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Statistical‘h&gchanics‘of

-Non—ZEquilibrium Systems

— Extensive Property, Fluctuation and Nonlinear Response. —

Masuo SUZUKI ( Dept. of I)hysicé, Univ, of Tokyo)

(vto be submitted to Prog. Theor. Phys. )

1. Kubo's Ansatz: Extensive Property

P(X, t) = Cexp (Q8(x, 1)),

for large {} with x = X/Q; X = macrovariable.

2. When X is a Marko‘fvf,ian macrovariable,

7 = Iy P'(X,,t) ;. Iy = timéf develop. op.
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6.

~evol. eq.

Statistical Mechanics of Non—Equilibrium Systems.

for .y (t) = deterministic path :

v.(t) = Cl(y(t)) s Cn = p—th moment,

variance 0 (t) :

5(1)=2C (y()) o) +C,(y()

When X is a non—Markoffian macrovariable,

0t .

r P({UJ};t),:

confi

PX)="% "2 (X-X)P({s,}i1)

“Jlor 'the macrovariable X in quantum systems,

0o (1)

o(X,t) =T, 0(X—=X)p(1); ih 51 = (&, p(1)]
P]xiensive' Property:

..OI(X,.t) = Cexp (Qb(x,1)]
Qenerating Function Formalism

S\ ex‘xﬂ(t) sweeees (quantal)
Y(i,t) = I ' |
' ' 2 e/u(etrl?0 ------ (stocahstic or classical)
config, . . L
y 1 oI gy
o(X,t) =——| e XXQ?(l,t)dl‘

27[1 . C - 100

generalized thermodynamic pdtential ‘ —

F (A, 1) = logW(A,t) or W(4,t) =e (2,1

Assumption for the initial distribution:

(i) (i) .
eL‘]J‘ eﬂ (canonical ) (normalized)

0(0) = or f% =
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Properties of W(1, 1) and F(251) when X & and X are
Hermitian: , \
1) WA, 1) >0 and <(A,1) = real for A real.

'2) When 4 is real, W and < are convex functions of 1.

'3) For complex 2 (= not real ) , we have

W4, <W(Rel,t)

- 8. If (A, t) = Clem‘/’(l"t) (Exltens‘i've proper'tyj )
| C] _C+i°° ) _ | .
J . exp [—Q{lx_—vl(l,x)}]dl '

27i c—ioo

= C, exp (Q{yv (3, )=2 x}]

p(X,t)' =

for large Q. 1, being given‘ by the sclution
Y (A,1) '
02

= X

9. "Local operator" Q(r) is defined by a functional of field

operators {v(x/)}; 1’ GD(i‘) = circle domain of radius b.

10. | Generél conditions for X ,%& (i) and &
G fﬂ(i)(r) dr and & = f‘u;:/-(;-),dr’.

X = [X(@)dr» &

11.  Theorem for- "extensive property" in quantal systems.

‘Theorem | (quantal) If the averages of local operators,

<X(r)>(1), ~<«l/(i‘) (r)>(2), ‘and <l/(r)>(3)'are bounded, then

lim ‘ﬁﬂ(l,t) = exist (uniformly convergent)

Qs oo | Skl

for 141 < 4 (fixed) and t finite. Therefore W (1,t) has the
extensive property: W(4,t) = Ci exp (QV(1,1)])

and ‘consequently so does ©(X,t).
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Definition of the averages

<X (>

, < V@>® and <a@>)
I'irst separate the system {} into {}; and QZV

X g__xlﬁr X, = (‘)+UL/ (‘) and & = o | +ua,,

where Q; = JQ Q(/r)d‘r,
, ' i

-s(P +4P)) s(P +uP,)

Operational' Pio,;yQ = e Qe )
[ _ ' ,
Q> - Tr Q 'oj/Tr, ‘Oj )
where 0, =0, (s,#),> 0=s =1, 0s#4s1,

p,(s,m) = exp [ A(X, +2X,)] exp (AX(_, 4y & (o, py & (D5

Il

0,(s, 1) = exp Eﬂ(”*" ﬂﬂm] exp U“/(l)u)“z‘/ (-itn1) X5

P, (s, #4) = exp [#(ist,ﬂ) Jl )] exp E/lul/(i(s-l)t,,u)xlj

Remarks on Theorem |

a) Wis a continuous function of 4,

b) "Bounded" => |<Q)>) | < Cindep. of .

j
c) - 'lf'{cj} are indep. of A for [2] < A, the limit xbﬂ(l,t) ==

Y(A:t) is unlformly convergent in wider sense in the

complex circle domain [4A] < 4. Hence,

d 1//\()(/1,1) dP¥ (A,1)

lim = (Weierstrass)
{)-»o0 dlp : dxp ’

d) "bounded" for 0,/0, = 0(Q l/C'>=>01<

e) "bounded" fors~ﬂ:1,% “n” for 0<s <1, O0<u<l1
- (conjecture) » - ,
£) When X(r) commutes with X(r/), <X@>" is bounded.

g) If [uéf (I‘), (‘)(r ) ) = 0%<1/( 2r)>( b is bounded.

