k. Let
k̄ ⊃ k be an algebraic closure, and suppose that X ×k k̄ is a stable algebraic stack over
k̄ and its coarse moduli space X is proper over k̄. Let F be a coherent sheaf on X .
Then the cohomology group H i(X ,F) is finite-dimensional for i ≥ 0.

Proof. We may assume that the base field is algebraically closed. Consider the
composition X π→ X → Spec k, where π is a coarse moduli map. Taking into account
the finiteness theorem for algebraic space [23, IV Theorem 4.1] and Leray spectral
sequence for the composition, it suffices to prove that Riπ∗F is coherent for all i. Thus
our claim follows from Proposition 7.1. 2

For example, it has the following direct corollary.

Corollary 7.3. Let X be an algebraic stack of finite type over a field k. Suppose that
X ×k k̄ is a stable algebraic stack, where k̄ is an algebraic closure of k. If a coarse
moduli space for X ×k k̄ is proper over k̄, then X has a versal deformation (cf. [4,
Definition 4.1.1]).

Proof. By the proof of [4, section 4.2], it suffices to show the finiteness of coherent
cohomology. Thus, our claim follows from Theorem 7.2. 2

Remark 7.4. If X is proper over k, the above corollary is due to Aoki (cf. [4, Theorem
1.3]).

Remark 7.5. The finiteness theorem of coherent cohomology for proper algebraic
stacks has been proved by Laumon and Moret-Bailly under some hypotheses (cf. [24,
(15.6)]). Later, Faltings proved the finiteness theorem for general proper stacks via a
surprising method of rigid geometry (cf. [16]). Recently, Olsson-Gabber proved Chow’s
lemma for algebraic stacks and reproved the finiteness theorem (cf. [33]).

We would like to stress that our theorem can be applied to algebraic stacks whose
stabilizers are linearly reductive and positive dimensional. To compare our result with
the previous theorems, consider a proper algebraic stack X → SpecA. Then the
diagonal X → X ×Spec AX is proper. Practically, in many cases, the proper diagonal is
a finite morphism. (In characteristic zero, it also implies that X is Deligne-Mumford.)
Then if X has finite diagonal, then by Keel-Mori theorem X has a proper coarse moduli
space X. Therefore we may summarize the above as follows: The finiteness theorem
for proper stacks practically tells us that if an algebraic stack has finite diagonal and
a proper coarse moduli space, then it has the finiteness of coherent cohomology. The
main advantage of our finiteness result is that it is applicable to a certain class of
algebraic stacks whose stabilizers are positive-dimensional.
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Remark 7.6. Here we would like to relate our results with the notion of good moduli
spaces introduced by Alper ([3]). Let us recall the definition of good moduli space: Let
QCoh(X ) denote the abelian category of quasi-coherent sheaves on an algebraic stack
X . Let f : X → X be a morphism to an algebraic space X. The morphism f : X → X
is said to be a good moduli space for X if the followings hold:

(a) f is a quasi-compact morphism and the pushforward functor

f∗ : QCoh(X ) −→ QCoh(X)

is exact,
(b) the natural morphism OX → f∗OX is an isomorphism.

In [3], many properties of good moduli spaces are systematically studied. It is worth
remarking that by Theorem 5.12 and Proposition 7.1 a stable algebraic stack admits
a good moduli space. Namely, a coarse moduli space for a stable algebraic stack is a
good moduli space. (Notice that the proof of Proposition 7.1 shows the condition (a).)

Let X be an algebraic stack of finite type over a perfect field k. Suppose that
X is of GIT-like stable type over k. Let π : X → X be a coarse moduli map (cf.
Theorem 5.12). The coarse moduli space X is an algebraic space of finite type over k.
The remainder of this section is devoted to giving a criterion for the properness of X
over k, which is described in terms of X without making reference to X. We begin by
considering the condition which assures that X is locally separated.

