ON THE BIRATIONAL UNBOUNDEDNESS OF HIGHER
DIMENSIONAL Q-FANO VARIETIES

TAKUZO OKADA*

ABSTRACT. We show that the family of (Q-factorial and log terminal) Q-Fano
n-folds with Picard number one is birationally unbounded for n > 6.

1. INTRODUCTION

In this paper, we say that a normal projective variety defined over the field C
of complex numbers is a Q-Fano variety if it is Q-factorial, has only log terminal
singularities and its anticanonical divisor is ample. Q-Fano varieties appear as
one of the final outcomes of the log Minimal Model Program and play an impor-
tant role in the classification of algebraic varieties. Because of its importance,
boundedness of (Q-)Fano varieties has been studied by many authors. For exam-
ple, Kollar-Miyaoka-Mori [7] proved the boundedness of smooth Fano varieties
in arbitrary dimension. Kollar-Miyaoka-Mori-Takagi [8] proved the boundedness
of Q-Fano threefolds with canonical singularities. McKernan [11] proved the
boundedness of log terminal Fano pairs of bounded index.

In dimension two, Q-Fano varieties, which are usually called log Del Pezzo
surfaces, are unbounded but they are birationally bounded because they are all
rational. Here we give the definition of birational boundedness.

Definition 1.1. A class of varieties U is birationally bounded if there exists a
morphism f: X — & between algebraic schemes such that every variety in U
is birational to one of the geometric fibers of f. We say that U is birationally
unbounded if it is not birationally bounded.

Lin [10] proved the birational unboundedness of Q-Fano threefolds with Picard
number one. It seems difficult to generalize the proof given by Lin to higher
dimensional cases because it depends on the Sarkisov Program which is build
upon the Minimal Model Program. Following is the main theorem of this paper.

Theorem 1.2. If n > 6 then the family of Q-Fano n-folds defined over C with
Picard number one is birationally unbounded.

In order to get the boundedness results of Q-Fano varieties, we need to impose a
restriction on some invariants. A. Borisov, L. Borisov and Alexeev independently
proposed the following interesting conjecture (cf. [2], [1]).

Conjecture 1.3 (Borisov-Alexeev-Borisov). Fiz ¢ > 0. Then the family of all
Q-Fano varieties of a given dimension with log canonical discrepancy greater than
e is bounded.
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This conjecture is solved only in special cases. Alexeev [1] and Nikulin [12]
proved Conjecture 1.3 in dimension two, and A. Borisov-L. Borisov [3] proved
Conjecture 1.3 in the toric case. Theorem 1.2, as well as Lin’s result [10], shows
that we cannot drop the restriction on ¢ in the hypothesis of Conjecture 1.3 even
if we replace the boundedness by the birational boundedness.

In [13], we constructed examples of non-ruled Q-Fano weighted hypersurfaces
with Picard number one. The proof of Theorem 1.2 will be done by showing that
these examples are birationally unbounded if the dimension is greater than or
equal to 6.

This paper is organized as follows. In Section 2, we recall examples of non-ruled
Q-Fano weighted hypersurfaces X = X from [13] and study their properties. In
particular, we recall that, if X is defined over an algebraically closed field k of
characteristic two, there is a big line bundle £ on Y which is a subsheaf of Qg_l,
where Y is a nonsingular model of X and n is the dimension of Y. We prove the
birational invariance of the global sections of £ under a suitable condition. In
Section 3, we construct a “large” birationally trivial family of Q-Fano weighted
hypersurfaces defined over k assuming that the family of Q-Fano n-folds defined
over C with Picard number one is birationally bounded. Finally, in Section 4, we
compute the dimension of the birationally trivial family of weighted hypersurfaces
defined over k and show that it is not so “large” compared with the one obtained
in Section 3, which completes the proof of our main theorem.

Notations and conventions.

e Let V be a vector space. We say that an element v € V is general
(resp. wvery general) if it belongs to the complement of a suitable proper
closed subspace (resp. at most countable union of suitable proper closed
subspaces) of V.

e For a vector space V, we denote by P(V) (resp. Psu,(V)) the projective
space parametrizing one dimensional quotients (resp. subspaces) of V.

e For a Q-divisor D on a variety X, we denote by LD the round down of
D.

e Let po: Y — X be a morphism between normal varieties and D a Q-
Cartier Weil divisor on X. We denote by ¢*D the pull back of D as a
Q-divisor, that is, p*D = (1/m)¢*(mD), where m is a positive integer
such that mD is a Cartier divisor on X.

o Let £ (resp. D) be a reflexive sheaf of rank one (resp. Weil divisor)
on a normal variety X with the finite dimensional global sections. We
denote by |L£| (resp. |D|) the complete linear system Py, (H°(X, L))
(resp. Py, (HY(X,Ox(D))). We denote by

Dp: X --» P(HY(X, L)) (resp. ®|pj: X --» P(H(X,0x(D)))

the rational map which is associated with the complete linear system |L|
(resp. |DY).

e Let S be a graded ring and f € S a homogeneous element. By (f =0) C

Proj S, we mean the closed subscheme defined by the homogeneous ideal
generated by f.



