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The Lee~Yang theoreml) has been expected to hold for the
Heisenberg ferromagnetz) and proved fcr special caseo.(

Recently, the theorem was proved cenerally. 3) Here the
main part of the proof is summarizad.

We consider the anisotropic Hflsenberg modal w1th the
Hamiltonian:

H=- 5 ij i3’

1, 2 2 1 X X, .5y
- U G, . +" P . . + G .
Hij 2( 1% 1) zvljkﬁLoJ 1“3)’.

J.. =J..>0. 1> =5 >-1
iy - Y3170 V4T,

and 0 's denote Pauli matrices.
Our aim is to prove that the zeros of the nartltlon S
function Q(Z) defined by

/r

Q(z) =[Tr exp (~H/T) z 9

where

H =<yi + .. +<7i , and z = exp(h/T)°

" h being the magnetic field, are all locatad on tbe unlt o
circle in the complex z-plane. o SRR ,

The clue in the proof is to reduca fhe prob1em to the
2-body problem due to the general properties of the functlon
satisfying the Lee-=Yang lemmal) and with the aid of the-
Trotter formulas4)

. m -m o o q
exp( ) Ai) = Jim [ 7T exp(Ai/N)]f,

- i=1 7 N»co  i=1 .. -
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where all the A are finite matrices.

Consider the finite perturbatlon series of Q(z) due to
the Trotter formula,

QN(Z) = 5 < {S}IP [{s}> zs +.'+sn,‘
s,=+]
i 2
. where
P= exp(Jn n4lHn n_l/TN).;;ggp(le 12/TN),

and {s} denotes the set of eigenvalues of oi, (5g5++58. )0 -
Then we shall prove the Lee-Yang theorem for QN(Z) With ;hg
all positive integer N. | ' s

Since anN(z) is a polynomiél~in z of the order 2n and
all the coefficients tend to those of an(z), which is also a
polynomial of the same order, (the coefficients of 222 ard
both equal to one) as N tends to infinity, contipuity of the
roots of polynomials with respect to coefficiénts* follows
the Lee—Yahg theorem for Q(z). |

-According to the inversion symmetry 1n the spln space9

it is sufficient to prove that the functlon G ({z}) ({z})

19°°92n) defined by

¢ ({z) =2<<(s}[P"|{s}> T 251,
. . 1
i=]1
satisfies the Lee-Yang -lem:na.'l)' ‘
The obstacle to generalxze the methods in the Ising model,
the Hamiltonlan conserving each spln no lonyer, can ‘be: over-

come by con51der1ne ‘the gemeral - propertles of thea

?jgti@ms
SatleYin? the Lee~Yang lemma.=7 .

* M. Fujiwara, Algebra vol 1 (Uchidarokakuho, Tokyo 1966) p.347
T. Takagi, The Lecture on Algebra (Kyoritsu, Tokyo, 1964) p.56

The theorem states that all the roots of the polynomial; apzh

tee¥ an =0, .(ao=0);.:are continuaus funcipis bE{d;]). g

theorem is the Hurwitz theocren for-
the latter. , the case of polynomials in
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Definitionl. The function f of {z} is denoted by £€LS({z}),

Provided f satisfies the following:
(D) Tﬁe-fﬁhdfidn f:éép_bevwritten,as

n

f{zh= % 'ax{s}i‘ﬁ‘”zii,
S, ='i“l i=1
i
where
a({l1hH=¢ 0,

an £z} ¥ 0 as |z, | are all 2 1.

_Definition 2. The function f of {2z} is dencted by feL({z]),
provided f satisfies (I) of (D.1l) and : '

(11D £({z}) % 0 as |z,] are all 2 1.anda |z, |>1.
Definition 3. The operators D and d arerdefined as follows:

D(z,, zj)f({z}) = za( s ) H‘zik d(s, gj);

kxj
and
di = ZiTy,
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Then the following theorems can be proved.
Theorem 1. The fuﬁction f of {z}g'satisfying (I)‘of (b.1),
belongs to L({z}) (res. LS) if and only if f can be written

as a function of every z, in the"foliowing form:
f({z}) = Ai(zi - ai/zi),
where

W .S ' N f s
AfEL ({Zj}j¥i) and [ails 1 (res. <1 for L ) as !zjl(J#l) are
all 2 1. ‘ '

Theorem 2. The coefficient of Z1Zg -2 of feL({z})belongs to

S >
Lzihogg o0

Tﬁeorem'B. The function f of {z}, satisfying"(f) of (D.1),
belongs to L({z}) if and only if f can be written as a

function of z

1 in the following form:

£f({z}) = Az, - a/.z_l)s

where
-

la] < 1 as lzjt(jtlj are all 2 1 and |a| < iwés
lzjl(j#l) are all 2 1 and lzkl > 1(k¥l).