Let p be a closed point on X . Since p is a GIT-like p-stable point, there exists
an effective versal deformation ξ : SpecA → X such that if I denotes the ideal gen-
erated by nilpotent elements of A, then there exists a normal subgroup scheme Fξ

of AutX ,Spec A/I(ξ|Spec A/I) → SpecA/I satisfying (b) in Definition 5.1. Let F be a
functor on the category of SpecA/I ×k SpecA/I-schemes which to any (f, g) : T →
SpecA/I ×k SpecA/I associates the set of sections IsomX ,T (f ∗ξ, g∗ξ)/Fξ(T ). Let X0

be the reduced stack associated to X . Let X0 → X rig
0 be the rigidification associated

to an algebraization of Fξ after replacing X by a neighborhood of p (see Proposi-
tion 5.3). Let p′ be the image of p in X → X rig. Then the composite morphism

SpecA/I → X0 → X rig
0 is an effective versal deformation for p′ since X0 → X rig

0 is
smooth. By the construction of the rigidification (cf. Remark A.8), the functor F is
represented by the natural morphism

SpecA/I ×X rig
0

SpecA/I → SpecA/I ×k SpecA/I.

Now we prove:

Proposition 7.7. Suppose that the functor F is proper over SpecA/I ×k SpecA/I.
Then X rig is separated in a neighborhood of p′.

Proof. Without loss of generality, we may assume that X is reduced. Namely,
X0 = X and I = 0. It suffices to prove that there exists a smooth neighborhood
U → X rig of p′, such that U is an affine scheme and U ×X rig U → U ×k U is proper.
To show this, we need the following Lemma.

Lemma 7.8. Let X and Y be schemes locally finite presentation over a quasi-compact
excellent scheme S. Let X → Y be a morphism over S. Let s be a closed point, and
let R := ÔS,s be the completion of the local ring at s. Suppose that the morphism



STABLE POINTS ON ALGEBRAIC STACKS 35

X ×S SpecR → Y ×S SpecR induced by SpecR → S is proper. Then there exists a
neighborhood W ⊂ S of s such that the induced morphism X ×S W → Y ×S W is
proper.

Proof. Let P be a functor on the category of S-schemes which to T → S associates
the set consisting of one element if X ×S T → Y ×S T is proper, and associates the
empty set if otherwise. By Theorem A.2, we see that this functor is locally of finite
presentation. Then applying Artin’s approximation ([7]) we conclude that there exists
an étale neighborhood U → S of s, such that X ×S U → Y ×S U is proper. Let W be
the image of U in S. It is an open set. By the descent theory, X ×S W → Y ×S W is
proper. 2

We continue the proof of Proposition 7.7. By Lemma 2.2, there exist an affine scheme
U , a smooth morphism w : U → X rig, and a closed point u ∈ U such that A ∼= ÔU,u and
ξ|Spec A

∼= w|Spec A Consider the natural morphism U×X rigSpecA→ U×kSpecA over U .
Then applying Lemma 7.8 to this diagram, we see that there exists a neighborhood V of
u such that the restriction V ×X rigSpecA→ V ×kSpecA is proper. (The algebraic space
U×X rigSpecA is a scheme since it is quasi-finite and separated over U×kSpecA (cf. [24,
(A.2)]). Applying Lemma 7.8 to the morphism V ×X rig U → V ×k U over U again, we
conclude that after shrinking the neighborhood V , the morphism V ×X rig V → V ×k V
is proper. 2

Corollary 7.9. Let q be the image of p on the coarse moduli space. Under the as-
sumption of Proposition 7.7, X is separated in a neighborhood of q.

Proof. It follows from Keel-Mori theorem since by Proposition 7.7 X rig has finite
diagonal after shrinking X rig. 2

We say that p satisfies the locally separated property if there exist an effective versal
deformation ξ : SpecA → X for p and a closed subgroup scheme Fξ as above, such
that F (see Proposition 7.7) is proper over SpecA/I ×k SpecA/I, where I is the ideal
generated by nilpotent elements of A. From now on, we suppose that every point
satisfies the locally separated property. Namely, according to Corollary 7.9, the coarse
moduli space X is locally separated. Next we consider a criterion for X to be universally
closed over k.

Proposition 7.10. The coarse moduli space X is universally closed over k if and only
if X is universally closed over k, i.e., X satisfies a valuative criterion in [24, Théorèm
7.3].

Proof. The “only if” direction is clear since π is a universally closed map. The “if”
direction follows from the easy fact: If X is universally closed over k, and X → X is
surjective, then X → Spec k is a universally closed map. 2

Finally, we consider a valuative criterion for the separatedness of X.

Lemma 7.11. The coarse moduli space X is separated if and only if the image of
diagonal map X → X ×k X is closed.