BIRATIONAL UNBOUNDEDNESS OF Q-FANO VARIETIES 3

Acknowledgement. The author would like to express his sincere gratitude to
Professor Shigefumi Mori for valuable suggestions and warm encouragement. The
author is grateful to Professors Shigeru Mukai, Noboru Nakayama and Masayuki
Kawakita for useful comments which have considerably improved the description
of Section 3. The author would like to thank Professor Janos Kollar; his comments
on our earlier version were quite useful, and he kindly pointed out that our
approach is similar to [6, Chapter V, Exercise 5.20].

2. NON-RULED WEIGHTED HYPERSURFACES

We recall examples of non-ruled Q-Fano weighted hypersurfaces. Let a,l,m
and n be positive integers, where a and [ are odd. Put b = (al — 1)/2.

Definition 2.1. Let X be a variety defined over a field k. We say that X is ruled
(resp. separably uniruled) if there exist a variety Y defined over k of dimension
dim X — 1 and a birational map (resp. separable dominant map) ¥ x P! --» X

Definition 2.2. Let I,m,n,a and b be as above and let k be a field. We denote
simply by k[zo,...,z,] and K[z, ..., Ty, y] the graded rings whose gradings are
given by degz; = 1fori=0,...,m,degx; =afori =m+1,...,nand degy = b.
We define weighted projective spaces Py and @)y as follows.

m+1 e
o P =Pk(1,..., l,m, b) := Proj k[xo, ..., Zn, Y]
m+1 e
o Qr =Pr(1,..., 1,m) := Proj k[zo, ..., xn).
For a positive integer d, we denote by Hy(k) the k-vector space k[xo, ..., 2Tn]4,

the degree d part of the graded ring k[, ..., z,]. For an element f € Hy(k), we
define

Xf = (y2x0 — f(a:(), . ,fL’n) = 0) C P.
We consider the following condition on [, m and n.

Condition 2.3.

(1) m,n are integers and [ is an odd integer.
(2) 4<nand 0 <m < n.
B) n—m+1<l<2(n—m).

Theorem 2.4 ([13], Theorem 7.3 and 1.3). Let I,m and n be integers which
satisfy Condition 2.3. Then, the following assertions hold for every odd positive
integer a with a > (m + 1) /2.

(1) The weighted hypersurface Xy C Pc of degree al defined over C is a
non-ruled Q-Fano variety with Picard number one for a very general f €
H,(C).

(2) The weighted hypersurface Xy C Py of degree al defined over an alge-

braically closed field k of characteristic two is not separably uniruled for
a general f € Hy(k).

Remark 2.5. In [13, Theorem 7.3], we did not mention the Picard number of
Xy. In our case, a general weighted hypersurface X; defined over C is quasi
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smooth (cf. [13, Lemma 3.5]). Hence it follows from [4, Theorem 3.2.4] that the
Picard number of X is one.

Throughout the paper,

e we fix positive integers [, m and n which satisfy Condition 2.3,
e ¢ is an odd integer with a > m + 1, and

e b= (al—1)/2.
Throughout the present section, we work over an algebraically closed field k of
characteristic two and we fix a general element f = f(xo,...,z,) € Hy(k). Put

X =X, P=F and Q = Q. Let mp: P --» @ be the natural projection and
m: X --+ @ be its restriction. The rational maps mp and 7 are defined outside
the point p:=(0:---:0:1) € P.

Lemma 2.6 ([13], Lemma 3.10). The following assertions hold.

(1) X N D4 (zo) has only isolated singularities which are isomorphic to the
singularities of the origin of the hypersurface defined by the equation

V=0&+ 884+ &b+ h(& . )
if n is even, or
V=0 + b+ 4%+ + b +E R (G &)

if n is odd, where a € k, degh,degh’ > 3 and the coefficient of & in I
18 zero.

(2) Put Xgs := X \ (Sing(X)ND4(z0)) and Uy := Xgs N Di(z0- - zny).
Then, Ugs C Xgs 15 a toroidal embedding without self-intersection.

Lemma 2.7 ([13], Corollary 3.13). There is a resolution r: Y — X of singular-
ities of X with the following properties.

(1) Around the isolated singular point which is contained in X "D, (xo), 7 is
a blow up at the point.

(2) rl—1(xp): 7 (Xgs) = Xgs is a resolution of the toroidal embedding Ugs C
Xes.

We fix a resolution r: Y — X of singularities of X which is obtained by Lemma
2.7. Let V be the smooth locus of Q, U := (7p|p\(p3) " H(V) and X° := X NU.
We see that U is smooth and codimy (X \ X°) > 2. We denote by 7°: X° — V
the restriction of m: X --» Q.

