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Semiquantum liquid water molecular dynamics simulation was developed using the time-dependent
Hartree approach. The classical intra- and intermolecular potential functions of water were extended
to describe the wave packet �WP� hydrogen atoms. The equations of motion with an extended phase
space including auxiliary coordinates and momenta representing the hydrogen WP widths were
derived and solved. The molecular dynamics simulation of semiquantum water demonstrated that
the semiquantum hydrogen atoms make the liquid water less structured and the hydrogen bonds
weakened. The poor structurization in liquid water was inferred from the increased mobility of a
water molecule and the redshift of OH stretching frequency. The zero-point energy introduced by
the semiquantum hydrogens enhances the anharmonic potential effects and contributes to the
redshifted OH stretching vibration. We found a significant peak around 4400 cm−1 in the absorption
spectrum resulting from the energy exchange between the WP width dynamics and the coupling of
the OH stretching mode and the rotational motion of each water. We proposed that a liquid free
energy landscape is smoothed due to semiquantum hydrogen atoms, and influences the liquid
structure and dynamics. © 2009 American Institute of Physics. �DOI: 10.1063/1.3200937�

I. INTRODUCTION

The many body dynamics of chemical reactions are typi-
cally too complicated for a fully quantum-mechanical analy-
sis. Although considerable progress has been made in the
development of exact quantum-mechanical methods,1,2 they
are still only applicable to relatively small molecular systems
and simple models. In contrast, classical dynamics methods
are routinely used to study complex chemical problems in-
volving many thousands of particles. It is a fact that, how-
ever, quantum effects such as zero-point energy �ZPE�, tun-
neling, dephasing, interference, branching, etc., are essential
in chemistry. The ZPE of a proton, about 4 kcal/mol, implies
that the quantum nature is far from negligible. This affects
the structure and dynamics in ways beyond the classical me-
chanical description. One is, therefore, necessarily interested
in approaches that capture the quantum phenomena in many
degrees of freedom. A number of such approaches involving
semiclassical and mixed quantum-classical dynamics have
been proposed and applied in recent years, and remain under
active development.

The anomalous properties of liquid water and its role in
chemistry and biology have made it a subject of intense
research.3–5 On the computational side, the earliest atomistic
simulations of the ambient liquid using a simple empirical
potential have been performed for many decades. Many im-
proved potentials have been developed and shown to provide
better agreement with experiments when used in classical
molecular dynamics �MD� and Monte Carlo simulations.6–13

Classical mechanical MD is nowadays very straightforward

once the force field parameters are decided, only depending
on the quality of the force field and the sufficiency of the
statistical sampling of the trajectories.

The first quantum-mechanical simulations of the static
equilibrium properties of the liquid were performed, when
the path-integral Monte Carlo �PIMC� method was used to
assess the effect of quantum-mechanical fluctuations on the
liquid structure.14,15 However, the role of quantum-
mechanical effects in the dynamics of the liquid have been
investigated quite recently. The centroid molecular dynamics
�CMD� method to study the dynamics of a flexible simple
point-charge �SPC/Fd� model of ambient water was pro-
posed, and modeled para-hydrogen and ortho-deuterium.16–18

Several CMD studies of the orientational and translational
motions in a rigid-body �TIP4� water model have
appeared.19,20 The dynamics of a flexible water model was
also studied using the Feynman–Kleinert linearized path-
integral approach,21 while the ring-polymer MD method was
focused on a rigid water model.22 All such semiquantum
studies concluded that quantum-mechanical fluctuations tend
to enhance the diffusion in the ambient liquid, the calculated
increase in the self-diffusion coefficient over that obtained in
a purely classical simulation. This increase in the diffusion
coefficient is consistent with the decrease in the structure of
the liquid due to quantum-mechanical effects that was ob-
served in the earlier PIMC calculations.14–16,18

The primary motivation of this work is to devise a prac-
tical and efficient simulation method to take account of the
nuclear quantum aspects in the liquid water dynamics and
structure. We thus develop the semiquantum water �SQW�
MD simulation using the semiquantum time-dependent Har-
tree �SQTDH� theory proposed recently.23,24 The SQTDH is
based on the time-dependent variational principle with a re-a�Electronic mail: kim@kuchem.kyoto-u.ac.jp.
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striction of the Hilbert space to a subspace of the squeezed
coherent state wave packet �WP�, which yields the equations
of motion �EOMs� with an extended phase space including
auxiliary coordinates and momenta representing the WP
widths. The EOMs in SQTDH are quite similar to the clas-
sical EOM, and many of the standard numerical tools of
classical MD can be applied to them, facilitating its imple-
mentation and applications. Approximate accounts of the WP
delocalizing and the ZPE effects are expected to offer in-
sights beyond the current understanding from classical simu-
lations. Indeed, proton delocalization phenomena were ex-
perimentally observed in water systems.25,26