Proof. The diagonal X → X ×k X is a quasi-compact immersion since X is locally
separated. Thus, X is separated if and only if the image of X → X ×k X is closed.
Suppose that the image Z of diagonal map X → X ×k X is closed. Then the image of
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Z in X ×k X is closed. Indeed, the composite map X ×k X → X ×k X → X ×k X is
closed since X → X is universally closed. Conversely, assume that X is separated. Let
Z be the image of diagonal X → X ×k X. Since X → X is a coarse moduli map, thus
the image of diagonal map X → X ×k X set-theoretically coincides with the preimage
of Z under X ×kX → X×kX. It follows that the image of diagonal map X → X ×kX
is closed. 2

Proposition 7.12. The following conditions are equivalent:

(i) X is separated over k.
(ii) Let R be a valuation ring with quotient field K, and let α, β be objects in X (R)

such that there is an isomorphism α|K ∼= β|K. Then the fiber of IsomR(α, β) over
the closed point of R is nonempty.

Proof. We first show that (ii) implies (i). Since X is locally separated, thus by
Lemma 7.11 it is enough to prove that the image Z of the diagonal map ∆ : X →
X ×k X is closed. By [24, (5.9.4)], the underlying set of Z is a constructible set. It
suffices to show that Z is stable under specialization. Thus it is enough to prove that
if v is a generic point on X , and y′ is a specialization of y = ∆(v), then there exists
a point v′ ∈ X lying over y′. According to [24, (7.2)], there exist a valuation ring R
with quotient field K, SpecK → X lying over v, and SpecR→ X ×k X such that the
diagram

SpecK

²²

// X
∆

²²
SpecR // X ×k X

commutes, and the closed point of SpecR maps to y′ under SpecR→ X ×k X . Then
applying the condition (ii) to IsomR(α, β) ∼= SpecR ×(X×kX ) X → SpecR we see that
y′ belongs to Z.

We next show that (i) implies (ii). The image of (α, β) : SpecR → X ×k X set-
theoretically belongs to Z since Z is closed by Lemma 7.11. Hence there exists a point
s ∈ IsomR(α, β) lying over the closed point of SpecR. 2

Remark 7.13. For stable algebraic stacks, it seems that three conditions: the locally
separated condition, “universally closed condition” (cf. Proposition 7.10) and (ii) in
Proposition 7.12 are important. I like to think of three conditions as “virtual proper-
ness” of X . In other words, under these conditions, X behaves like proper in some
contexts. For example, it is hopeful that the class of such properness provides a good
setting in which one has a good theory of Riemann-Roch.

Appendix

Limit argument. Let S0 be a scheme (resp. quasi-separated algebraic space). Let I
be a filtered inductive system in the sense of [6, section 1] or [29, Appendix A]. Let us
consider functor

I → (quasi-coherent OS0-algebras)
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sending α to Aα. Let

S = lim←−
α∈I

Sα

be the associated projective system of schemes (resp. quasi-separated algebraic spaces)
that are affine over S0. (By [29, Appecdix A, Corollary 2] it is represented by a scheme
(resp. quasi-separated algebraic space).) We would like to recall the some results of
limits arguments in [15, IV (8.2)]. For our purpose, we need some assertions in the
case of algebraic spaces, though the generalizations are straightforward. However, we
could not find the appropriate literature, thus we decided that it is best to collect them
here. All algebraic spaces are assumed to be quasi-separated.

Theorem A.1 (cf. EGA IV (8.6.3)). Assume that S0 is a quasi-compact algebraic space.
Let Y ⊂ S be a closed subspace. Then there exist λ ∈ I and a closed subspace Yλ ⊂ Sλ

such that S ×Sλ
Yλ = Y . Moreover, Yλ ⊂ Sλ is unique in the following sense: If there

exists another closed subscheme Yλ′ ⊂ Sλ′ such that S ×Sλ′ Yλ′ = Y , then there exist
λ→ µ and λ′ → µ such that Yλ ×Sλ

Sµ = Yλ′ ×Sλ′ Sµ.