Lemma 2.8 ([13], Lemma 4.2). Notation as above.
(1) There is an exact sequence
0 — ()", — Q| xo = Oxo(=b) = 0.
(2) There is an exact sequence
0= Oxe(—al) S O |xo — Qo — 0,

and we have Im§ C (7°)*Q,.
(3) There is an exact sequence

0 — Coker[Oxo(—al) & (7°)* QL] — QLo — Oxo(—b) — 0.
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Definition 2.9. Let M° be the double dual of
/\ni1 (Coker[(’)xo(—al) LN (WO)*Q%/])
and M = i, M°, where i: X° — X is the embedding.
It follows from Lemma 2.8 that M C (Q% 1)VV and M = Ox(A), where
A:=(l+m—-n)a—(m+1).
By Condition 2.3 and the assumption a > m + 1, we have a < A < b.
Definition 2.10. We denote by {E; | j € J} the set of exceptional divisors

of r:' Y — X which are obtained by resolving the singularities of the toroidal
embedding Uys C Xy, and put £ = Uje s Ej.

Let M be a Weil divisor on X such that Ox (M) = M. Then, by [13, Lemma
4.5, there is an injection Oy (Lr*M.J)|[y\g — Qg‘fl\y\E.

Definition 2.11. For each j € J, we denote by c;(M) the largest integer ¢; such
that the injection
Oy (Lr*M.i)y\g — Q;L/_1|Y\E
lifts to an injection
Oy (L™ M+ ¢ Ej)|u; = Q' u,,
where U; =Y\ UkeJ\{j} Ej.. We denote by £ the image of the injection

Oy (ur" Mo+ > ¢(M)E;) — 05",

The definition of £ does not depend on the choice of M. We see that £ is an
invertible sheaf which is a subsheaf of Qgﬁl. Notice that the sheaf £ coincides
with the one defined in [13, Definition 4.4].

Lemma 2.12. For each j € J, the integer cj(M) is nonnegative.

Proof. Let a be a sufficiently divisible positive integer such that aM is a Cartier
divisor on X. Then, for suitable rational numbers ¢;, we can write

j?
L8 = 1* Oy (aM) ® Oy (Zjej

We see that ¢;(M) = [¢}]. Hence it is enough to show that c; > —1. Let z € X
be a point which is contained in the center of F;. By [13, Lemma 5.7] or [13,
Lemma 5.8|, there are a function h € Ox , vanishing along the center of E; and
a rational (n — 1)-form w such that Ox(aM), C Ox - -hw®*. Moreover, the
rational (n — 1)-form w is of the form

g A Adg

g1 gn-1

where g; € Ox ,, so that the order of the pole of r*w along Ej; is at most one.

ozc;Ej) .

9

By the definition of c;-, the integer ac}- is not less than the order of the zero of
the rational (n — 1)-form r*(hw®®). Thus, we see that

ac; > —a+multg, (r*h) > —a.

This completes the proof. [l
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We see that every global section of M lifts uniquely to a global section of
Oy (Lr*MJ). By Lemma 2.12, H(Y, Oy (Lr*M.)) is naturally isomorphic to
H°(Y,L). Therefore, we can identify the rational map @z : Y --» P(H(Y, L))
with the composite of 7: ¥ — X and ®|rq: X --» P(H°(X, M)). The rational
map P, is the composite of the projection 7: X --» @ and Pog(a) since
M = Ox(A) and a < A < b. Let Z be the image of the rational map ® . It
follows from the argument above that Z coincides with the images of @ and

®10q(4)-
Lemma 2.13. Notation as above. There is a commutative diagram

r

Y,
Pler ey o ogul

and the rational map (ICNTNE Q --» Z is a birational map. Moreover, its inverse

<I>|_(91Q(A)|: Z --» Q is the blow up of Q along the subvariety (xg = -+ = xy, = 0).

Proof. The existence of the commutative diagram follows from the preceding
argument. The map <I>|OQ( A): Q --» Z is birational since we have a < A. Let
Q — Q be the blow up of Q along the subvariety (zg = -+ = z,, = 0). It is
straightforward to check that the induced rational map @ --» Z is everywhere
defined and it is biregular at each point of the exceptional divisor. This shows
that Z is isomorphic to @ O

Next, we shall prove the birational invariance of the global sections of £ under
an additional condition on [, m and n.

Lemma 2.14. Ifl,m and n satisfy I +2m —2n+2 < 0 in addition to Condition
2.3 then we have H*(X, M) = H (X, (% 1)VV).
Proof. Let U be an open subset of X. By using local cohomology, we see that
H'(X,0x(j)) = H(U,Ox(j)) for i < codimyx (X \ U) — 2 and any j.

Let V be a smooth open subset of @) such that the open subset U := 7~ (V)

of X is smooth and codimg(Q@ \ V) > 2. Let F be the cokernel of the map
§: Oy(—al) — 7*Q,, which sits in the exact sequence

0— F = Qf — Oy(=b) = 0.