The delocalized nature of quantum particles would be
well captured by semiclassical WP approaches, from the
primitive version of the Gaussian WP method27,28 to the re-
cent sophistication and complication of, e.g., multiconfigura-
tion time-dependent Hartree29–31 and multiple spawning32,33

approaches. However, application of the Gaussian WP
method to condensed phase MD simulations is rather scarce,
presumably due to the high computational cost for the fully
correlated WP or the lack of an obvious adequate factoriza-
tion scheme. It is also interesting to note that the fourth-order
expansion in SQTHD is essentially equivalent to the second-
order quantized Hamiltonian dynamics �QHD-2� theory de-
rived via an apparently different route from mixed quantum-
classical Heisenberg EOM,34–36 and to the quantal cumulant
dynamics method.37

Our paper is organized as follows. In Secs. II and III, we
introduce the three-dimensional �3D� SQTDH for a many
body system, and develop the 3D SQW MD simulation, re-
spectively. The potential functions for the full-classical water
�FCW� MD simulation are extended to the potentials de-
scribing SQW there. The details of our SQW and FCW MD
simulations are explained in Sec. IV. The calculated results
for SQW are directly compared to those for FCW, and the
important roles of the semiquantum hydrogen atoms are dis-
cussed in Sec. V. Section VI gives the concluding remarks.

II. THREE-DIMENSIONAL SEMIQUANTUM TIME-
DEPENDENT HARTREE APPROACH FOR A MANY
BODY SYSTEM

The 3D SQTDH for a many body �N-particles� system
which can be applied to the 3D SQW MD simulation is
explained here. For simplicity, �=1 and all the coordinates
are mass scaled. We invoke the 3D time-dependent Hartree
approximation with the N-independent 3D squeezed coherent
state Gaussian WP basis functions,

���xi,yi,zi�,t� = �
i=1

N

�i�xi,yi,zi,t� , �1�

where

�i�xi,yi,zi,t� = Nxi
Nyi

Nzi
exp�Axi

�t��xi − qxi
�t��2 + ipxi

�t�

��xi − qxi
�t���exp�Ayi

�t��yi − qyi
�t��2

+ ipyi
�t��yi − qyi

�t���exp�Azi
�t��zi − qzi

�t��2

+ ipzi
�t��zi − qzi

�t��� . �2�

A�i
with �i=xi ,yi or zi is introduced as

A�i
�t� =

− 1 + 2i��i
�t���i

�t�

4��i

2 �t�
, �3�

where ��i
�t� and ��i

�t� correspond to WP width and its mo-
mentum, respectively. The other important factor N�i
= �2���i

2 �t��−1/4 is a normalization factor. The WP function
�2� is completely specified by the time-dependent parameters
�q�i

�t� , p�i
�t� ,��i

�t� ,��i
�t�� to be determined through the fol-

lowing time-dependent variational principle.
The action integral is defined as

� �	 Ldt =	 dt
�,t�i
�

�t
− Ĥ��,t� , �4�

with the Lagrangian L. The Hamiltonian operator Ĥ is given
by

Ĥ = 
i=1

N

−
1

2� �2

�xi
2 +

�2

�yi
2 +

�2

�zi
2� + 

i	j

N

Vij�xij,yij,zij� , �5�

where xij =xi−xj, yij =yi−yj, and zij =zi−zj. Equation �4� with
Eqs. �2� and �5� leads to

L = 
i=1

N �pxi
q̇xi

+ pyi
q̇yi

+ pzi
q̇zi

+
1

2
��xi

�̇xi
+ �yi
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+ �zi

�̇zi
�

−
1

2
��̇xi

�xi
+ �̇yi

�yi
+ �̇zi

�zi
� −

1

2
�pxi

2 + pyi

2 + pzi

2 �

−
1

2
��xi

2 + �yi

2 + �zi

2 � −
1

8
��xi

−2 + �yi

−2 + �zi

−2��
− 

i	j

N


Vij�xij,yij,zij�� . �6�

Here, the potential expectation 
Vij�xij ,yij ,zij�� is a function
of �q�i

,��i
�. Finally, the time-dependent variational principle,


� /
q�i
=0, etc., results in the EOM,

q̇�i
=

�Hext

�p�i

, ṗ�i
= −

�Hext

�q�i

,

�7�

�̇�i
=

�Hext

���i

, �̇�i
= −

�Hext

���i

,

with the extended Hamiltonian function,

Hext � 
i=1

N � 1

2mi
�pxi

2 + pyi

2 + pzi

2 � +
1

2mi
��xi

2 + �yi

2 + �zi

2 �

+
�2

8mi
��xi

−2 + �yi

−2 + �zi

−2�� + 
i	j

N


Vij�xij,yij,zij�� . �8�

Note that the mass and � have been retrieved here and they
will be hereafter explicitly shown. �q�i

, p�i
� and ���i

,��i
�

can be regarded as conjugate coordinate and momentum
pairs. The 6N-dimensional phase space is now extended to
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the 12N-dimensional phase space by the time-dependent
Hartree approximation and variational principle. The system
dynamics can be described with the potential concept in this
extended Hamiltonian; the first two parts in Eq. �8� represent

the kinetic energy, while the remaining two parts define the
extended potential Vext.