Proof. Let S̃0 → S0 be an étale surjective morphism from a quasi-compact and
separated scheme S̃0. Considering the base changes {S̃0 ×S0 Sα}α∈I the uniqueness
follows from the case when S0 is a scheme ([15, IV (8.6.3)]). Next we will prove
the existence. Let Xα := S̃0 ×S0 Sα and X = S̃0 ×S0 S. Let pα : Xα → Sα and
p : X → S be natural projections. Then by the case of schemes there exist λ ∈ I and
a closed subscheme Wλ ⊂ Xλ such that X ×Xλ

Wλ = p−1(Y ). Let Rα := Xα ×Sα Xα

and R := X ×S X. Since Xα is a quasi-compact and quasi-separated scheme, thus
Rα is also a quasi-compact and quasi-separated scheme. Let pr1, pr2 : Rα ⇒ Xα

be the first and second projection respectively. (Here we abuse notation and omit
the index “α”.) It suffices to show that there exists some arrow λ → µ such that
pr−1

1 (Wµ) = pr−1
2 (Wµ), where Wµ = Wλ ×Xλ

Xµ. Since pr−1
1 (p−1(Y )) = pr−1

2 (p−1(Y )),
the uniqueness pr−1

1 (Wλ) and pr−1
2 (Wλ) in the system {Rα}α∈I implies that there exists

λ → µ such that pr−1
1 (Wµ) = pr−1

2 (Wµ). Thus Wµ descends to a closed subspace
Yµ ⊂ Sµ such that S ×Sµ Yµ = Y . 2

Theorem A.2 (cf. EGA IV (8.10.5) (17,7.8)). Let S0 be a quasi-compact scheme. Let
Xλ and Yλ be schemes of finite presentation over Sλ. Let Xλ → Yλ be an Sλ-morphism.
Consider the following properties: (i) an isomorphism, (ii) a closed immersion, (iii)
quasi-finite, (iv) finite, (v) affine, (vi) flat, (vii) smooth, (viii) proper, (ix) separated.
If Xλ×Sλ

S → Yλ×Sλ
S has one or more properties (i)–(ix), then there exists an arrow

λ→ µ such that Xλ ×Sλ
Sµ → Yλ ×Sλ

Sµ has the same properties.

Proposition A.3. Suppose that Sα is a quasi-compact and quasi-separated scheme
for any α ∈ I. Let f : Xλ → Sλ be an algebraic space of finite presentation over
Sλ. Consider the following properties: (i) affine, (ii) flat, (iii) finite, (iv) smooth, (v)
separated. If X := Xλ×Sλ

S → S has one or more properties (i)–(v), then there exists
an arrow λ→ µ such that Xµ := Xλ ×Sλ

Sµ → Sµ has the same properties.

Proof. We first prove (ii). Let Wλ → Xλ be an étale surjective morphism from a
quasi-compact scheme Wλ. Note that Wλ → Xλ is a quasi-compact morphism since
Xλ is quasi-separated. By the descent theory, it is enough to show that there exists
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an arrow λ → µ such that Wλ ×Sλ
Sµ is flat over Sµ. Applying Theorem A.2 to the

projective system {Wλ×Sλ
Sλ′}λ′∈I/λ, we obtain (i). (Here I/λ is the inductive system

over λ.)
Next we prove (iv). The proof is similar to the proof of (ii).
Next we prove (v). It suffices to show that Xµ → Xµ ×Sµ Xµ is a closed immersion

for some λ→ µ. Note that Xλ → Xλ×Sλ
Xλ is a schematic morphism and Xλ×Sλ

Xλ

is of finite presentation over Sλ. Thus our claim follows from Theorem A.2 (ii) and
descent theory.

Next we prove (iii). According to Theorem A.2 (iii) we may assume that f is quasi-
finite. There exists some λ → µ such that fµ is separated by (v). Then by [24,
Thèoréme (A.2)] Xµ is a scheme. Therefore the schematic case implies (iii).

Finally, we prove (i). Since X = Xλ ×Sλ
S is affine of finite presentation over S,

there exists a closed immersion

ι : X → S ×Z SpecZ[t1, . . . , tn] =: SpecS[t1, . . . , tn].

It is enough to show that there is a closed immersion ιµ : Xµ → SpecSµ[t1, . . . , tn]
which induces ι. Let

[Rλ = Wλ ×Xλ
Wλ ⇒ Wλ]

denote an étale equivalence relation for Xλ with a quasi-compact scheme Xλ. Us-
ing Proposition A.5 and the étale equivalence relation, we have a morphism Xµ →
SpecSµ[t1, . . . , tn] for some µ, which induces ι. Then by the above (iii), we may sup-
pose that

Xµ → SpecSµ[t1, . . . , tn]

is finite. In particular, we can assume that Xµ is a scheme. Now our claim follows
from Theorem A.2 (ii). 2

Proposition A.4. Suppose that Sα is a noetherian scheme for any α ∈ I. Let fλ :
Xλ → Sλ is a scheme of finite type over Sλ. Suppose that all geometric fibers of
Xλ×Sλ

S → S are connected. Then there exists an arrow λ→ µ such that all geometric
fibers of Xλ ×Sλ

Sµ → Sµ are connected.