After shrinking V' and U, we may assume that F is locally free on U and we still
have codimg(Q\ V') > 2 because a torsion free sheaf on a smooth variety is locally
free outside a closed subset of codimension > 2. Taking the wedge product /\”_1,
we obtain the exact sequence

n_1 n—2
0= My = Q= 0p(-b)e \ “F—o.
We have an isomorphism
n—2 n—1
Ou(-b)@ \" "F=oy(-b)o /\  FoF'=0y(-b)e My F

Put
G =i (Op(=b) ® M|y ® FV) =i, (Oy(A) @ FY),
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where i: U — X is the open immersion and A’ = A — b. Then the assertion
HO(X, M) = HO(X, (% 1)VV) follows from the assertion H°(X,G) = 0.

Now let U be an open subset of X such that it is contained in the smooth locus
of X, the sheaf F is locally free on U and we have codimx (X \ U) > 3. We can
take such an open set U because a reflexive sheaf on a smooth variety is locally
free outside a closed subset of codimension > 3. Let U’ be an open subset of P
such that it is contained in the smooth locus of P and U’ N X = U. By the exact
sequence

0— Oyb) =Ty — F' =0,
we obtain an exact sequence
0— Op(A) = H|ly — Glu — 0,

where H = i.(T|y ® Oy(A")). As HY(U,Opy(A)) =2 HY(X,0x(A)) = 0, this
shows that the assertion H°(X,G) = 0 is equivalent to the assertion

H(X,0x(A) = H' (X, H).
By the exact sequence
0— Ty — Tylu — Oul(al) — 0,
we obtain an exact sequence
0— Hly = Hlv — Ov(A +al) — 0,

where H' = i.((Ty/|v) ® Oy (A’)). To conclude that H(X,G) = 0, it is enough
to show that h°(X,H’) = h°(X,Ox(A)). By the exact sequence

0— Oy — OF™ (1) P Ou(a)®™ ™ EP Ou(b) = Tl — 0,
we obtain an exact sequence
0 — Oy(A') = Oy(1+ A" P Oy(a+ AN P Oy(A) = H|y — 0.
By the assumption, we have
1+A <a+A =((+2m—-2n+2)a— (2m+1))/2 < 0.

Thus, we have HY(X,H') 2 H°(X,Ox(A)) since we have

H'(U,0y(A)) = H'(X,0x(A)) =0.
Therefore, we have H°(X,H) =2 H%(X,Ox(A)). This completes the proof. [

Proposition 2.15. If I,m and n satisfy | + 2m — 2n + 2 < 0 in addition to
Condition 2.3 then we have HY(Y, L) = HO(Y, Q% 1),

Proof. Let F be the exceptional locus of ¢: Y — X and let w € HO(Y, Q?ﬁl).
Then, we see that

why\r € HY(X \ (F), (@ )"Y) = HY(X \ o(F), M) = H*(X, M).

Thus, we have wly\p € H(Y \ F,£). It follows from the definition of £ that
we HYY, L). O
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3. CONSTRUCTION OF BIRATIONALLY TRIVIAL FAMILIES

We begin with defining the scheme which parametrizes birational correspon-
dences between members of two families. Let ¢1: X7 — S1 and ¢o: X1 — S be
projective morphisms between noetherian schemes defined over an algebraically
closed field. Let Hilb(&X] x X5/S; x S2) be the relative Hilbert scheme of ¢ :=
(p1,d2): X1 x Xy — 81 xSy and 7: Z — Hilb(&] x A5/S; X S2) be the universal
family of subschemes. We have the following diagram.

Z s (Xl X Xg) X(Sleg) Hllb(Xl X XQ/Sl X 82) ﬂ> Xl X XQ

T o

Hﬂb(Xl X Xg/sl X 82) 51 X SQ.

In the diagram above, pio,p3 are the natural projections and ¢ is the closed
embedding. Let ¢;: Hilb(X; x A5/S; x S2) — S; be the composite of p and the
natural projection §; X So — S;.

Now let us assume that both ¢, and ¢- are flat morphisms between varieties
with geometrically integral fibers. Then the set

{t € Hilb(&X} x X3/S1 x S2) | Z; is a birational correspondence }

is open in Hilb(&] x X2/S1 % S2). Here we say that Z; C (A1), (1) X (X2)g (1) 18 @
birational correspondence if it is a geometrically integral subscheme of (1), (1) %
(X2)go(¢) such that the projection (X1)q, ) X (X2)gy() = (Xi)g,r) Testricts to a
birational morphism 2Z; — (&Xj), ) for i = 1,2. For the proof of the openness, we
refer the reader to [5, Proposition 1.3.2] where the settings are slightly different
from ours. Our case can be proved similarly. We denote by Bir(X;/S1, X>2/S2)
the set above with the open subscheme structure.

