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1. Weak Localization and Negative Magnetoresistance in Silicon Inversion Layers

In 1979, Abrahams, Anderson, Licciardel10 and Ramakrishnan1) have developed a scaling theory of
the Anderson localization. The theory has shown that the localization in 2D random systems has
particular features that electrons are always localized at absolute zero even if the impurity scatte~

ing is very weak and the conductance decreases with sample size L, logarithmically in high conductance
region and exponentially in low conductance region. Anderson, Abrahams and Ramakrishnan2) have shown

based on Thou1ess's Argument3) that the sample size L can be replaced by IDlE at finite temperatures,
where D is the diffusion coefficient and T

E
is the inelastic scattering time. Thus, the log L

dependence of conductance can be replaced by 10gT dependence due to the temperature dependence of
the inelastic scattering time T a T-P. Their theory has explained log T dependence of conductance
in metallic films observed by D~ran and Osheroff4). Bishop, Tsui and DynesS) have explained their
observations of log T dependence of conductance in Si-MOSFETs by the scaling theory of Anderson
localization,

On the basis of the scaling theory of the Anderson localization, Hikami, Larkin and Nagaoka6)
and Altshuler, Kme1'nizkii, Larkin and Lee7) , have developed the theory of negative magnetoresistance
in the weakly localiz~d regime ~WlR) (21TE FT/i"I» 1) of 2D syster,ls. In WLR the quantum interference
between states with e1kr and e- 1kr causes spacia11y localized states which produce the correction
tenn 0' to the classical Drude conductivity 00' The quantum correction is sensitive to perturbations
which destroy time reversal symmetry. Therefore, an external magnetic field applied perpendicularly
to the 20 systems suppresses the quantum correction to the conductivity due to the weak localization

and produces negative magnetoresistance. The theory has explained recent experiments in 5i-MOSFETs
by Kawaguchi and Kawaji 8,9,10), Uren, Davies, Kaveh and pepper11 ), Whee1er12) and Bishop, Dynes and

T .13)
SUl •

The quantum correction to the conductivity in WLR of 2D systems has logarithmic dependence on
temperatures, electric fields as well as on the magnetic fields. However, in these dependences, the
negative magnetoresistance is probably most useful to investigate microscopic parameters in the
localization theory such as the inelastic scattering time.

The quantum correction to the conductivity due to the localization depends also on the magnetic
scattering and the spin-orbit interaction6) though they are not important in Si-MOS inverion layers.
In n-channel Si-M05 inversion layers, the intervalley scattering plays a dominant role in the quantum
correction due to the 10ca1ization14) .

In addition to the localization theory, Altshuler, Arnov and Lee15) have pointed out that the
mutual coulomb interactions of electrons in 20 systems produce another correction to the Drude condu~

tivity which depends also on log T. Fukuyama16) has pointed out that the correction due to the
mutual interactions causes also a magnetoresistance which depends on log H and reduces the negative
magnetoresistance due to the localization theory.

In view of the theoretical pregress in the quantum correction to the Drude conductivity due to
the localization effect and the interaction effect described above, detailed analysis of negative

magnetoresistance experiments in 5i-MOS inversion layers affords us fruitful informations on electron
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(1)

localization and interactions in 20 electron systems. In this situation. the controllability of the

electron number density in a single sample by direct electrical means makes the 20 systems in Si­
MOSFETs the best for studying those fundamental properties of the 2D electron systems.

Following Hikami. Larkin and Nagaoka6). the change conductivity with magnetic field B applied
perpendicularly to the 20 system having impurity Coulomb scattering only is written as

~aB = a(B) - 0(0)
2

= _~ [tjJ(.l + _1_) _ tjJ(.l + _1_) _ Q,n ~J
2n 2fl 2 aT 2 aT T

[

where nv is the valley degeneraey. a is a constant prefactor. 1 is the relaxation time due to
normal impurity scattering. T

S
is the inelastic scattering time and a = 4DeB/fl where D is the diffu­

sion coefficient.
'In the analysis of experimentsS•9 •10). we consider that the constant prefactor a includes

effects of the intervalley scattering14) and the mutual Coulomb interactions16) which are not taken
into account by Hikami et a1 6). Therefore. in our analysis. T and a have been determined to re­
produce most well experimental magnetoconductivity by eq. (1). GWheeler12) and Bishop. Dynes and
Tsui 13) have employed nva = 1 neglecting the mutual interactiQns and assuming the strong interviilley

scattering limit. However. the best fit of eq.(l) to experiments has been obtained in our analysis
by adjusting both nva and lS'

Figure 1 shows changes in the conductivity with magnetic field in n-channel (001) Si-MOSFETs
with the peak electron mobilities at 4.2 K of 13000 cm2/v.s. 8) The experimental points (crosses)
are fitted to an approximation of eq.(l) expressed by solid lines.

