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1.Introduction

hquantummechanics,phasefactorsofwavefunctionspresentadelicateproblem.

TypicalexamplesaretheAharonov-BohmeffectandBerryphase.hthepathintegral

formulation,thestatisticsphasefactorscharacteristicofamany-particlesystem

originatefromthenon-trivialtopologyofthemany-particleconfigurationspacel1]･

Theyformarepresentationofthefundamentalgroupofthelatter.Inthreeorhigher

dimensions,theallowedstatisticsiseitherFermiorBosestatistics.htwodimensions,

however,fractionalstatisticsisallowedtoexist.Therealizationoffractionalstatisticsis

firstrecognizedintheFQHeffectl2].Thediscoveryofthehigh temperature

superconductivitybringsarenewedinterestinstronglyco汀elatedelectronsystems･

Recently,thepossibilityofrealizinganyonsinthehigh-temperaturesuperconductivity

isarguedbyLaughlinl3].Althoughitisnotclearyetwhetheranyonsarerelevantto

realhigh-Tcmaterials,thebehaviorofananyonsystemisaninterestlngProblemto

investigate(atleasttheoretically).

2.Braidgroupandanyonsontheannulus(cylinder)

TherepresentationofthefundamentalgroupoftheN-bodyconfigurationspace

7C1(CN)determinestheallowedstatistics.Thusletusdiscuss7Cl(CN)onanannulusfirst.

Foratwo-dimensionalsystem,7C1(CN)isthebraidgroupBN.Ifthesystemisaplane,it

isgeneratedbythelocalexchangeoperatorsoi,(i=1,-,N-1)whereGirepresentsan

interchangeofトthandi+1-thparticlecounter-clockwisewithoutotherparticles

enclosedintheexchangeloop･Foranannulus,thereisanothertypeofgeneratorspj,

whichrepresentsmovlngthej-thparticlearoundtheholeonceinthepositivedirection･
● ●

FurtherthefollowlngImportantrelationholds

Pj+1=GjPjGj･
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Wh enweconsiderone-dimensionalrepresentation.whichcorrespondstotheusualone-

componentwavefunction,wegettherepresentationoi≡eiOforGi･andwecaninterpret

Oastheanyonstatistics･Thuswegetpj=PleXPlL'20(i-1)]foreachpj･Tofixthe

braidgrouprepresentation,weneedtofixthephaseofpll4].Physicallytheeffectsofa

centralflux◎threadingthroughtheholeisincludedbypISOWeget

pj(◎)≡eXP lL' (200 -I)+27⊂◎)】･

WehavetopayaspecialattentiontoitwhenweconstnlCtananyOnOntheannulus

whichisabsentinatwo-dimensionalplanegeometries.

3.Symmetryandrestrictionforacylindcrsystem

Unliketheannularcase,thetwoedgesofacylinderaresymmetric;one姐ouldbe

abletoidentifythephaseforthegeneratoratthetwoedges.Usingtherepresentationfor

pj,thisconditionisexpressedas

pl(¢)≡PN-1(一〇).

ThenoneobtainstheconstraintforthecylindriCalsystemas

expli20ひト1)]=1

whereNisthenumtx:rofanyons.WithNgiven,theallowedvaluesofOarerestrictedto

be

0-品,(m-0,･･･,2N-3)･

IfOhtisfixedtobefractional,thenthetotalnumberNoftheanyonscan notbe

arbitrary.

Thisrestrictionalsoappearsinthespherecasel5].Furtherwegetsomerelationsfor

thegroundstateenergyE(0,◎)byasimilardiscussion.nlereisasymme打yaS
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E(0,¢)≡E(0,-◎)

foracylinderwithgeneral申.However,E(0,◎)≠E(0,-◎)foranannulus･

4.Numericalca]culationandmean･rLeldcaTcu]ation

Thereareseveralstudiesofanyononthelattice【4,6】.Herethebraidgroup

representationisrealizedbystnngrules.WeperformnumeriCalCalculationsonafinite

latticel6).hFig.1(a),weshowgroundstateenergiesfromallexactCalculationanda

MFcalculationfrom bosom.Wealsoperform aMFcalculationfromfermionin

Fig.1(b).TheyconfirmthattheMFresultsisgoodunlesslevelcrossingoccurs.A免er

thelevelcrossing,however,theMFapproximationisnotsogood.也 theMF

calculationkombosom,theregionWheretheMFisgoodiswiderthanthatoftheMF

calculation&omfermion,becausetherearefewerlevelcrossmgsnearthehard-core

bbsonpout.