Definition 3.1. We call Bir(X;/S1, X2/S2) the scheme parametrizing birational
correspondences between members of X1/S1 and X /Sy. We define

F(Xl/Sl, XQ/SQ) = W_I(Bir(Xl/Sla XQ/SQ))

and call it the universal family of birational correspondences between members of

Xl/Sl and XQ/SQ.

Definition 3.2. Let I, m and n be integers which satisfy Condition 2.3 and we
fix them. For an odd integer a > m + 1, let X, — S, be the family of quasi
smooth weighted hypersurfaces X of degree al in Pc (cf. Definition 2.2), and let
X! — S! be the family of weighted hypersurfaces X} of degree al in Py with the
singularities described in Lemma 2.6.

We see that S, and S, are open subsets of

Psub(HO(Q(C? OQC (al))) and ]P)sub(HO(Q]k? OQk(al)))

respectively so that we have
dim S, = h*(Qc, Og.(al)) — 1 = h°(Qk, Og, (al)) — 1 = dim S.,.

In the following argument, we will freely replace S, and S/, by their open subsets.
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Definition 3.3. We say that a family of varieties is birationally trivial if every
two members of the family are birational.

Proposition 3.4. Suppose that the family of Q-Fano n-folds defined over C with
Picard number one is birationally bounded. Then, there exists a constant R such
that, for every odd positive integer a with a > m+1 and a general point sq € S,
there is a closed subvariety B, of Sg with the following properties.

(1) B, parametrizes a birationally trivial family.
(2) B, passes through s,
(3) dimS, — dim B, < R.

Proof. By the assumption, there is a morphism ) — T between algebraic schemes
such that every Q-Fano n-folds with Picard number one is birational to one of
the geometric fibers of ) — 7. As 7 has only finitely many components, there is
at least one component, say 7,, such that a sufficiently general member of X, /S,
is birational to one of the geometric fibers of )V, := Y X7 T, — To. Without loss
of generality, we may assume that the morphism ), — Ty is flat and projective.
Let

m: T i=T(Xy/Sa, Va/Ta) = H :=Bir(Xe/Sa, Va/Ta)

be the universal family of birational correspondences between members of X, /S,
and )V, /T,. By the definition, # is an open subscheme of Hilb(X, X YV, /Sa X Ta)
and I' is a closed subscheme of (X, x Vu) X(s,x7,) H. Let q1: H — Ay (resp.
q2: H — Y,) be the composite of p: H — S, x T, and the natural projection
SuxXTa — Sy (resp. Sy xTq — Ta). By the assumption and our choice of 7,, we see
that ¢; is dominant. As H has at most countably many irreducible components,
we may assume, after replacing H by its suitable irreducible component, that
‘H is a variety and ¢q1: H — S, is still dominant. Let ¢ be a general point of
Im(q2) C T, and H; the fiber of go over ¢. By the construction, every member
parametrized by B, := ¢1(H;) is birational to );. As ¢; is dominant, we see that
B, passes through a general point s, € S;. We have dim7T > dimH — dim Hs,
dim’H = dim S, + dim(¢;) and dimH; = dim B, + dim(q1|%,), where dim(q) is
the dimension of the generic fiber for a morphism ¢ of finite type. Therefore, we
see that

dim S, —dim B, < dim S, — dim B, + (dim(g1) — dim((g1)|y,) < dim 7.
We have only to put R := dim7. This completes the proof. O

Let f = f(zo,...,2n) € Hy(C) be a very general element and put X = Xy.
There is a discrete valuation ring R such that it is a localization of a finitely
generated Z-algebra, its residue field has characteristic two and X descends to
a scheme X over R. Let us briefly explain the construction of R. We refer the
reader to [9, Section 4.4] for a detail. We can write

A
f= ZACA-T :
where A = (Ag,...,\n), ca € C and 2} = 1‘8\0”-1'7)‘1". We may assume that

the cp’s are algebraically independent over Q because f is very general. Let
S := Z[{ ca }] be the subring of C. Then the localization R of S at its prime ideal
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(2) is a discrete valuation ring and the residue field of R has characteristic two.
It follows from the construction that X descends to the scheme
m+1 n—m

NN A—
X=X;:= (y?zo— f=0) Cc Pr(1,...,1,4,...,0a,b)

over Spec R. Let X’ be the geometric special fiber of X — Spec R so that it is
a member of X’/S/. By replacing R if necessary, we assume that the isolated
hypersurface singularities (cf. Lemma 2.6) on X’ are defined on X.

Lemma 3.5. Notation and assumption as above. There is a resolution p: X=X
of singularities of X such that, for every exceptional divisor E of p, its special
fiber Eg, has dimension less than n or Egy is ruled.