The potential Vij�xij ,yij ,zij� can be expanded around 
xi�,

yi�, and 
zi� as


i	j

N

Vij�xij,yij,zij� = 
i	j

N

Vij�
xij�,
yij�,
zij�� + 
i=1
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i=1
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��yi + 

i=1
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�xi � yj
��xi�yj

+ 
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N
1

2
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1

2
� �2Vij

�yi
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+ 
i	j

N
1

2
� �2Vij

�zi
2 ����zi�2 + ��zj�2� + ¯ , �9�

where �xi=xi− 
xi�, �yi=yi− 
yi�, and �zi=zi− 
zi�. All the differential coefficients should be calculated at xi= 
xi�, yi= 
yi�, and
zi= 
zi�. Since Eq. �2� leads to 
�i�=q�i

, 
���i�2�=��i

2 , and 
���i�4�=3��i

4 for �i=xi, yi, and zi, we obtain
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All the differential coefficients are now calculated at xi=qxi
, yi=qyi

, and zi=qzi
. The first term i	j

N Vij�qxij
,qyij

,qzij
� corresponds

to the original classical potential function. The above equation results in Eq. �2.10� of Ref. 23 once xi, yi, and zi are replaced
by q3�i−1�+1, q3�i−1�+2, and q3i, respectively. The EOM to be solved are

q̇�i
=

p�i

mi
, ṗ�i

= −
�i	j

N 
Vij�xij,yij,zij��
�q�i

, �11�

�̇�i
=

��i

mi
, �̇�i

= −
�i	j

N 
Vij�xij,yij,zij��
���i

+
�2

4mi��i

3 �12�

from Eq. �7�. If the symmetric �spherical� Gaussian WP basis functions are assumed, i.e., ��i
=�i and ��i

=�i, in Eqs. �2� and
�3�, we get
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i	j
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1
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2� + � �4Vij

�yi
2 � zj
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2
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4�� �4Vij

�xi
2 � yi

2� + � �4Vij
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instead of Eq. �10�. In this symmetric approximation, the
extended Hamiltonian shown in Eq. �8� leads to

Hext � 
i=1

N � 1

2mi
�pxi

2 + pyi

2 + pzi

2 � +
3�i

2

2mi
+
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+ 
i	j

N
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The EOMs which we have to solve finally become

q̇�i
=

p�i

mi
, ṗ�i

= −
�i	j

N 
Vij�xij,yij,zij��sym

�q�i

, �15�

�̇i =
�i

mi
, �̇i = −

�i	j
N 
Vij�xij,yij,zij��sym

3 � �i
+

�2

4mi�i
3 �16�

for i=1,2 , . . . ,N.

III. SEMIQUANTUM LIQUID WATER MOLECULAR
DYNAMICS

We will develop the 3D SQW MD simulation using the
3D SQTDH for a many body system. In the present SQW
simulation, only hydrogen atoms are calculated as semiquan-
tum particles, while the oxygen atoms are simulated as clas-
sical particles like in the ordinary FCW simulation.6–13

A. Classical potential functions

We define ith water molecule consisting of three interac-
tion sites centered on the atomic nuclei by the four internal
degrees of freedom: two O–H bond lengths, ri,OH1

and ri,OH2
,

O–H–O bond angle, �i,�HOH, and intramolecular H1–H2
length, ri,H1H2

. The intramolecular potential for ith molecule
can be written as

Vintra = 
i=1

Nmol � kOH

2
��ri,OH1

− rOH
0 �2 + �ri,OH2

− rOH
0 �2�

+
k�HOH

2
��i,�HOH − ��HOH

0 �2

+
kHH

2
�ri,H1H2

− rH1H2

0 �2� , �17�

where Nmol indicates the number of water molecules. kOH

=1054.2 kcal mol−1 Å−2 and k�HOH=75.9 kcal mol−1 Å−2

denote the harmonic coefficients for the stretching and bend-
ing modes, respectively. rOH

0 =1.0 Å and ��HOH
0 =113.24° are

the corresponding equilibrium length and angle, respectively.
The last term, called the Urey–Bradley term, gives a cou-
pling between the valence bond angle and the chemical bond
length with the coefficient kHH=79.8 kcal mol−1 Å−2 and the
equilibrium length rH1H2

0 =2rOH
0 sin���HOH

0 /2�. The Urey–
Bradley term adds effective anharmonicity to the potential
and makes it possible to reproduce the ground state splittings
of the symmetric and antisymmetric stretching modes of a
water molecule. The above model corresponds to the flexible
SPC�SPC/Fd� model of water developed by Dang and Pettitt6

except for ��HOH
0 .7 The equilibrium angle value was adopted

from Ref. 7 which reported that ��HOH
0 significantly affects

the dielectric constant. We found that the present dielectric
constant is still smaller than the experimental dielectric con-
stant of water liquid because a dielectric constant is sensitive
to the way in which the truncation of long-range forces is
treated, as well as ��HOH