Temperature dependence and electron concentration dependence of inelastic scattering time are
shown in Fig. 2 and Fig. 3. respectively. The vertical broken line in Fig. 3 indicates the electron
concentration Ns for 2nE:('/-h = n or kF/\ = 1 where kF and /\ are the Fermi wave number and the mean
free path of electrons. respectively. The open and solid squares in Fig. 3 are deduced from magne­
toconductivity experiments by use of eq.(l) for n~ = 1. Open and solid circles are similarly
deduced from the same data for the same Ns for nv = 2.

Following Landau argument. T
S

due to the electron-electron process in the pure metal is written
as

TE:(el-el. pure) ~1i (:\)2 (2)
B

Equation (2) gives TE: '" 5.6 x 10- 10 s for n-channel (DOl) Si MOS inversion layers (nv = 2. m* ::. 0.19
01

0
) at Ns = 1 x 1012 cm- 2 at T = 1 K.

Recently Abrahams. Anderson. Lee and Ramakrishnan17) have calculated'{ due to the electron-
I

electron process in the dirty 20 system. Their results is written as
T £F

1 c(e1-e1. dirty) = - (3)
kBTR,n (TIT1)

where T is the normal elastic impurity scattering time. kBTl = ~Ds2/e4 and £ = ffDqs2 where qs is the
inverse screening length.

Calculation of the inelastic scattering time due to the electron-phonon process which is appli­
cable to 2D systems in semiconductor inversion layers has not yet been performed. Shinba, Nakamura.
Fukuchi and Sakata lS) have calculated the energy relaxation time from the 2D electrion system to

the phonon system in 5i(001) and (111) n-channelinversion layers. Their results show that

Trelax(el-ph) a: ;2\ (for Te 'v T) and a: ~j~ (for Te ;.> T) (4)

at temperature T below 7 Kwhere Te is the electron temperature. The inelastic scattering time due
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to the electron-phonon process ,£(e1-ph) has probably the same dependences on £F and T to those in

're1ax(e1-ph).
Results of Ns-dependence of 'e in Fig. 3 show that 'e ~ Ns which is in accordance with the

theoretical results of the electron-electron process in eq(2) and eq(3). However, the exponent p
of the temperature dependence of, ~ T-P in experiments lies in the range of 1 < p < 2; p = 1.75
at VG = 200 V (Ns= 5.8 x 1012cm-2) and p = 1.3 at VG = 20 V (N s = 6.8 x 1011 cm-2). The tendency

in the Ns-dependence of p is not unreasonable when one considers that the system approaches to the
pure metal limit at high Ns and to the dirty limit at low Ns ' The inelastic scattering time cal­
culated by eq(2) for the pure metal limit is larger than experiments but not so far from them; \.
(theor)/'c(exp) ~ 6 ~ 15 for VG = 200 V in the temperature range in Fig. 4. This result suggests
that some other scattering processes exist to reduce the 'e and P. However, the inelastic
scattering time calculated by eq(3) for VG = 20 V is one order of magnitude smaller than the experi­
ments whose temperature dependence is close to the reus1ts of eq(3) derived for the dirty 20 system.

The constant prefactor a shows an interesting behaviour against the electron concentration Ns
as shown in Fig. 4. Fukuyama19 , 20) has accounted for the behaviour at higher Ns region by the
intervalley impurity scattering effect on the prefactor of th~ logarithmic correction to the Orude
conducti vity.

Fukuyama20) has shown that the intervalley scattering plays an important role in many valley
systems and we have

a = 1 + F( ~ - nv)/nv for T' » T (Sa)
f.

1 F for "(' (5b)a = -[1 --] « ,
nv 2nv £

where F is the average of the matrix element of scattering in RPA screened Coulomb interactions
between two states on the Fermi surface introduced by Altshuler et a1 7) andl' is intervalley
impurity scattering time. The quantity F is a function of 2kF/qS where qs is inverse screening
length and F .~ 1 as 2kF/qs .. 0 and F .. 0 as 2kF/qs .. "". In the strong screening limit. a is unity
when "(' » "( and a is l/nv when ,'« "(. The inelastic scattering time"( is proportional to Ns£ £ . £
as shown in Fig. 3. Therefore, when F = 0, the prefactor a is expected to crosses over from a ~ 1
for [' » \:; to smaller value a '" 0.5 for"[' <: \.: with increasing Ns ' Actually, following
Fukuyama's calculation, F ~ 0.8 at Ns = 6 x 1012 cm-2, then we have from eq(5b) a ~ 0.4. This is
close to experimental value of a at Ns = 6 x 1012 cm- 2 in Fi.g 4.