Proof. The scheme X is a closed subscheme of Pr :=Pg(1,...,1,a,...,a,b). Let
t € R be a uniformizing parameter of R. By choosing suitable local coordinates of
Pg, the singularity of X on D, (z9) is isomorphic to the point, which corresponds
to the maximal ideal (¢,&1,...,&,,v), of the hypersurface determined by the
equation

V2 =ta+thy + +€& + && 4+ -+ En16n + tha + h>s
if n is even, or
V2 =ta/ +th) + P& + &b+ &ubs + -+ Eurbn +thy + 76 + by

if n is odd, where o, /8" € R, 7' € R*, h;,h; € R[¢1, ..., &,] are polynomials of
degree i and h>3,hl 5 € R[&1, ..., &,] are polynomials which consists of monomials
of degree > 3. This singularity can be resolved by blowing up the point. Let F
be the exceptional divisor of the blow up. It is straightforward to check that
E = Eg, is the cone over a quadric. In particular, it is ruled.

There is a desingularization of the toroidal embedding U,s C X¢s (cf. Lemma
2.6). Such a morphism is defined over R and we obtain a birational morphism
p1: X1 — X. Let E be an exceptional divisor of p;. Then, we have dim Eg, =
dimFE —1<n-—1. Let p: X — X be the composite of p; and blowing ups at
each isolated hypersurface singular points. This completes the proof. O

Lemma 3.6. Let I,m and n be integers which satisfy Condition 2.3, and let a
be an odd integer with a > m+ 1. Let f,g € Hy(C) be very general elements. If
Xy is birational to Xg over C then X} is birational to X

o> where X} and X, are
reduction mod 2 models of Xy and X, respectively.

Proof. Let ¢: Xy --» X, be a birational map. There is a discrete valuation ring
R with the following properties.
e R is a localization of a finitely generated Z-algebra and its residue field
has characteristic two.
e X and X, descend to schemes Xy and X, over R respectively.
e The birational map 1: Xy --+ X, descends to a birational map ¥: X; --»
Xy
The geometric special fibers of Xy and X, are isomorphic to X } and X ; respec-
tively. After replacing R, we may assume that the isolated singular points of X }
and X on D (xg) are defined on Xy and X, respectively.



BIRATIONAL UNBOUNDEDNESS OF Q-FANO VARIETIES 11

Let py: X 5 — Xy and pgy: % — X4 be the resolution of smgularltles of Xy
and X, respectively, which are obtained by Lemma 3.5. Let ¥: X - % be the
birational which is induced by W. Let X/ rand X'y X', be the strict transform of X5 !

and X, ' in X ¢ and .’f respectively. The birational map ¥ does not contracts X'y X
because it is not ruled by Theorem 2.4. Therefore, by Lemma 3.5, ¥ induces a

birational map between X'y and X', X'’,. This shows that X’ [ and X ! are birational.
O

Proposition 3.7. Suppose that the family of Q-Fano n-folds defined over C with
Picard number one is birationally bounded. Then, there exists a constant R’ such
that, for every odd integer a with a > m+1 and a general point sl, € S.,, there is
a closed subvariety Bl, of S! with the following properties.

(1) B!, parametrizes a birationally trivial family.

(2) Bl passes through s,.

(3) dimS,, —dim B, < R'.

Proof. Put X = X, and § = S,. By Lemma 3.4, there is a closed subvariety
B C S which parametrizes a birationally trivial family and dimS — dim B < R.
Let
w: g :=T(Xg/B, Xg/B) — Hp := Bir(Xg/B, Xg/B)

be the universal family of birational correspondences between two copies of the
family Xg/B. We see that p: Hg — Bx B is surjective since X3/B is a birationally
trivial family. Without loss of generality, we may assume that Hpg is irreducible.

Let B’ = B;, be the reduction mod 2 model of B. Let I's, C X x X, be a
birational correspondence between two general members X; and X, of X/B,
which corresponds to a general point of Hg. Let ¢: Xy --» X, be the birational
map induced by the birational correspondence above. By Lemma 3.6, the bira-
tional map ¢ induces a birational map between reduction 2 models of X; and
X,. This shows that, after shrinking &’ and then B’ if necessary, we see that 5’
parametrizes a birationally trivial family. Finally, we see that

dimS’ — dim B’ < dimS — dim B < R,

since we have dimS’ = dim S and dim B’ > dim B. Put R’ = R. This completes
the proof. 0

4. BOUNDING BIRATIONALLY TRIVIAL FAMILIES

In this section, we shall count the dimension of birationally trivial subfamilies
of the family X/ /S/ and prove Theorem 1.2. Throughout the present section,
e we work over an algebraically closed field k of characteristic two,
e we fix positive integers [, m, and n which satisfy the inequality [ + 2m —
2n + 2 < 0 in addition to Condition 2.3, and

o f = f(xo,...,zn) and g = g(xo,...,2z,) are both general elements of
Hy (k).

Definition 4.1. We denote by G the subgroup

G :={o € Aut(Q) | o*x¢ = axg for some o € k*}
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of the group of automorphisms of Q).

