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1. Introduction

The wave equation considered here is not a particular wave

equation but an équation of the form of
[L - bq] ¥(x) = n(x). | (1)

Here P(x) is the wave function of the space coordinates (x)

and N(x) is the (given) external source; L is an operator

-~ operating on Y, and b is a constant; g = q(x) is a randum
function follorlng some statistical distribution. For iﬁétande,

in the case of an ordinary scalar wave equation,

A

e bk e = e, @

where Ac is the fluctuatlon part of dlelectrlc constant of the
| medium. - ' ' '

It is ‘easy to- find that all the statlstlcal informations
of the wave can be derlved from- the generallzed characteristic

function <0|0> defined by

*

<0} 0> ='<exp[fdx{ﬁ(X)w(x) + ﬁ*(x§¢*(X)}]> 5 (3)

where <Q> stands for the average value of Q over all possible

functlons of q(x), and n(x) and n (x) are arbltrarlly given
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(complex) functions; for instance,

<P(x)> = {8/8n(x)} <0|o>[- o

<Yk GV (x2)> = {8/67" (1) HE/dn(x2)} <0]0>[=_cx_g

Generally, if f[w,w*] is a functional of Y(x) and W*(X)§ its

expectation value is given by

<E[U, V"B = £(8/6R, /8" <010> |z ok .
In order to obtain <Ol0> as -a function of ﬁ and-ﬁ?s we put

<alo> = ee , o : . (5)

and expand 6 with respect to N, n*, and also to the external

, sourceé N and n*:
= fdde'[ﬁ(X)Kol(XIxY)n(xf)‘+ N (x)c1o(x]x")n*(x*)]
(2 )2 de1ddeX1'dXz [n(X1) n(xz)xoz(X1,XzIX1 sX2'In(xy' )HCX2 )

+ 4 (xl>n<xZ>K11(x; %z | %17 ;%02 )n*(xl INCxa*)

IS o .
+ NF(x1)IN (x2)K 20 (x1,%2 %1 %2 IN" (x1 INF(x2")] + ... (6)
= ¢ ———— s I axdx,' I dy.dy'. n"(x1)...n x Iny1)

vou=l (Viu!)2 i=1 =1 33 A‘ ST

X ;:rngyu) Kvu(xl,,;,,xv;yl,...,yu‘xl',.,.,xv';ylvsu.o,y'u)
* v *, 7 y
*n ). nT & Iny Jyeon(y' ).

Here, the expansion coefficients, i. e., the cumulantsiKvu's;"“
| - B73 -



_ A Statistical Theory of Wave-Propogation
have the symmetry S ‘

K*v&fX;y{X':yf) =k Osxlytixn, | | (7
and they are also symmetrical with respect to the éqordimates
in each .group-of {x }, {y 1, {x '}, and {y '}

The cumulants K (x,v[x 3V ) are 1ndependent of the
external sources N, n* and also of n and n , and the complete
statistical informations of the wave can be obtained in terms -

of them.

2. Relations between the Cumulants and the Green's Functions

"The cumulant51<vu can be given in terms of the statistical

Green's functions defined as follows:

Go1(x|x") "{S/SU(XV)} <¢(X)> }n=n*=o

GroGe|x'y = {8/6n" )} <¥* G | ()

s

G (xsy]x’ L
11 (%3] n=rito,

y') = {8/6n*x")HHE/Sny "} <P* Uy |

Gvu(xl,;.é;kv?yié?F~$9ﬁlxlv"“’X'Q;YIV;;'°’yvﬁ)
| o’ E , ‘P . R - . % s *@:(";
= 0 {8§/n"x" )i /oGP <V &) DY) .
Coi= j=1 R
LN ] >
_W(yu? lnznﬁgo
v

I {8/6n*(x, ) H8/on™ (= 1)} I {6/an(y3)}{6/6n(y )}
1—1 J=l

BRI P

vhere the last expféééioﬁ'is.bbtéiﬁéd by the uééwof‘(4).
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Thus, the Green's function$s thus defined are the expansion
coefficients of <Q!O> with_respect to n,_n*, ﬁ_and_ﬁ*, and
have the‘same‘symmetries as in (7).