0 . It is possible, however, to correct
the dielectric value using the reaction field approximation
with an effective dielectric constant.38

The intermolecular potential can be written as

Vinter = 
i	j

NO

4�� �

rOi,Oj

�12

− � �

rOi,Oj

�6� + 
i	j

NO,NH qiqj

rij
,

�18�

where rij indicates distance between atoms i and j. NO and
NH are the numbers of oxygen and hydrogen atoms, respec-
tively. We took into account the Lennard-Jones interaction
only for the oxygen atoms. �=3.165 Å and 
=0.1554 kcal mol−1 are uniform Lennard-Jones parameters
for the oxygen atoms. qi denotes a partial charge on an atom
i, 0.41 a.u. for a hydrogen atom and �0.82 a.u. for an oxy-
gen atom.

The total classical potential function is given by
Vclassical=Vintra+Vinter. The classical potential function corre-
sponds to the first term in Eq. �13�. We have implemented a
smooth cutoff method introducing the smooth cutoff function
to circumvent the problems:39,40 A simple abrupt cutoff of the
potential function around boundary induces instability of the
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energy, and the atom-based cutoff causes a charge neutrality
problem for molecular pairs in boundary region. The poten-
tial function around boundary with the cutoff function is not
applied to the semiquantum potentials derived in Sec. III B
since the boundary region is determined only by distance
between two oxygen atoms which are classically simulated.

B. Extended semiquantum potential functions

In order to calculate the EOM shown in Eqs. �15� and
�16�, we have to derive the differential coefficients displayed
in Eq. �13� for Vintra and Vinter. Since quantum effects should
be significant only for the hydrogen atoms, we need to derive
the differential coefficients only for them. We emphasize
that, however, while the oxygen atoms follow the classical
potential function shown in Sec. III A, their dynamics are
also influenced by additional nonclassical forces from the
semiquantum hydrogen atoms.

The potential terms which we have to extend to semi-
quantum ones are the following three parts: the stretching
potential functions of kth water molecule,

Vstretch,ij
k =

kij

2
�rk,ij − rij

0 �2, �19�

with kij =kOH or kHH, and the bending potential function of
kth water molecule,

Vbending,ij
k =

k�HOH

2
��k,�iOj − ��HOH

0 �2, �20�

and the intermolecular Coulomb potential function,

VCoulomb,ij =
qiqj

rij
, �21�

where at least one of i and j should be a hydrogen atom.
Substituting these potential functions into the differential co-
efficients of Eq. �13� as Vij, we can derive the extended po-
tential functions. The partial differential should be performed
only by Cartesian coordinates of the hydrogen atoms since
only the hydrogen atoms are semiquantumly simulated. Ow-
ing to the symmetric Gaussian WP basis functions, we found
that the sum of the fourth-order differential coefficients in
Eq. �13� vanishes for all the stretching functions. As a result,
the extended stretching potential functions to the fourth order
becomes

1

2
�� �2Vstretch,ij

k

�xi
2 � + � �2Vstretch,ij

k

�yi
2 � + � �2Vstretch,ij

k

�zi
2 ����i

2 + � j
2�

= kij�3 −
2rij

0

rk,ij
���i

2 + � j
2� . �22�

Note that when j is an oxygen atom, � j
2 should be removed

from Eq. �22�, and that i and j should be atoms of the same
molecule.

We will take into account the semiquantum corrections
for the bending potential function only to the second order,
partly because the higher-order forms are too complicated to
be embedded in the MD program. This is also rationalized by
a physical reasoning that the tightness of the bending poten-
tial maintains a nearly harmonic single well shape. In con-

trast, the higher-order expansions are essential for potentials
of the double-well structure. The extended bending potential
function is thus derived as

1

2
�� �2Vbending,ij

k

�xi
2 � + � �2Vbending,ij

k

�yi
2 � + � �2Vbending,ij

k

�zi
2 ���i

2

+
1

2
�� �2Vbending,ij

k

�xj
2 � + � �2Vbending,ij

k

�yj
2 � + � �2Vbending,ij

k

�zj
2 ��� j

2

= k�HOH�1 + ��k,�iOj − ��HOH
0 �cot �k,�iOj�

�� �i
2

rk,iO
2 +

� j
2

rk,Oj
2 � , �23�

where i and j should be hydrogen atoms of the same mol-
ecule.

The fully extended intermolecular Coulomb potential
function had been obtained to describe dynamics of
plasma.41 Its rigorous form including the classical contribu-
tion, the last term of Eq. �18�, is given by


i	j

NO,NH qiqj

rij
erf� rij

�2��i
2 + � j

2�
� , �24�

where � j
2 should be removed when j is an oxygen atom. Now

the all extended potential functions have been obtained, mak-
ing it possible to calculate the SQW dynamics and structure
using EOMs �15� and �16�.