Lemma 4.2. Suppose that there is a birational map ¢: Xy --+ X . Then, there
is an isomorphism o: Q — @ such that 0 € G and the diagram

X X,

T Py

v v
Q Y Q
commutes.

Proof. We fix a resolution Yy — Xy (resp. Y; — X) of singularities of X (resp.
Xg). Let My (resp. M,) be the reflexive sheaf of rank one on Xy (resp. X,)
defined in Definition 2.9 and L¢ (resp. £4) be the invertible sheave on Y (resp.
Y,) defined in Definition 2.11. Let v: Yy --» Y} be the birational map induced
by ¢. Let Zy (resp. Zg) be the image of the rational map @z, (resp. | |). By
Lemma 2.15 and the fact that HO(Y}, Q% 1) = HO(Y,, Q% 1), there is a natural
f 9
isomorphism 7: Zy — Z, such that the diagram

Yy s Yy
iyl D,
v v
Zy —— 7,

commutes. It follows from Lemma 2.13 that Zy and Z, are blow ups of @) along
the subvariety (ro = --- = x, = 0). Hence, the isomorphism v: Zy — Z,
descends to an isomorphism o: @ — . Therefore, we obtain a commutative

diagram
©
Xpooo 2 X,
Do Dy LTV
: R\ ~ ] :
. Zf —= Zg |79
7 ¥, :
v Pogayl Ploga ey
Q -

Let Dy (resp. Dy) be the hypersurface of Xy (resp. X, ) cut out by x¢ and H
be the zero locus of zg in Q. We see that D¢ (resp. Dy) is the only divisor which
is contracted by 7y (resp. my). Suppose that o is not contained in G. Then, the
divisors H and ¢*H on (@) are distinct. Pick a divisor D} on Xy which dominates
o*H. Then go*D} must be a divisor on X, dominating H. This is a contradiction
because there is no divisor on X, dominating H. Therefore, we have o € G and
this completes the proof. O

Lemma 4.3. Suppose that there is a birational map p: Xy -+ X, and let o € G
be the automorphism of Q obtained by Lemma 4.2. Then there is an automor-
phism pp of P with the following properties.

(1) mpo@p = o omp, where wp is the natural projection mp: P --» Q.
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(2) (pp)*g = c*g = B(f + xoh?) for some B € k* and h € Hy(k).
(3) The restriction of pp on Xy defines an isomorphism (pp)|x,: Xy — X,
between Xy and Xy, and it coincides with .

In particular, ¢ is an isomorphism.

Proof. We consider the weighted hypersurface
Qs = (i —xof =0) C P:=P(A™ 1 a" ™ b+1).

Let xg,...,2z, and § be the homogeneous coordinates of P with the gradings
degz; =1for 0 <i<m,degax; =aform+1<i<nanddegy=>b+1. Let
k[zo, ..., 2n, 9] = Kk[zo,...,2Zn,y] be the homomorphism of graded rings defined

by z; — z; and § — Yyo. This defines a birational map P --» P and then a
birational map X; --» Q ¢- We see that Q ¢ is the normalization of Q in the
function field of X;. By Lemma 4.2, there is an isomorphism o Q ;o Qg We
can write 6*g = vy + h' for some v € k and I/ € k[zg, ..., zn|pr1. We have

~ %

&*(7°) = 6" (z0g) = 0" (x0g) = awoo™y,
where « is an element of k* such that c*xg = axg. On the other hand, we have
5 (57) = (v + 1) =P + 1 =y Paof + K.

Thus, we see that n? = azgo*g — y2xof and we can write b’ = xoh for suitable
h € Hy(k). Hence we have ao*g = 72 f+x0h? and this implies that v # 0 since g is
general and o is an automorphism. This shows that the isomorphism & lifts to the
isomorphism & : P — P determined by (0p)*r; = o*z; and (55)") = vy + zoh.

Now let ¢p be the automorphism of P determined by (¢p)*x; = o*z; and
(¢p)*y = (yy + h)/a. This defines an isomorphism (¢p)|x,: Xy — X, and, by
the construction, it coincides with the birational map ¢: X --» X,. ]

Lemma 4.4. We have dim(Aut(Q)) = (m + 1)? + (n — m)h?(Og(a)) — 1.

Proof. Put e := h°(Og(a)). Let A € GL(m+1) = GL(m+1,k), B € GL(n—m) =
GL(n — m,k) and C € M = M(n — m,e —n + m,k) be matrices. The matrix A

defines an automorphism p4 of k[xo, ..., z,]1 = kzg+ -+ -+ k-x,, and the matrix
Sym“®(A4) O
L
< c )€ GL(e)
defines an automorphism 74 g ¢ of k[zo, . . ., Ts]a such that (174,5,0)|k[z,....wm]a CO-

incides with Sym®(p4), where Sym®(A) is the matrix which represents the auto-
morphism Sym®(p4) and O is the zero matrix. The pair (pa, 74,B,c) of automor-
phisms defines an automorphism of the graded ring k[zo, . . ., x,] in a natural way
and thus an automorphism o4 p,c of Q. Notice that we have 04 pc = o4/ B ¢
if and only if there is some a € k* such that (4, B,C) = (aA’,a®B’, a*C"). This
shows that there is a morphism