From these theorems, it results that operators D and d

map L into L.

Theorem 4. Provided f and g belong to L({z}) and L({y'})
respectively, the functions D(z].,_9 zj)f, D(Zi’ yj) (fg) and
- 1 _
d; £ belong to L({zk}k#j)’ L{{z}, {yk}ktj) and L{z}H re-
spectively. /

I
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In fact let f and g be in the form as in (T. 2), in

which {y}, Band b replace {2}, A and a for g. Then we have
D(Zl’ yl) (fg) = AB(Z]. + ab/zl),

and it 1s ea31ly shown from (T 3) that Ab and ab satlsfy the
’ demands in (T 3) ' The remalnlng part of the theorem can be
shown in the similar way.

By direct calculation, the function with the 2-spin
system defined by

]

T R,) =% 2 1z, ’7<s 159 faxp(K M s

° 1 ] -2
F(zys 258 795 Y50 Kpp) =1 2] 121921 81557
s! sf
X yliy229
can be proved to belong to L(zl, Zys yl9 yz) as ¥, , is

12
positive. ‘

With the aid of (T 4y, we obtaln ‘the 3—sp1n functlon
sat1sz1ng the Lee—Yang lemma by coupllng the two 2 -spin
functions with the first and second and -the first amd ‘third
Splns respectlvely.

In fact, we have from (T. 4)
_D(Uls Vi) [F(zys 255 ups v,0 K IF(@, 245 ¥, 5 ¥a0 Kig)]
eL{z}, uy , {yD.

It is apparent from (D. 1), (D. 2);énd.($, 2) that
£({z}; {1}) belongs to L({z}) if £({z}; {u}) belongs to

L({z}, {u}). By taking‘u

1 to be ‘equal “to one, we obtain

- Bl12 -
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F(z,

) =3 zsleZZ 3<{sHexp(K

1° 22' Zqs Yys Yoo Y37 KoKy 2523

) 1 ]
. T q S1,89,%2 < )
X e-xp(KlBE 132'{3 }>y11y22y‘33 L({z}, {yhH.
Repeating the similar argument, we can successively

connect the 2*spin functions by using the operator D as a

coupler of the train, and obtain

Theorem 5. The function defined by
]

n
r ({z}; (v = ‘5< {s}P'V|{s'}> T 2°iy5i,
H Ty PR

belongs to L({z}, {Y})gv

where

v : 1‘ » Yy B
P' = exp(X H )°'°EXP(KIZH12) and Kij > 0.

n n-1"n n~-1

y in (T. 5)9”andAtgk1ng kij be

equal to Ji_?/TN9 we obtain
] .

Applying (T. 4) to F

Theorem 6. The function G ({z}) deflned in the precedlng

paragraph belongs to L({z})

In fact, the function GN({Z}) is equal to

n .
E D(zis yi)EN({z}; {vH.

i=1

Hence the proqf of the LeeuYang theorem is compléted°

The Lee-Yang lemma is by no means merely a tool for

- BI3 -
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"The first. Griffiths ine-~
)6)

- quality is derived from the Lee-Yang lemma?

obtaining the Lee-~Yang theorem.

Theorem 7. The absolute magnitude of feL({z}) is an in-
creasing function of every !zi{ as ]zj! are all > 1.

3)6) Provided a function f belongs to L({z}) and

..d £
n

Theorenm 8.
real and > Q as z, are all 21, 4, £ 20, d.d,f22 0,.., dl

1 172
2 0 as zi are all =2 1.

A11 the coefficients <{s}|P"|{s}> of G ({z}) tend to

, N
«{s}|exp(-H/T)|{s}> , which is positive, as N tends to in-
finity and there are only finite number of values of {s}.
Then‘<{s}lPN|{s}>'are all 2 0 for sufficiently large N. From

(T. 6) and (T. 8), we obtain the first Griffiths inequality:

r A A 4 . ,
<af5.”%fzg(quz“.,nL

Due to continuity, the main results, the Lee-Yang -
theorem and the Griffiths inequality still hold when some of

J's wvanish or yv's are equal to + 1.
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