RBAFZWERY KT b %
Al

KURENAI

Kyoto University Research Information Repository

Stochastic Analysis of a Dynamics of Patterns in Condensed

Vit Matter
Author(s) CR)iClP(iai’ Moyuru; Yamazaki, Yoshitake; Holz, Arno; Ozao,
Citation 0000 (1989), 52(4): 388-394
Issue Date | 1989-07-20
URL http://hdl.handle.net/2433/93645
Right
Type Departmental Bulletin Paper

Textversion

publisher

Kyoto University




Stochastic Analysis of a Dynamics of Patterns
" in Condensed Matter

Moyuru Ochiai
Department of Electronics
North Shore College of SONY Institute
Atsugi 243, Japan

Yoshitake Yamazaki
Department of Mechanical System Engineering
Kyushu Institute of Technology
Tizuka 820, Japan

Arno Holz
Fachrichtung Theoretische Physik
Universitat des Saarlandes
D-6600 Saarbriicken, -Fed. Rep. Germany

- Riko Ozao. - v
Institute of Earth Sciences
Waseda University
Tokyo 169, Japan

SYNOPSIS

We provide a new formulation of methods introduced in the.

theory of scaling expansion with the purpose of making our ideas

easier and more generalized for applications.

Dynamics of patterns governed by such macroscopic laws as

rate equations in case of chemical reactions and a behaviour of

largely deviated fluctuations from deterministic equations

describing systems far from equilibrium, are discussed.

Non-equilibrium properties of a phase transition in chemical

systems are also studied.
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INTRODUCTION R

. In this paper, it. is shown - that macroscopic léws and
properties of fluctuatiopégcan,he,easily,deperminedfby
introducing a new moment generating function with a scaling
expansion metﬁod which;carfiés o;t coarse—graihing._-By
introducing scaling invariéﬁts which are obtained so . that
macrovariables are scaled by characteristic sizes corresponding
iévthé:phenéméné df'iniereSt,'éhé cumulént:BBGKYuéaain éﬁuation
derived fré; ‘fhé HﬁohentV géﬁeratiﬁgirfuhéﬁiéﬁ, is aﬁtohatically
deéoupled.~

Thﬁs; EheAmacfdéébpit trénsﬁgftrlgw, the‘éqﬁégiég of MOtioﬁ
describing the fluctuating deviétionsifrom the determiniétic;péth
and the equétion of the variance of .fluctuations which. have
jointly closed forms-and obey an'inQerted»hienarchical relation,

are immediately obtained.

In case of’é sYstem far'fromAeduilibrium, which, for
examplé, stays at a critical point,. the Gaussian approximation
around the deterministic path becomes irrele&ant. At a critical
point, so ;al1ed a bifurqation~pbint, fluctuations grow,ﬁpAand
come to pla& a maih fole[l’zl. 'Then, the usual perturbation
treatment cannot be carried out. 'A newly'determihed scaling

exponents of ‘fluctuations should be: introduced.

THEORY AND AN ILLUSTRATION

Making our formulation more transparent to understand, such
an illustration as an autocatalytic chemical reaction is
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convenient.

‘Here, we consider the Schlogl model, of which a nonlinear

rate equation has several kinds of stationary states:

ko
A —-— N
77
"/?2 )
B+ 2N T— 3N . (1)
33 .

where the quantity of chemical species A and B are controlled

from outside and N stands for the chemical intermediate.

We assume that the time evolutibn of the number of particles
N(t) of intermediate follows a Markoffian process like N » N + 1,

N >N - 1.

Introducing the probability P(N, t) which describes the
number of particles N of intermediate at time t in the system and

a moment genrating function for single variable defined as
- - .
R ISN .
G(ef, ) = 2 e PN, )

N=0

we can write a master equation in the form described by a

generating function as follows:

2G(e%e) _ o3, { T T
It = (€%3-7) KoV= 11 & 5oy + 1 VT (54750 " a6
2 3y 20 o2 o %3 - '
— 03V ze 1‘}(a(fjﬁ 38(2})2+ 25{3))} G(e™; ¢ ) 5 (2)

-/ ~r,
where ky = l/ /Qo/4 and ko =V e, B
Furthermore, introducing such a scaled parameter as

i 3N = 7N , (3)
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we obtain a hierarchical set of moment equations which is
described by .only scaling invariants. First moment equation, for

example, is shown by

2‘%<n> =k, - T,{n:>+ /§2<ﬂ’>'f}; <n3>. (4)

Since the equation makes .a hierarchy together with the rest of
“higher order, it can not be closed. A solution requires the

information about a behaviour of fluctuations.

At first, we should determine a scaling exponent X of

fluctuations.
Putting
N Y
N =F(t) + V' u (5)

by the scaling assumption, we define an another generating

function for single variable,
- _
N \ cSaN
Ga (67’3, t) =2 et}A Fewm,t)
N=0

where AN = N - F(t). Introducing a newly scaled parameter -

written by
i‘EAAfV = =z § w (6)
and scaling invariants
n=f+ y’-1 u (7)

where f stands for a deterministic path, we have an equation of

motion of a generating function G 4 (e13 , )=G 4
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e RN C )
vi% (- o+ 2k f - 3a@f )a(zs)"

+t§v (k1~3r3f>

t

(xowrif ofs nf*)

a(g)
. 5 =) o
- =S V BRLEY 3)3 } C“ . (8
This suggests the région:ofjfherrégioﬁ of.the éxpoﬁéﬂt );;
125Vt ) (9)

RESULTS AND DISCUSSION

- If we adopt the condition 1/2:€ ¥»<1, a hierarchical chain

comes to the closed form;

_3_? = Ko ~— 9/;]( +/C2)C~r3)(3 . (10)

We also attain the Fokker—Plénck equatibn,

877%4,t) / 2u 1v 3 | a
LY ()Co+r7L+k2/:+r37C)aiu:‘P

"‘2-;“)) >
+ oy ¢ o5 WGP . Can
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At a~gritiqalﬂpoigt,bfg}lgwingéggqqitionsv. ’{t
£ - o0, R N
' = 0 | fe
R 129 0 {
(‘f)",.v= -0,! . : .
g (f)'"== 0o . Fig.l1 A critical point of

Sch1ogl model
are éﬁpropfiate for a macrostate. Under the conditibns; the
Fokker-Plarick equation comes to

2t )

V""”‘“'{z(mf + nfa)}.;uz Plu,t)
2(v=1> o 3
+V Vssgu Plu,t) “ )

Two terms of the RHS should be of the same order in the sysfem'

size. Thus we get the scaling exponent at the critical point

Y = 3/4 . - (14)
Fluctuations at a critical point behaves as
o< o<ur N
= — = — 0y <U> . (15)
Qt/v'/)_ az

This shows that the relaxation time becomes longer in Vl/2 at a
bifurcation point than at a normal stable point.
The same can be seen as follows:

Putting f - fc =afc , from Eq. (10) we have
o 3
(A‘Fc ) = = 0 (A‘FQ ) . (16)

Starting from a small value £y at t = t;, we have

A¥0

|+ 2(2§6)° s (t—To)

(17)

afe - ]
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F=3

aH

We can thus find that A f_ approcahes to zero in the rate of

¢=1/2 which shows a critical slowing down.

Here, we have shown how to obtain the deterministic path and
determine the scaling exponent describing the system of which

fluctuation does not obey the Gaussian. In particular, it -has

been shown much easier than usual that at a critical point- the

variance diverges as the 3/2 power of the system size and a

critical slowing down characterized by the rate of t_l/z.
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