Using the definition (6) of the cumulants, it is straight-
forward to obtain the followipg_expressions of Kvu in terms of
the Green's functions:

cio(x]x') = Gro(x|x"), Ko1(x|x') = Go1(x|x"),
ki1 (xsylx'sy") = Grixey|x'sy") - Gro(x{x")Go1(yly")>s
Kzo(xl,lexl'sx?2)4=j§ggﬁxl9X2IX1’5X2’)

- Gro(x1|x1 )G (x2]x,") - Glg(xllxzw)G1o(§2JX1f), etc..

<

It is also useful to express the Green's functions in

S R

¥

terms of the K s:

VH
Gr1(xsy|x'sy") = Ko xlxDkoi (vly) + ki xiy|xTsy"),
,Gzl(lefggY}XI'g¥2f;yy) =‘K21(XI’XZQY,X?”X??5yi)f'
+ K11(x2§y|#2';Y')K10(X1|¥1v) +:K;¥(Xg;y*X1%;YW)K10<31{32f):
+ ki1 (xsylx1 sy k1o (x2 %2 ") + Kll(X1;Y[Xz';Yv)Klo(Xz(X1')
+'Kzo(Xi;X21X1',XQ')K01(Y|YV) |
+ {Klo(X11X1')K1b(ﬁ2‘X27) ; Kld(xl{Xz')Klo(Xz|X1°)}K01(Y‘Y'),

Cete. Qo

The cumulantsﬁ:vu can be considered to be more basic statistical

quantities than the Green's functions; in the perturbation
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theory, the Feynman diagram representihgfkﬁﬁ is a-Connected
graph which does not contain any-disconnected graph.

The cumulants and the Green's functlons are connected also

.by the important relation of the following form
Kia(xsy|='sy") = dx"ay"dx"dy™Gro (x|x")Go1 (y]y"™)

X III<XH9Y'

x™iy™ 61 XMy x Ty "), (11)
or, more generally,

. A T : o ey v v, 7 7
KVU(X,Y X3y )‘“ Kvp(xls"‘sxvs}IS"=syu Xl s5e0e5X stl 9oy U)
. v o
= [ dx"dy"dx"dy™ T I Clo(Xlev)G01(y lY )
. LT o d=1 j=1

(TR TS B B DN wm, w1,
I, Gy ETy™e ) sy sy (12)

If the "interaction” functions‘Ivu(x;y[x“;yv) are known,
the cumulants or the Green's functions can be obtained in
principle by ‘solving eqrn. (12) With‘fhefrelatibnw(Q):or'(iO).

. The form of the“lvu's depends on the statistical properties
of the randum function q(x). A system of equations is obtained
to find I i’ aséuming the Gaussian multivariéte‘diétributibn‘of
q(x) with an arbitary correlatlon function D(x - x ) =

<q(X)q(x »> .

3. Power Distribution Function

The probablllty density function P(W) of the power w(x)
(x)g(x) at a particular 901nt % is very 1mportant in nractlcal

Aproblems, and it is glven by the 1ntegral

P = s ane ™ fgy. a3y
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Here, on using (4) with (5), the characteristic function £(A) is

given by

"

£(0) <exp{—zlw (x)w(x)}>

-; 01~ -
exp[-iM8/6T* W HO/NGNL e ce (g
and 0 is glven by the expan51on (6) If, in this expansion,
‘the higher terms of v+u 2 3 can be neglected, as it is the case
in many practlcal problems, the evaluation of (14) yields

e 1+ ion? 2y=1/2 S
£Q)-= {1 +i00)" + p*ad®} 1 (15)

X expl=ir{ (1+i00) 240 0A2} M (Q+ioh) | <ys | 2= é (<P 2 0% <y*s 2 o)A},

o = <M - <PFs<ls, 0 = <> - <l o @e)

4 When the propagatlon distance is long enough so that:
lpl << g, the evaluatlon of the integral of (13) shows that
P(w) reduces to the well-known distribution of the 31gnal <¢>

plus the Gau851an noise:

1e-{w+[<W>| }ﬁjl (2¢r1<w>!/0) w>0. IR (1?)

P (w) 0"
A brief survey of a quantum mechanlcal method to obtain
<“f0> of (3) is also presented as another method, 1t is an
. extension of the ‘previous paper* (for the type. of equations of

the Schrodlnger equatlon) to cover a general case where the

stochastic’ change of q(x) is not a Markov process
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