IV. SIMULATION DETAILS

The SQW and FCW systems are composed of 432 water
molecules and were simulated in a cubic simulation box with
a periodic boundary condition. The number of particles and
the cubic system volume V= �23.6�3 Å3 were kept constant
through the simulation. The mass density is set to be
0.982 g /cm3, which is from the constant pressure Monte
Carlo study42 on the rigid TIP3P water at 298 K, 1 atm. All
integration of the EOM is performed by the velocity-Verlet
method with the time step 0.1 fs.

Equilibration methods for SQW are not fully understood
yet. While the quantum variables account for ZPE and tun-
neling, at the same time the extra dimensionality leads to an
overcounting of states available to the system if the phase
space averaging is performed over both the classical and
semiquantum variables. Indeed, assuming a Boltzmann dis-
tribution and integrating over all the dimensions including
the semiquantum degrees of freedom to calculate the average
system energy lead to extra energy in addition to the ZPE.36

However, we may reasonably postulate that the classical de-
grees of freedom satisfy the canonical distribution at equilib-
rium even when embedded in the semiquantum simulation.
In addition, radial distribution functions �RDFs� and diffu-
sion constants are almost independent of the temperature-
constraining methods such as the velocity scaling, Berendsen
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and Nosé–Hoover methods.43 In the present cooling and
equilibration runs, we made only the classical velocity de-
grees of freedom influenced by the heat baths, the velocity
scaling thermostat, and Berendsen methods, with T=298 K
and the relaxation time 400 fs. Other degrees of freedom are
freely time evolved by EOMs �15� and �16�. After the careful
cooling and equilibration runs, the whole phase space reach
the thermal equilibrium owing to heat conduction between
the degrees of freedom controlled by the heat baths and the
other degrees of freedom free from the heat baths. Finally,
we carried out the constant NVE �microcanonical� simula-
tion for 2 ns. The time step of 0.1 fs gives good total energy
conservation; the average root-mean-square �rms� deviations
of the total energies were 2.0�10−2 kcal /mol for SQW and
1.1�10−2 kcal /mol for FCW. Another criterion for the tra-
jectory accuracy is the ratio of the rms fluctuation of the total
energy over that of the total kinetic energy, for which we
obtained 9.0�10−4 for SQW and 5.2�10−4 for FCW. The
resultant kinetic temperatures were found to be 298.6 K with
the rms fluctuation 5.7 K for SQW and 297.7 K with the rms
fluctuation 5.5 K for FCW. All averaged values except for
the results of frequency domain reported in Sec. V were
obtained by the microcanonical simulation for the last 100 ps
during 2 ns. The results of frequency domain were averaged
with phase space calculated by the same microcanonical
simulation, but from 100 to 160 ps.

The computational costs for SQW and FCW are almost
comparative since the EOM representing the semiquantum
hydrogen WP widths include only the auxiliary WP coordi-
nates and momenta and the computational bottleneck is the
evaluation of the pair interactions of molecules rather than
the integration of EOM. For example, the ratio of the CPU
time for the reported SQW MD simulation to that for the
FCW MD simulation is 1.188. The SQW MD simulation is
computationally more feasible than the CMD method: While
the CMD method requires discretization points along the
imaginary time path of each hydrogen atom,16 the reported
SQW MD simulation only needs a single pair of WP coordi-
nate �i and momentum �i to describe an ith hydrogen atom.

V. RESULTS AND DISCUSSIONS

The upper figure of Fig. 1 displays the sum of the in-
tramolecular �Eintra�, intermolecular potential �Epe�, and ki-
netic �Eke� energies, i.e., Ecl=Eintra+Epe+Eke, as a function of
time. Ecl in SQW fluctuates in the multiscale times, from
subpicoseconds to tens of picoseconds. This multi-time-scale
fluctuation in Ecl never appears in FCW as is shown by the
dashed line since we ran the microcanonical MD simulation
also in FCW. The newly introduced degrees of freedom, �i

and �i, behave just like an energy reservoir in SQW. As
shown in the upper-middle figure of Fig. 1, the intramolecu-
lar energy is smaller in SQW than in FCW. This is explained
by the fact that the energy is distributed not only to the
intramolecular motions but also to the semiquantum motions
in each water molecule as the semiquantum potential and
kinetic energies, i.e., E�pe

and E�ke
. On the other hand, the

lower-middle figure of Fig. 1 demonstrates that the intermo-
lecular potential energy is higher in SQW than in FCW. This
is because including the semiquantum hydrogen atoms, the
liquid water is less structured and becomes unstable, as will
be discussed later. No important difference is found in the
kinetic energy data displayed in the lower figure of Fig. 1,
rationalizing the minor difference in the rms fluctuation am-
plitude as noted for the kinetic temperature.