Fukuyama19) has pointed out that the sharp drop of a with decreasing Ns at low Ns region (Ns <

5 x 1011 cm- 2) in Fig. 4 is consistent with the removal of the valley degeneracy, i.e. n = 2 .. 1
21) v

at low Ns ' Bloss. Sham and Vinter have shown that intraval1ey exchange and correlation induce
a first order phase transition and nv = 2 .. 1 occurs roughly below Ns = 3 x 1011 cm-2• Experimental
magnetoconductivity data have been analyzed assuming that nv = 1 and results are shown by squares

in Figs. 3 and 4. They appear more reasonable than the values of 'c' P and a which are obtained
by taking nv = 2 at the same electron concentration Ns '

Kawaguchi and Kawaji 22 •23) have applied the negetive magnetoresistance to measurements of the
temperature of electrons in silicon MOS inversion layers at high electric fields to evaluate the
deformation potential constants in the e1ectrion-phonon interaction.

In stationary state at high source-drain field Eso ' the rate of energy gain per electron from
field. 0oEs0

2/Ns ' is equal to the rate of energy loss to the lattice system, -<dc/dt>. The energy
loss per electron from the electron system to the lattice by e1ectron-surfon scattering has been
calculated by Shinba et a1 24) by using the deformation potential constants of bulk silicon, ~u = 12
eV, 0 = ~d/~u =-0.67. Calculated values of -<d£/dt> (solid lines) and experimental data of 0oEs0

2/Ns
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(solid and open circles) are shown in Fig. 5 as a function of (Te-TL). Good agreement between
theoretical results and experiments showns that the deformatjon potential constants in the inversion

layer are almost same to the bulk values.

2. Localization in.Strong Magnetic Fields and the Quantum Hall Effect in Silicon MOS Inversion
Layers

In n-channel MOS inversion layers in Si(001) surfaces at sufficiently low temperatures and in suffi­
ciently strong magnetic fields, it is possible to realized an extreme-quantum-limit condition (k 13T

< r < -hwc) • where r the broadening of the Landau levels and Wc the cyclotron frequency 25). In such
a system. there exist gap regions in the density of states of electrons between the boundaries of
each Landau level. When random potentials are incorporated in the system, localized states are
expected to exist at higher and lower edges of each Landau level. If the strength of the random
potential is weaker than the mutual Coulomb interaction of electrons. the strong magnetic field ;s
expected to enhance correlated states of electrons. i.e .• the Wigner solid or the COW state.

The first experiment of Shubnikow-de Haas effect in Si-MOSFETs by Fowler. Fang. Howard and
Stiles 26) has shown the existence of gap regions in the gate voltages where the transverse conduct­
ivity 0xx vanishes.

Kawaji and Wakabayashi have performed careful experiments on the finite gap regions in the gate
voltages for the vanishing 0xx with various source-drain fields and investigated the magnetic field
dependence and the Landau level index dependence of the concentration of ilMlobl1e electrons27). The
magnetic field dependence of the width of the gate voltage for the vanishing conductivity region
(oxx < 10-9 mho) has shown a result that the sum of the concentration of 11Mlobile or localized
e1ectrions associated with the higher edge of the (N-l)th Landau level and the lower edge of the N··th
Landau level where N is the Landau level index, is approximately given by [2TI~2(2N+l)]-1 as shown
in Fig. 6 where ~ is the radius of the ground Landau orbit. This result means that the electron
wave functions becomes extended or pinned correlated states become free when the whole area of the
inversion layer is covered by cyclotron orbits with radious of (2N+l)~ L

There exist several experimental and theoretical investigations which suggest possibilities of
the Anderson localization due to random potentials and the Wigner crystallization or the CDW states
in 20 systems in strong magnetic fields 28). Recent numerical investigations of the Anderson locali­
zation by And028 ,29.30) have given the concentration of localized electrons which is in good agree­
ment with our experiments.