Proof. Let E be the set consisting of points s ∈ Sα, such that f−1(s) is geometri-
cally connected. By [15, IV, 9.7.7], the set E is a constructible set in Sλ. Moreover,
if a point s ∈ Sλ does not lie in the image of S → Sλ, then there exists λ → λ′ such
that s does not lie in the image of Sλ′ → Sλ. On the other hand, the image of S → Sλ

is contained in E. Therefore, using noetherian induction argument, we easily see that
there exists λ→ µ such that the image of Sµ → Sλ is contained in E. This completes
the proof. 2

Theorem A.5 (cf. EGA IV (8.8.2)). Assume that S0 be a quasi-compact and quasi-
separated scheme. Let Xα be a quasi-compact scheme and let Yα be a scheme of finite
presentation over Sα. Let Xµ = Xα ×Sα Sµ and Yµ = Yα ×Sα Sµ. Let X = Xα ×Sα S
and Y = Yα ×Sα S. Then the natural map

A = lim−→
λ

HomSλ
(Xλ, Yλ)→ HomS(X,Y )

is bijective.
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Proposition A.6. Assume that S0 be a quasi-compact and quasi-separated scheme.
Let Gα → Sα be a separated group algebraic space of finite presentation over Sα.
Let Hα ⊂ Gα be a closed subspace such that H = Hα ×Sα S is a subgroup space of
G = Gα ×Sα S. Then there exists an arrow α → µ such that Hµ := Hα ×Sα Sµ is a
subgroup space of Gµ = Gα×Sα Sµ. If H is normal in G, then Hα×Sα Sµ can be chosen
to be normal.

Proof. It suffices to show that there exists an arrow α → µ such that Hµ has the
following properties: (i) the multiplication m : Gµ×Sµ Gµ → Gµ induces Hµ×Sµ Hµ →
Hµ, (ii) the inverse i : Gµ → Gµ carries Hµ to Hµ, (iii) the unit section e : Sµ → Gµ

factors through Hµ. Let us consider the property (i). Let

Uα
m̃ //

p

²²

Vα

q

²²
Gα ×Sα Gα

m // Gα

be a commutative diagram where Uα and Vα are quasi-compact schemes and two verti-
cal arrows are étale surjective morphisms. (Such a diagram exists.) It suffices to prove
that after the base change by some arrow α→ µ the pullback p−1(Hµ×Sµ Hµ) maps to
q−1(Hµ). Since H is a subgroup of G, in particular G×SG→ G induces H×SH → H,
thus applying Theorem A.5 to p−1(Hα ×Sα Hα) → Vα ← q−1(Hα) we see that there
exists an arrow α→ µ such that p−1(Hµ×Sµ Hµ)→ Vµ factors through q−1(Hµ) ⊂ Gµ.
By a similar argument, we may assume that Hµ has also the property (ii).

Next, consider the property (iii). Let

Wα
ẽ //

r

²²

Vα

q

²²
Sα

e // Gα

be a commutative diagram where Wα and Vα are quasi-compact schemes and two
vertical arrows are étale surjective morphisms. It suffices to prove that after the base
change by some arrow α → µ the unit section Wµ → Vµ factors through q−1(Hµ).
Again by applying Theorem A.5 to Wα → Vα ← q−1(Hα), we conclude that there
exists an arrow α→ µ such that Wµ → Vµ factors through q−1(Hµ) ⊂ Gµ. By what we
have proven, we conclude that there exists an arrow α→ µ such that Hµ is a subgroup
space of Gµ.