1t is not easv to prove that <ﬂ(r)>( 2 1s bounded when

(w(, x@)) =

—(C47 =



h) Clearly, <z/<r)>f3) is bounded if &, =0.

1) Only’ the boundness of <X (r )>(1) tc. are assumed.

i) Inmy ., = thermodynamic limit in van llove's sense.
k) Theorem 1 is extended to classical systems. (Classical

“Liouville.op.).

, . . 2b
14: - Proof of Extensive Porperty:

N - e X I 1

Separation of the domain () ! St !

: . - ! . ropod \
Q — IQ : : Ql‘ :’ i ‘()l i l‘n—l

- n - 1 + QZ : ) :/ : : ’

. O U i S

L o T[T -~

= large integer ‘ {/ g / _/i — <

. . ) I i = v/_% _/_-/—_l'

. . | L1 -1

A . L [ L0, !
X=X +X, - o A TR S o TR B N P
. { 1 ! .

D _ 4@ (W) | 1 l

K + X : N [ S O ¢ DI 4

1 Domains Qand 2, with

To prove Cauchy's condition ~ each margin of width b
o R , : inside in it ; €2, is the
“on convergence. : | shaded region.

»hbn(l,t)—wh_l('l,t)l‘- <2 "“(Ac' +c,+2tc;)(2bd),

d= dlmenelon >

ARCRIEA (1,027 o),
Formula., .. lim ¥ (/1 t) }exmt =y (2,t)
n—>co ) .
d 1 _ ‘ . 1 R
A(X) I e(} %)A(X)A,(X) eSA(X)ds-“:_’ esA(x)A,( ) o (1 s)A(x)
'dX 0 E ‘ o
15. Extensive property in stochastic models

-0 ; ‘ SO
&P({-“_j},t)?FP({UJ},-t) P n=xT

whe re 51. =®1 (spin system) and

L ROo 0 ==Wo) Pl oy ) £ (=0 Pl =0y )

-C48—
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17.
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Statistical Mechanics of Non—Equilibrium Systems

Theorem |l (stochastic).

Lemma 1. — If f({Uj}) < g({(’j})‘,’t’hen e

st (IMy+ul,) « (i)

If P(st) =e | e &N

(“norm'al") for any I''(and I'y=I—T,) and for 0=s=1 and

_05.;145;,1, then

Himey oo ‘ﬁQ(l,t) = exist (uniformly convergent)

= Y (45t) and P(X,t) have extensive property.

th < etrg for t = 0.

Lemma 2. — 1T {({o;}) ¢ then Irfl = Ca, > where Cq s a

constant dependent on £},,

? b

Def. Pei("normal") &> P (= =0 o 1) S C P (e 0. )

where C, is a constant independent of (.

Average motion, Fluctuation, and ‘Nonlinear response

most probable path y (t) for Q- large
D x=y(WD4z,g (2,t) = ¢(y+z,t) —{W(l(v,t) 1) — yAly, 1)}

oy oy .
—°Z{l(y:t)+E_V*‘(-a-7 ](— b ,
_ ‘ ey x=y _
% \(t) (J“) :<X>t; <X>tZJ'XD_(X,t)dX:TrXP(t)Q
. =0 .
2) variance: U(t")'='( 621///812)1:0 =0 <(x—<x>, 2>
: : - g ~(i) (i)
3) Nonlinear responsei case (a) ; ul,/l = +KY
(a) o ' .:Z?(i).,(t) \ UZ/(i)
y (1) = <X>t,k Q (ax)l=0=_ T. xe /T, e
" Theorem [IT1a. — The ponlinear’résp'onsé for case (a) is

exprqued by the flucludtlon in non—e(Jullxbrlum as

(a) 8}’(1)_ . _
(DXY;Y: 3K =0 {) dﬂ<5X5Y(t u) > LK = Q <5X 5Y(t)>

~C49—
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19.

for a quantal systems where

~(i) (i)

Y(t,u) = oA Y (t) e P and Y(t)=e_itva et
For stochastic systems, we have
' (a) . _ay“‘)_ -1 (a) .
- CPXY;Y: PI% = <X 5Y(t)>t,K"
~(i) =1 ~(i)
Y(t) = (etreﬂ ) etr(Yeﬂ ) .
D o<ex;ey ¥ = <oy axx®
) t,K t,K
2) <8X;AY(DIY = <oy ex?
- K . tyK,
(a) _
3) CDXY;Y = rfeal. X

‘ . ) i i)
For a general nonlinear disturbance of the form jl) "—“JJ&L
(i)
K

(a) 0Y(t)

q)XY , Y 0K

NRCOR
(t))>t,K .