Ando, Matsumoto and uemura 31 ) have developed a theory of Hall effect in 20 systems in strong
magnetic fields at absolute zero. Their results on the effect of impurities are summarized as
followings:
(1) The Hall conductivity is not affected by the presence of impurities when each Landau level is

completely filled and the Hall conductivity is given by
Ni

0xy = - ~ (6)

when the Fermi level lies in the energy gap between the (N-l)th and Nth Landau levels.
(2) In the case of impurity bands are separated from each landau level. the Hall conductivity is

given by eq.(6) when the Fermi level lies in any spectral gaps lying between the (N-l)th and Nth
main landau level. i.e. when the Fermi level lies in gaps between two impurity bands or between
an impurity band and the main landau level.

Igarashi. Wakabayashi and Kawaji 32 ,33) have confirmed experimentally Ando et al's results (1)
by Hall voltage measuremtns for wide samples in 9.8 T at 1.6 K.

In 1980, Kawaji and Wakabayashi 34) have reported precise behaviours of the transverse and Hall
conduct ivity and thei r temperature dependence observed in 15 T at temperatures between 1. 5 K and 12K.
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Figure 7 shows an example of the results at 1.5 Kwhich clearly demonstrates the quantized steps in
2 2the Hall conductivity for 2e /h in the spin gap between the (Ot-) level and (O~+) level and 4e /h

in the Landau gap between the (O~-) level and the (It+) level.
The quantized Hall conductivity in Fig. 7 demonstrates the chtlrtlctcrlstlc fctlture ul the

electron-hole symmetry; i.e., near the spin gap, the Hall conductivity becomes 2e2/h when the Fenni
level lies in the localizated states in the upper edge of the (Ot-) level even if the (01-) level
is not completely filled or when the holes in the (Ot-) level are localized as
well as the case where the electrons in the (Ot+) level are localized or the Fermi level lies in
the localized states in the lower edge of the (OH) level.

The quantized Hall steps and the electron Hall symmetry in the Anderson localization in Landau
levels in 20 systems have been expected by Ando et al's theory of the Hall effect in 20 systems for
long. One of the important conclusion reached by Ando et al is their results (2) which is obtained
for the case where the impurity bands are separated from the main Landau level. The single-site
approximation which Ando et al employed has lead the impurity bands separated from the main Landau

level. However, as is well known from the observations of 0xx' localized states exist actually
near the edges of each Landau level instead of the impurity bands. Therefore, it is easy to expect
the quantized Hall plateaus and the electrion~hole symmetry in Landau levels in actual 2D systems.

von Klitzing, Dorda and Pepper35) have independently observed the quantized Hall steps in the
Hall resistance measurements .. Although their observations lacked the electron-hole symmetry, their
results demonstrated that the Hall resistance for the gap between the (O~-) level and the (It+)
level agrees with the recommended value of h/4e2 in high precision of 3 ppm. On the basis of this
fact, they proposed a new method of the determination of the fine structure constant a = e2/~c by
combination of the quantized Hall resistance and the light velocity c. Their proposal has attracted
many metrologists and physicists in broad areas to the phenomenon of the quantized Hall effect or
the quantum Hall effect28 ,36.37).

Several high .precision measurements of the quantized Hall resistance of Si-MOSFETs have been
reported3~4l). Yamanouchi et al's39) results are shown in Fig. 8. Their results of the quantized
Hall resistance for h/4e2 has lead the inverse of the fine structure constant a- 1 = 137.035894
(± 0.88 ppm) which agrees with the values of a- l so far obtained. Yoshihiro et a1 42 ) have measured
the Hall resistance of ~(i) = h/ie2 for i = 4, 8, 12 in 9 T at 0.5 K and obtained the result that
i~(i)/4R,;(4) is unity within the error of ± 0.2 ppm.

Based on a mobility edge model, Kawaji, Wakabayashi and Moriyama43) have tried a phenomenologic­
al analysis of the temperature dependence of ~o y(T) = a (T) -(-2e2/h) in the lower half of thex xy
(0-1+) Landau level in Fig. 7. The simple mobility edge model can explain temperature dependence of
0xy only at temperatures lower than 2.5 K. In order to describe the temperature dependence at higher
temperatures, we have to introduce phenomenological mobility edges which move to the Landau level
edges at higher temperatures, T > 2.5 K.

Recently, Ando's44) numerical experiments have shown that there is no mobility edge in the N=O

Landau level or the localization length diverges at the center of the Landau level. On045 ) has
obtained analitically similar results.