GL(m +1) x GL(n —m) x M — Aut(Q),

which sends (A, B,C) to oa,pc. It can be checked that the morphism above
is surjective. Let {u;;},{v;;} and {w;;} be the system of affine coordinates of
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GL(m + 1), GL(n — m) and M respectively. We consider the G, = Speck]t,t}]
action on GL(m + 1) x GL(n —m) x M defined by
Ui = Uij D T, 055 = v @Y Wi = wi; @ 1.
Then we see that there is a morphism
(GL(m+ 1) x GL(n — m) x M) /G, — Aut(Q)
and it is an isomorphism. Thus, we see that
dim Aut(Q) = (m 4+ 1)> + (n —m)? + (n —m)(e —n +m) — 1
= (m+1)>2+ (n—me— 1.
This completes the proof. O
Definition 4.5. Let V be the k-vector space Hgy (k). We denote by V' the

k-vector subspace
V' ={aoh® | h € Hyk)}
of V. For an element f € V', we denote by V; the subset
Vi={g€eV|g=pB(c"f+xoh®) for some B € k*,0 € G and h € Hy(k) }
of V.
Notice that we have f € V.

Proposition 4.6. Let f and g be general elements of Hyi (k). Then, the following
statements are equivalent.

(1) Xy is isomorphic to X,.

(2) Xy is birational to X,.

(3) Vy=V,.

Proof. The implication (1) = (2) is obvious and the implication (2) = (3) is
proved in Lemma 4.3. We shall prove that (3) implies (1). Suppose that V; = V.
Then g € V, implies g € Vy, so that there are o, 8 € k*, 0 € G and h € Hy(k)
such that o*rg = awxg and g = B(c*f + xoh?). Let ¢p be the automorphism
determined by (¢p)*z; = o*x; and (pp)*y = (1/v/aB)y + (1/y/a)h. This defines
an isomorphism ¢p|x,: Xy — X and the implication (3) = (1) is proved. =~ [

Proposition 4.7. For any odd integer a > m + 1 and a general point s, € S},
there is a closed subscheme Cl, of S with the following properties.

(1) C|, parametrizes the members which are birational to the member X!
corresponds to s.,.
(2) dim S, — dimC), — +00  (a — +0).

Proof. We see that G naturally acts on Pg,,(V), that is, there is a morphism
G x Psub(V) — Psub(V),

which sends (o, [f]) to [o* f], where [f] is the point of Py, (V) corresponds to
f € V. Now let f be an element of V' such that s/, = [f] € Psub(V) and let G - [f]
be the closure of the image of G x {[f]}. Let Psup(V) --+ Py, (V/V') be the
projection from the linear subspace Py (V') C Pgup(V) and let C! be the cone
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over the image of G - [f] under the projection. It follows that C/, contains every
point of V;. By Proposition 4.6, we have (1).
By Lemma 4.4, we have

dimC, < dim G- [f] + dim V' < dim G + dim V'
< (n—=m)h’(Og(a)) + h*(Oq(b)) + (m +1).

We can calculate h%(Og(al)), h%(Og(a)) and h°(Og(b)) explicitly and we have
the following estimates.

L (n—m+k—1)(1—k)"™

l
e hY(Og(al)) = a™ k:z::[) (n—m—1D%  ml

+ O(a™™1).

o« 19(00(a)) = %am +O(am ),

U1/ (n—m+k—1!(-2k)™
= (m—m—=1k! ml2m

e 12(0g(b)) = a™ +O0(a™ ).

Thus, we have
dim S, — dim C, > h°(Og(al)) — (n — m)h°(Og(a)) — h°(Og(b)) + O(a™ 1)
( m—m+1-2) 1 n-m
(n—m-—1!1(—-1!m! m!
Condition 2.3 in particular implies that n—m > 2, which shows that the coefficient
of @™ in the inequality above is positive. This proves (2). U

> a™ + O(a™1).

of Theorem 1.2. If n > 6, then we can find integers [,m and n which satisfy
Condition 2.3 and the inequality [ + 2m — 2n 4+ 2 < 0. We fix such [,m and n.
We assume that the family of Q-Fano n-folds defined over C with Picard number
one is birationally bounded. Then, by Proposition 3.7, there is a constant R’ and
a closed subvariety Bl, of S, which passes through a general point s/, € S and
parametrizes a birationally trivial family such that dimS) — dim B, < R’. Let
C/, be a subscheme of S/, obtained by Proposition 4.7. We may assume that C,,
passes through s/, so that it contains B] by the property (1) of Proposition 4.7.
Therefore, we have

dim S, — dimC), < dim S, — dim B], < R’
This contradicts to the property (2) of Proposition 4.7. O
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