Il

o0 .
S SIX g

case (b) X = X+ KY :

o Lo~ (i) A~
: _ b)  _ A1 o7 _ ity KT
Y(t‘)—<x>t”K—\Q (‘8X ,{=0—Tr Xe | e e
Theorem [[[b. '
:(b) _ oy Pt . _(b)
Dyy:y =% - 5{) <[X,Y(s)]>t,K ds

for a quantal system where Y (s) = exp (—is )Y exp (isx).
o o Mkt sIg d sh & (i)
Dyy:y = Zxe .‘]0 ds e (dKFK).e e

for a stochastic system, where Iy <= & =4 +KY.

For a general nonlinear disturbance of the form & :f“Z/K,

(b) 0y o s fer (O (b)
q)XY;Y oK )(Q = 1 jo <EX’(-6KQZ{K)(S)j>t,KdS .

Relation between ¢ (xst) and cumulants

" Theorem 1V. — I1f W(A,1) (and 2 (x,t)) has extensive broperty,

—C50—
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<Xn>c,t = extensive (i.é.» OWQ))
are extensive, and

. Conversely, if <Xn>'c,t

1
if Tim (<X">_ /nv) A‘;l <o, then W(A,t) and 0 (x,t) =
n- -» OQ

exist and have extensive property.

20 Theorem V.

— The f'un'ction ¢(x,t) is expressed‘by the cumulants.
n

as P(y+ Zst) = — E z llm f (<X >, Q ey <X"> Q-l),
n=2 nl Qoo cat
where f_ is defhned by i

-1 -2 -1 . . —an, ,aan
(wz a/al ) 1)02 = fn (¢2 awd\ ’ ’ ¢1’l ) ’ %ﬂ _ a 1)0/61
and’ 1ﬁ2n ’ fn 1s a homogeneous polynorhial of order

(n—2).
21.  Explicit forms of’ {fn} :

f ‘=¢2—1, f =’“3”,3%_3, Fop. Wz%_wzz). y

22, Thorem VI.

N oC

When ¢.(y+z,t) = 2 a_ z"/n! is known, all
n=2

" cumulants '<Xr.1>c,1 are obtained. explicitly with.use of the

recursion formula,

n

<X >, =(){an[0(1)]ﬁ+

C»

+Lo) Mg (<X> 0 07, <X 0™}
for n = :

3, and for large .\Q,‘ where .g_ is given by

g, (W, = ¥ ) ==

n-3
’ n-1 2 n-‘/’z wn .
| o |
23. ExpllClt forms of <X > c,p -are |
<X:>ct—£)a (o], <x§z:t=s2{%[a<nj4+3a§[a<”j5h.":

—C51—
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24.

95,

26.

Composed macrovarlable f(x) ; X = X/Q

<E (x> = f(y(t))+O(Q ),

and the variance ‘_”{(73 is given by
- '8f'2v - -1
af(t):(ax) o (1) +00Q-)

x=y(t)

Exéctly soluble models:

Ex.1 Non—interacting system:.

N4 = — J 2 g’ X = 2 07 and UZ[ - h

" Selution : W(1, ) =.exp [ Q¥ (1,1) ] (exact for any Q)

Vv (2,t) = log {Coshl + sinh 4 tanh h cos. (2tJ/h)}

A(x,t) = tanh [{x—-a(t) {l—a(t)x} , a(t) = tanhhcos(ZtJ/h)
$(x,t) = log {a(t) sinh 2 (x,t) + co%hl(xﬂt)} ~ x4 (x,t)

y(t) = a(t) and variance 0(t) = 11—y
Ex.2 Kinetic Weiss Ising model (Kubo et al, - )
Ex.3 (Anisotropic) Weiss Heisenberg model

= J(J 339, H)~—Q z(J GXX+J o‘foy+JZoloZ) uHzo?
T y i] ] E
:]2 ojz-, and £V = _ g4 (JX’ J;), JZO;HO) |

Ex.4 Nonlinear relaxation‘ih the linear kinetic. Ising model.

" Ex.5 Nonlinear relaxation in the linear anisotropi¢c XY—model: -

M

A (I, dH) = —Z(J o%0% +Jo” ) enzoel

J+1

X

.z XX - U);,_> | 0 0 0
qu (orEUjU_jJr1 etcr.), M= — «/U‘('JX,JY’,IJ ).

Applications: relaxation and fluctuation in superconductors.
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