The new energies introduced by SQTDH are shown as a
function of time in Fig. 2. As shown in the upper figure, the
total semiquantum energy E� fluctuates in the multiscale
times, from subpicoseconds to tens of picoseconds. E� and
Ecl in SQW are complementary to each other since the sum
of the two energies is well conserved owing to the microca-
nonical simulation. The E�’s constituents, the semiquantum
potential E�pe

, and kinetic E�ke
energies are shown in the

middle and lower figures, respectively. E� consists mainly of
E�pe

, while E�pe
and E�ke

fluctuate quite similarly.
The RDFs were calculated using the standard definition,

g�r� =

n�r��av

4�r2drn0
, �25�

where 
¯ �av means averaging over both time and individual
molecules, n�r� represents the number of molecules between
shells of radii r and r+dr, and n0 is the number density of
the whole system.44 The RDF g�r� reflects the average liquid
structure around a central atom. The g�r� function for an
oxygen-oxygen pair is shown in the upper figure of Fig. 3.
The first peak position and height are in harmony with the
corresponding experimental and PIMC results.16,18,45 In the
case of SQW, the liquid becomes less structured as reflected
by lowered peaks and raised valleys in the RDF. Moreover,
the average distance between the oxygen atoms of two
neighboring water molecules increases in SQW; the first
peak shifts from 2.74 to 2.76 Å. This result indicates that the
effective interoxygen attraction for two neighboring oxygen
atoms is reduced by the additional excluded volume effect or
repulsive force induced by the WP semiquantum hydrogen
atoms. The decrease in the structure of the liquid owing to a
quantum-mechanical effect was also observed in the earlier
PIMC calculations.14–16,18 The g�r� function for an oxygen-
hydrogen pair provides a signature of the degree of hydrogen
bonding. As shown in the upper-middle figure of Fig. 3, the
first peak in SQW decreases and shifts from 1.74 to 1.76 Å,
suggesting that hydrogen bonds are weakened when the hy-
drogen atoms show the semiquantum behavior. An overstruc-
tured first solvation shell seems common through many clas-
sical SPC variants, partly because the hydrogen-bonding
network is enhanced by the hydrogen charge more exposed
due to the fixed partial charge approximation.46 In the
present RDF for an oxygen-hydrogen pair, the first peak be-
comes lower than the second peak in SQW, which is in ac-
cord with the experimental and PIMC results.16,18,47 The
FCW has excessive hydrogen bonding and its longer lifetime
of the hydrogen bonds results in an anomalously stable hy-
drogen bond network. The lower-middle figure of Fig. 3
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represents the g�r� function for a hydrogen-hydrogen pair.
The peak positions and heights are in harmony with the ex-
perimental and PIMC results.16,18,45 The less structure of the
intermolecular hydrogen atoms owing to the semiquantum

effect was again observed.
The liquid structure can be further characterized by ana-

lyzing the relative orientation of water molecules. To this
end, the two-dimensional �2D� distribution function,
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g�rOO,�� =

n�rOO,���
4�r2drn0

, �26�

was calculated, where the radial coordinate rOO is the dis-
tance between two oxygen atoms, and the angular coordinate
� is the angle formed by the dipole vectors of two water

molecules�dipolar angle�. The difference between the semi-
quantum and classical 2D distribution functions is shown in
the lower figure of Fig. 3. We found that by semiquantizing
the hydrogen atoms, the liquid structure rearranges not ran-
domly nor uniformly but quite systematically. The broad
positive peak is seen along 3.35 Å which indicates that the
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FIG. 3. RDFs for oxygen-oxygen atom pairs �the upper
figure�, for oxygen-hydrogen atom pairs �the upper-
middle figure�, and for hydrogen-hydrogen atom pairs
�the lower-middle figure�. The solid and dashed lines
express the semiquantum and classical results, respec-
tively. The liquid becomes less structured and the hy-
drogen bonds are weakened in SQW. The lower figure
shows the difference between the semiquantum and
classical 2D distribution functions of the radial distance
for oxygen-oxygen atom pairs and the dipolar angle,
Eq. �26�. The structure rearrangement in SQW is quite
systematic.
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first solvation shell waters became more distant from the
central water molecule. Its two maxima appear around 100°
and 140°, just avoiding 60° and 120°, which correspond to
the angles between the central molecule and the well-
structured first solvation shell molecules. The poor-structured
first solvation molecules in FCW become poorer than the
well-structured molecules when the semiquantum hydrogen
atoms are introduced. On the other hand, beyond the first
solvation shell, the well-structured water molecules are
mainly rearranged, reflecting the negative peak around �4.5
Å, 60°� and the positive peak around �5.5 Å,120°�. The
former peak corresponds to the second solvation shell rear-
rangement.