Finally, we will prove the last assertion. Consider the morphism

φ : Gα ×Sα Gα → Gα

which sends (g1, g2) to g1g2g
−1
1 . A group subspace Hα is normal in Gα if and only

if φ(Gα ×Sα Hα) ⊂ Hα (scheme-theoretically). Thus by a similar argument using
Theorem A.5 to the above we easily see the last assertion. 2

Rigidification. For the convenience, we would like to recall the rigidifications of
algebraic stacks, that has been discussed by many authors (see for example [24], [1],
[2],[31]).
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Let X be a quasi-separated algebraic stack locally of finite presentation over a quasi-
separated scheme S. Let G be a closed subgroup stack in the inertia stack IX → X ,
that is flat and of finite presentation over X . Namely, the multiplication IX ×X IX →
IX induces G ×X G → G, the inverse IX → IX sends G to G, and in addition the
unit section X → IX factors through G. Let V be an affine S-scheme. Let ξ ∈ X (V )
be an object and V → X the corresponding morphism. It gives rise to a natural
morphism h : AutX ,V (ξ) → IX . The inverse image G(ξ) := h−1(G) ⊂ AutX ,V (ξ) is
a normal closed subgroup. (Every automorphism σ : ξ → ξ gives rise to an inertia
automorphism AutX ,V (ξ) → AutX ,V (ξ) and it sends h−1(G) to h−1(G). Thus G(ξ) is
normal.)

Theorem A.7. There exist an algebraic stack Y locally of finite presentation and a
morphism f : X → Y such that:

(i) f : X → Y is an fppf gerbe.
(ii) For any affine S-scheme V and any object ξ ∈ X (V ), the homomorphism of group

algebraic spaces

AutX ,V (ξ)→ AutY,V (f(ξ))

is surjective and its kernel is G(ξ).
(iii) Let V → Y be a morphism from an affine scheme V and let ξ ∈ X (V ) be the

corresponding object. Then there exists a natural isomorphism V ×Y X ∼= BV G(ξ)
over V , where BV G(ξ) is the classifying stack of G(ξ).

(iv) Let g : X → W be a morphism of algebraic stacks such that for any object
ξ ∈ X , G(ξ) lies in the kernel of AutX ,V (ξ) → AutW,V (g(ξ)). Then there exists
a morphism h : Y → W such that h ◦ f is isomorphic to g. It is unique up to
isomorphism.

(v) Y admits a coarse moduli space if and only if X has one. If they have, both coarse
moduli spaces coincide.

(vi) If X is a Deligne-Mumford stack, then Y is so.

Proof. Assertions (i), (ii) (iii) are proved in [2, (A.1)]. To see (iv), (v) and (vi),
we should go back to the construction of Y . Let Yp be the fibered category defined
as follows. The objects of Y are those of X . Let φ : V ′ → V be a morphism of affine
S-schemes. For any ξ′ ∈ X (V ′) and any ξ ∈ X (V ), we define the set of morphisms
HomYp(ξ′, ξ) over V ′ → V to be the set of sections of the quotient

IsomX ,V ′(ξ
′, φ∗ξ)/G(ξ′)

where the action of G(ξ′) is the natural faithful right action defined by the composition.
Then it is not hard to show that Yp is a prestack. Let Y be a stack associated to the
prestack Yp. It is showed in [2, (A.1)] that Y is an algebraic stack locally of finite
presentation over S with properties (i), (ii) and (iii). By the construction of Yp,
clearly, the natural morphism X → Yp is universal for maps from X to prestacks,
that kill G(ξ) for any object ξ ∈ X . Since Y is the associated stack, thus (iv) follows.
The “if part” of (v) follows from (iv) and (i). (Note that for any algebraically closed
S-field K, X → Y induces a bijective map X (K)/ ∼→ Y(K)/ ∼. Here ∼ means
“up to isomorphism”.) The “only if” part also follows from (iv). The last assertion
in (v) is clear. To see (vi), notice that for each object ξ ∈ X (V ) the group space
AutX ,V (ξ) → V is unramified because X is a Deligne-Mumford stack (cf. [24, (4.2)]).
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For each object ξ ∈ X (V ), G(ξ) is flat and thus G(ξ) is étale over V . By (iii), we see
that X → Y is étale. Hence Y is a Deligne-Mumford stack. 2

Remark A.8. The morphism X → Y is characterized by the universal property in
(iv). We refer to this morphism as the rigidification of X (or rigidifying morphism)
with respect to G. If objects ξ, η ∈ Y(V ) arise from X (V ), then the above proof reveals
that there exists an isomorphism

IsomY,V (ξ, η) ∼= IsomX ,V (ξ, η)/G(ξ).
Also, the algebraic space on the right side is isomorphic to G(η) \ IsomX ,V (ξ, η).
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