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We provide a new formulation of methods introduced in the

theory of scaliTlgexpansionwith the purpose ofmakingourideas

easierandmoregeneralizedforapplications.

Dynamics of patterns governed by such macroscoplC laws as

rate equations in case ofchemical reactions anda behaviour of

largely deviated fluctuations from deterministic equations

describingsysヒemsfarfromequilibrium,arediscussed.

Non-equilibriumpropertiesofaphasetransitioninchemical

systemsarealsostudied.
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INTRODUCTION

｢ノIo'ターン形成､運動およびその統計｣

工n this･parper,it･is shbvn'that･印aS′rO声･COpi,c laws and

properti'es of fluctu､at主ops.can.beノeaSily一.de_t･ermiTled-by

introducinganewmomentgeneratingfunctionWithascaling

expansionmethodwhich carriesoutcoarse-graining･ By

introducing scaling invari血ts whic主iare Obtained so that

macrovariablesare scaled bycharacteristic sizes corresponding

tothephenomenaofinterest,thecumulantBBGKYch占inequation

derived from the moment generating functionlis automatically

decoupled.-

Thus,themacroscoplCtransportlaw,theequationofmotion

describingthefluctuatingdeviationsfromthedeterministicpath

andtheeqt!ationofthevarianceof_･fluctuations,which.have

jointlycィlosedformsando_hey-a事-inverted･Jhier二arChicalrelation,

areimediatelyobtained.

In case of a system far from equilibrium,which,for

example,stays?ta critical point,theGaussian approximation

aroundthede亡ermまnisticpathbecomesirrelevan亡. Atacritical

point,so calleda bifurcation point,fluctuations grow up_and

coロet｡playamainr｡1e【1･2L Then,theusualperturbation

treatmentcannotbecarriedou亡･ Anewlydeterminedscaling

exponentsof･fluctuationsshouldbeintroduced.

THEORYANDANILLUSTRATION

Makingourformulationmoretransparenttounderstand,such

an illustration as an autocatalytic chemical reaction ls
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cpnvenient.

-Here,we considertheSchl'6glmodel,ofkhich a nonlinear

rateequationhasseveralkindsofstationarゝystates:

占oE空事事■ー｢~1F.-
3TI
･'h2

B+2Ⅳ ;青 3N ,
(1)

where the quantity of chemical speciesA andB are controlled

fromoutsideandNstands･forthechemicalintermediate.

WeassuT腔 thatthetimeevolutionofthenumberofparticles

N(t)ofintermediatefollowsaMarkoffianprocesslikeNタ N+1ノ,

NチN-1.

IntrbducingtheprobabilityP(N,t)whichdescribesthe

numberofparticlesNofintermediateattimet血 thesystemand

amomenとgenratingfunctionforsinglevariabledefinedas

G-(e～言,i)_… 三 eiS"ド(N,i)
N=O

we can writea master equation in the form-described by a

generatingfunctionasfollows:

∂与(et'5,i)
∂t -(eiL ′)fKo'V一症 笠 ,+KユV-I(ふ 一議 ))

一骨 V-2e-鴇益-∋孟言残 ))巨 √eii･て)-, (2'
where J<3≡ V~/長oA and kl 三 VTlkユB

Furthermore,introducingsuchascaledparameteras

t'3N 三 t雫71 ･
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｢パターン形成､運動およびその統計｣

we obtain a hierarchical set of moment equations Which is

describ占dbyonlyscalinginvariants. Firstmomentequation,for

examplelisshownby

よくh,-ko-r′<"ラ+ 仁ユくわ rr,<773>･. (4)

Since the equationmakes･a hierarchy together with the rest of

higherorderlitcannotbeclosed･ Asolution requires the

informationaboutabehaviouroffluctuations.

At first,we should determine a scaling exponent y of

fluctuations.

Putting

N≡F(t)+ Ⅴノ u (5)

by the scaling assumptionIWe define an.another generating

functionforsinglevariable,

め
¢ ム /ei3,と)=Zeそお " pry,t)･･

N =o

where ∠lN= N- F(t)･ Introducinga newly scaled parame.ter

writtenby

tt3AN 三 三 い L

andscalinginvariants

n= f+Vy-1u

(6)

(7)

wherefstands fora deterministic path,we have an equationof

motionofageneratingfunction GA(ei主,t)≡ GA ;
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豊 -fi(T･f)_lv-2D+I(火｡･亘立f2-吋 3)_

･iS (-r･･ 2kif-3可2)義)
十 弓･Vy十(k=ユー'3:3Taf)∂l∂〔EtE)i
一三g∨紳)ra義持i

Thissuggeststheregionoftheregionoftheexponenty;

1/2≦ ゾ<_ 1

RESULTSANDI)ISCUSSION

(8)

(9)

Ifwe adopt the corldition I/2r<-.)<1,a hierarchical chain

comesto theclosedform;

Ko一 再 ･ 隼fユニr,f'3 . (10)

Wealsoattain t･heFokker-Plahdくequation

∂F(Li,I) I

i .V/-2u(ko ･ 材 + klfl- T,fa)憲 p∂t

-(-r, 十 2Jtlf -⊇dT,fl)孟LjF

- V-I+y ( k 1 -35:J=)孟 ulF

十 V2ぐ ′ル ) )T3孟 u主P
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｢パターン形成､運動およびその統計｣

Atacritical point,follpwinSCPnditions･ 守
●
f - 0,
●
(り -- 0,
●
(f)".- 0∴,

(I)HT= o

(12)

Fig･1 Acri tical.pointof
Schl.6glmod'el

areappropriateforamacrostate. Undertheconditions,the

Fokker-Planckequationcomesto

af'(LL,t)

-at i v一叫 (2 ,,tf 十 可 3汀霊 p{",t)

･ V 2'州 )r3ま "主F(叫 ,tJ (13,

Twoterms of theRHSshould-beof the same order in the system

size･ Thuswe_getthescalingexponentatthecriticalpoint

〟 - 3/4 .

Fluctuationsatacriticalpointbehavesas

∂<LL> ∂<Ll>

ai/V'/l ∂て

(14)

ニ ー b̂3< LL主> ･ (15)

Thisshowsヒhat the relaxation timebecomes longerinVl/2ata

bifurcationpointthanatanormalstablepoin亡.

Thesamecanbeseenasfollows:

Putting f-fc言 Afc,fromEq.(10)wehave

∴:
(Af｡)-.- 6-5 ( △ 圭 ゞ

Startingfromasmallvalue foa亡亡= to,wehave

｡fc

I～2(ヵfo)23-3(t - t O)
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We can thusfindthatAfcapprocahes toえeroin therateof

t-1/2 whichshowsacriticalslowingdown.

HereIWehaveshownhowtoobtainthedeterministicpathand

determi.ne the scaling exponent describing the system of which

fluctuation does not obey the Gaussian. In particular,it･has

been shownmuch easier than usual that ata critical point･the

variancediverges as the 3/2 power of the system size and a

criticalslovi喝 downcharacterizedbytherateoft-1/2.
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