Figure 4 shows the self-diffusion properties calculated
from the slope of the mean-square displacement as a function
of time,

D�t� =

�r�t� − r�0��2�mol

6t
, �27�

where r�t� denotes the position vector of the center of mass
of a water molecule at time t and the brackets 
¯ �mol denote
an average over individual water molecules.44 No significant
difference was found in the short-time self-diffusion proper-
ties. According to Einstein’s relation, the diffusion coeffi-
cients are obtained by limt→�D�t�. We found that the semi-
quantum diffusion coefficient Dsq increases compared to the
classical diffusion coefficient Dcl; Dsq=3.00�10−4 Å2 / fs
and Dcl=2.43�10−4 Å2 / fs. Even though the average struc-
ture changes in each molecule shown in Fig. 3 seem small,
the overall liquid structure changes are significant. As a re-
sult of the poor structure due to the WP semiquantum hydro-
gen atoms, the mobility of a water molecule increased. The
increasing in the semiquantum diffusion constant can be
partly related to the decreasing in the average OH bond
length, i.e., 1.011 Å for SQW and 1.019 Å for FCW. The
earlier classical MD study on liquid water reported that an
increase in OH bond length leads to more structured liquid
and stronger hydrogen bonds, and results in a smaller mobil-
ity of each water molecule.7 We mention that, however, the

shortened average OH bond length is caused not by changing
the equilibrium OH bond length parameter rOH

0 but by intro-
ducing the semiquantum hydrogen atoms in the present
study. The additional excluded volume effect or repulsive
force induced by the semiquantum hydrogen atoms could
cause this decreasing in the average OH bond length. The
reported quantum-mechanical effects evidently disrupting
the hydrogen-bonding network also contribute to the accel-
erated water molecule diffusion. The present result is consis-
tent with the previous reports that the quantum fluctuations
introduced by the CMD simulation or the path-integral ap-
proaches tend to increase the diffusion in liquid,16,18,20–22 al-
though the origin of the present increased diffusion is differ-
ent from such quantum fluctuations.

The product of the Beer–Lambert absorption coefficient
���� and the frequency dependent index of refraction I���,
is given by

����I��� � ��1 − e−2�����	
−�

�

d�e2�i��
d̂�0� · d̂�t�� ,

�28�

where the integrand of the Fourier transform is the quantum
dipole operator autocorrelation function. This quantum cor-
relation function can be computed from the classical one by
means of the identity,

	
−�

�

d�e2�i��
d̂�0� · d̂�t��

�
��2��

1 − e−��2��	
−�

�

d�e2�i��
d�0� · d�t�� , �29�

which gives an approximation termed the harmonic
approximation.48,49 The integrand of the Fourier transform is
now the classical dipole vector autocorrelation function. The
standard deviation of d�0� ·d�t� for SQW now becomes about
1.5 times larger than the standard deviation for FCW, reflect-
ing the larger mobility of individual water molecules in
SQW. The ����I��� for various frequency ranges of SQW
and FCW are shown in Fig. 5. In the lowest frequency range
�0–1200 cm−1� where the translational and rotational mo-
tions are reflected, no significant difference other than the
intensity appears between SQW and FCW. The bending
modes are seen in the frequency between 1200 and
2000 cm−1. The two peaks appearing in FCW could be at-
tributed to the angular and distortion motions due to the
Urey–Bradley term, or to the hydrogen-bonded and free
bending motions. In SQW, these two peaks are merged into
the single peak around 1681 cm−1. The semiquantum behav-
ior of the hydrogen atoms can mix such two bending mo-
tions. Owing to the Urey–Bradley term, both the symmetric
and antisymmetric OH stretching modes appear in the fre-
quency between 3400 and 4000 cm−1. The semiquantum
peak set is redshifted compared to the classical peak set. This
can be interpreted as the effect of the poor structurization due
to the semiquantum hydrogen atoms; the OH stretching
modes are softened since the liquid becomes less structured.
In addition, the ZPE introduced by the semiquantum hydro-
gen atoms enhances the effect of anharmonic potentials, re-
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FIG. 4. Time-dependent self-diffusion. The solid and dashed lines denote
the semiquantum and classical results, respectively. The converged values
corresponds to the diffusion coefficients. The mobility of each water mol-
ecule increases in SQW.
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sulting in the redshifted OH stretching frequencies. Although
the peak frequencies for OH stretching modes are slightly
higher than the experimentally observed frequency,50 it will
be possible to adjust the present peaks to the experimental
result by calibrating kOH of Eq. �17�. It should be mentioned
that the roles of the semiquantum hydrogen atoms reported
here are qualitatively unchanged even when such parametric
constants are refitted. Moreover, as shown in the lower figure

of Fig. 5, the semiquantum behaviors of the hydrogen atoms
give a rise to the peak around 4400 cm−1. The peak intensity
is somewhat small, one-tenth of the other maximum peak
intensity appearing around 1681 cm−1. However, one could
still identify this peak since there is only a few other signifi-
cant peaks in the high frequency region, around 4400 cm−1.
The present peak could be an evidence of the quantum ef-
fects of hydrogen atoms since no peak appears around
4400 cm−1 in FCW.