We have to remind here that the effect of inelastic scattering plays an important role in the
weak localiztion in the absence of strong magnetic fields. As is first discussed by Thouless, the
sample size L should be replaced by the inelastic diffusion length lOT when {vi" < L which is

E: E:

usually satisfied. Therefore, the electrons can not be localized when the localiztion length ( is
longer than the inelastic diffusion length 1D1~. Thus an effective mobility edge exists at Ec where

;(Ec) = vD1E:' Therefore, it is expected that the temperature dependence of the inelastic scattering
time I, controls the temperature dependence of the effective mobility edge.

M~riyama and Kawaji 46) have discussed temperature dependence of the effective mobility edge
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derived frOI~1 the temperature dependence of dllX/dN s or dllX/dV(i'
Figure 9 shows temperature dependence of the effective mobility edge Ec/f obtained from the

temperature dependence of do IdN s at two different gate voltages. Both curves in Fig. 9 appear to
xy 44)

approach to E If = 0 at T -+ 0 as has been expected from numerical results by Ando and analytical
results by on~45) .

3. Summary and Conclusion

Results of negative magnetoresistance experiments in the weakly localized regime have been well
explained by recently developed theories based on Anderson localization in two-dimensional systems
and effect of mutual Coulomb interactions on the orbital motion in two-dimensional systems inc'lud­
ing effects of intervalley impurity scattering. Based on hot-electron effect experiments on negative

magnetoresistance we have reached an important conclusion that the deformation potential constants
in electron-phonon interaction in inversion layers in the Si-Si02 interface are the same to those in
bulk silicon.

Most interesting behaviour of two-dimensional systems in random potentials has appeared in

strong magnetic fields where the Hall conductivity is quantiz~d to an integer multiple of _e
2/h. We

have confirmed the electron-hole symmetry in the localiztion in Landau levels which produce the
same integar multiple of _e2/h. Our simple analysis of the Hall conductivity has appeared to show

that no mobility edge exists in a Landau level in two-dimensional systems though our experiments
have been done at temperatures higher than 1.5 K. Electronic states near the center of a Landau
level appear to extend at low temperatures. However, further experiments at lower temperatures

should be done before arriving at the final conclusion.
In this review we have not discussed on researches on strongly localized regime in silicon MOS

inversion layers. Though we have done some attempts to understand the properties in this regime
in the light of the scaling arguments 47 ,48) , we have no theory at finite temperatures in this regime.

We hope to find solutions to this problem on a line extended from the researches which have perform­
ed on weak magnetic field effect in weakly localized regime and on the strong localization in Landau
1evel s.
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Captions
Magnetoconductivity in an n-channel(lOO) Si MOSFET with II (peak at 4.2K) ; 13000 cm2/v.s.
The experimental points are fitted to the expression (l) with an approximation ~(1/2 + lila)
'" in (1/La) .8)
Temperature dependence of inelastic scattering time T[ for EFT/h ; 0.4 (VG = 100 V) and 14.5
(200 V). 10)
Electron concentration ~ependence of inelastic scattering time 1£> EFl/-h '" 0.5 at the
vertical broken line. 10} The open and solid squares are deduced from the magnetoconductivity
by use of the expression (1) for nv ; 1, and circles for nv ; 2.
Electron concentration dependence of prefactor It at 4.2 K. [Fl/-h = 0.5 at the vertical
broken line. 10) A square is deduced from magnetoconductivity by use of the expression (1)
for nv = 1, and circles for nv = 2.
T~{electron temperature)-Tl(lattice temperature) versus energy gain per electron from the
fleld (oEOS2/Ns) (solid circles at TL = 4.2 K and open circles at l~l K))and energy loss per
electron calculated by Shinba and Nakamura (private corrrnunication).~2,23
Concentration of immobile electrons associated with the higher edge of the N-lth Landau
level and the lower edge of the Nth landau level versus magnetic field for different
Landau level index N.27)
Hall conductivity 0xy and transverse conductivity 0xx versus gate voltage VG in the N = 0
Landau level in an n-channel 5i(100) M05FET measured by Hall current method in 15 T at 1.5 K.
Reference 34 contains temperature dependence of the similar data.
Results of high precision measurements of Hall resistance RH and transverse resistance Rpp '
in the gap between (O~-) and (It+) Landau levels. At gate voltages between 14.4 V and
14.6 V, RpQ' passes through a minimum (~ 5 x 10-4 Q) and RH passes through a plateau valued
RH =6453.2024 ± 0.0008 Q. This result was not naken into account in the final result
because this measurement was made without oil bath. 39)

Fig. 9 Temperature dependence of the effective mobil ity edge Ec/I'.46)
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