Figure 6 demonstrates that this significant peak results
from the energy exchange between the WP width and the
sum of the symmetric OH stretching mode and the rotational
motion of each water. In Fig. 5, the highest peak in the ro-
tational frequency range is 808 cm−1, while the peak posi-
tion of the symmetric OH stretching mode appears at
3596 cm−1. Thus, the sum of the two frequencies,
4404 cm−1, is almost the same as the peak position around
4400 cm−1. Actually, it is their power spectra which have the
peak around 4400 cm−1, as the upper and upper-middle fig-
ures of Fig. 6 show. The coupling of these two modes is also
indicated by the peak appearing around the symmetric OH
stretching frequency in the power spectrum of the rotational
motion of a water molecular axis, while the peak around the
antisymmetric OH stretching mode is much weaker �see the
lower-middle figure of Fig. 6�. The lowest figure of Fig. 6
displays the power spectrum of the time-dependent WP
width �i which shows the strong peak around 4400 cm−1.
The present frequency corresponds to the vibrational motion
of the WP width representing the semiquantum hydrogen
atoms. Since E� and Ecl are complementary in SQW, energy
of the frequency around 4400 cm−1 is exchanged between
them. Only the coupling motion of the symmetric OH
stretching mode and the rotational motion has a similar fre-
quency, and can be resonant with the WP vibration. The WP
motion has another peak around 3662 cm−1, as the inset fig-
ure of Fig. 6 shows. However, this peak is covered by the
OH stretching mode peaks and cannot be identified as a
SQW-induced peak in Fig. 5.

We emphasize that the experimental IR and Raman sig-
nals of liquid water indeed show a small and yet unassigned
peak at about 4000 cm−1 above the OH stretching peak at
around 3500 cm−1.51 Our suggestion is also supported by the
experimental results of D2O;51 the isotope effect less pro-
nounces the corresponding peak above the OD stretching
peak, indicating that the peak originates from quantum ef-
fects. Although the reported peak is in accord with the ex-
perimental results, both the intensity and the position are
slightly overestimated. Because the peak reflects the energy
exchange between the WP width and other water motions,
the intensity could have been overenhanced in the present
microcanonical simulation compared to a canonical condi-
tion. Also, since the WP vibrational motion is usually depen-
dent on the intra- and intermolecular potentials more compli-
catedly than the OH stretching, the former peak deviation
from the experimental results could be larger. In order to
reproduce the experimental peak exactly, effective hydrogen
mass might be needed instead of the normal hydrogen mass
in Eq. �16�. We note that since only hydrogen nuclei were
calculated as semiquantum particles in the present SQW MD
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FIG. 5. ����I��� for SQW and FCW shown by the solid and dashed lines,
respectively. The split two bending peaks are merged into the one peak in
SQW �the upper-middle figure�. The semiquantum OH stretching modes are
redshifted reflecting the softened poor structure due to the semiquantum
hydrogen atoms and the potential anharmonicity picked up by the ZPE �the
lower-middle figure�. The significant peak originated from the quantum ef-
fect appears around 4400 cm−1 �the lower figure�.
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simulation, the current peak is not due to fictitious electron
mass as seen in the Car–Parrinello MD simulations.52

In Fig. 7, we provide the free energy schematic illustra-
tions suggested from the reported SQW and FCW MD simu-
lations. Semiquantum hydrogen atoms lead to less structured
liquid water, and the free energy wells thus become greatly

smooth as illustrated in Fig. 7. This was reflected by the
increased mobility of a water molecule and partly by the OH
stretching frequency redshift. This reduction in the free en-
ergy local structure shown in Fig. 7 is also interpreted as an
effect of hydrogen ZPE introduced by SQTDH. We conclude
that semiquantum hydrogen atoms play essential roles in de-
termining the liquid free energy landscape, and, therefore, its
structure and dynamics.

VI. CONCLUDING REMARKS

We have developed the SQW MD simulation method
using the time-dependent Hartree approach. According to the
3D SQTDH approach, the classical intra- and intermolecular
potential functions of hydrogen atoms in liquid water were
extended to the potential functions describing the WP hydro-
gen atoms. Since the EOM representing the semiquantum
hydrogen WP widths include only the auxiliary coordinates
and momenta of the WP, many of the standard numerical
tools of classical MD can be applied, facilitating its imple-
mentation and applications. The SQW was less structured
and its hydrogen bonds were weakened, resulting in the in-
creased mobility of a water molecule and the redshift of OH
stretching frequency. The significant peak around 4400 cm−1

was induced by the energy exchange between the WP width
motion and the coupling of the OH stretching mode and the
rotational motion of a water molecule, indicating an evidence
of the quantum effects of hydrogen atoms. Semiquantum hy-
drogen atoms make a liquid free energy landscape smoothed,
and play essential roles in determining the structure and dy-
namics. The present SQW MD simulation is computationally
feasible even in more complex systems, and can be applied
to other important condensed phase simulations in biological
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rotational motion of a water molecule is coupled with the symmetric OH
stretching mode. The power spectrum of the time-dependent WP width �i in
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FIG. 7. Schematic illustration of the free energies in SQW and FCW. Our
simulation results indicated that the free energy landscape should be
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SQW moves more smoothly along the reaction coordinate due to the
smoothed free energy landscape.
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systems or chemical reactions in solution where a water mol-
ecule plays a significant role. Developing alternative equili-
bration method for SQW and introducing an asymmetric
Gaussian WP basis function seem interesting open questions.
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