3★3/3Annulus 3'4/5Annufus
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Fig.1(b)

Wen,DagottoaJldFradkinl7]proposedhowtoputanyonsonatoruS.Einarrsonl8]

glVeSamathematicalstructureofthebraidgrouponthetoruS.Weexplicitlyconstruct

anyonsonatoroida1latticebystartlngfromthebmidgroup.Theresultantrulesto

defmeanyonsarebasicallythesame(withSomecorrections)asthoseofWenetal.We

haveinvestigateaSymmetryandtheAharonov-Bohm effectofthesystem.The

existenceofnon-contractibleloopsonthetorusleadstotheappearanceofadditional
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●
generatorspjandTjinthebraidgroupcorrespondingtomovmgananyonalongthenon-

contractibleloops･Thisintum requiresmoreParameterstOfixthebraidgroup
●

representation,whichcan beidentifiedasthecentralfluxes¢xand◎ythreading

throughthetwoholesofthetoruS･WegettherepresentadonsforpjandJrjincludingthe
●

effectof◎xand◎ywhicharegivenby

1J=eXpl-J'(20(JJ1)+2nO.)1

01 0;0●･.
0 ●･. 1

1 0-0
,pj=CXPlEt20(j-1)+2畑 ,ll

C''q o
ocか v
O

(U

一
T

O

+t

C･.0
where0≡7t(p/q),C=eXP(i20)andTlisanarbitraryinteger.Furtherthenumberofthe

particlesNmustsatisfyexpli20N]=1.Therepresenta(ionhasinevitablyhigher

dimensionsthanone.Thusthewavefunctionoftheanyonshasmulti-components.To

change¶by1isagaugetransformationanditisequivalenttoincrease¢yby0/7(･This

meansthatinaddi(iontotheusualunitperiodfor¢xand¢y,thereisasmallerperiod

givenby0/7(.If0≡7t(P/q)withpandqmutuallyprime,thenthesmallestperiodis

actually1/qratherthan1.Soweareledtoexpectthattheenergyspectrumofanyons

onthetorusexhibitsaperiodof1/qin¢xandOy.Forexample,an eigenenergyEn

mustsatisfyEn(¢x,◎y)≡En(◎x+1/q,¢y)≡En(Ox,¢y+1/q)･

Grotmdstateertergy
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Fig.2
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Sinceingeneralagivenenergyleveldoesnotnecessarilyhavethisperiod(itmay

havealargerperiod),Wenaturallyexpecttheemergenceofspectralflowandlevel

crossing･hparticular,energylevelsmayberearrangedas中xor◎ychang阜Sby1/q･h

Fig･2,weshowthespectrumof3×3with3anyons(0可β)asafunctionof中x･hFig.

3,weshowthegroundstateenirgyasafunctionof◎xand◎yfor3×3with4anyons(0

a/4)system.

6.FractionalQuantumHalleffect

FinauyletusconsidertherelationofourresultsforthetorusandtheFQHeffect.

Wh entheLandaulevelfillingisv=1/q,excitationsofthesystemarequasiparticleswith

Chargee書=e/qandstatistics0≡7t/q.merearetwotypesofgaugeinvarianceinthis

system.Theperiod◎o*=hc/e'impliesthegaugeinvarianceofthefractionanycharged
quasiparticle.Wenotethatinthiscase血eperiod¢o'/q=¢ocoihcideswiththatfor

gaugeinvarianceoftheconstituentparticles(electrons).Usingtheargumentthatthere

aretwokindsofgaugeinvariances,wecandiscusstheFQHeffectinthewayof

Laughlin[9]andHalperinl10]fortheintegralcase.AnargumentfortheFQHeffectby

thegaugeinvarianceforelectronswasdiscussedbyTaoandWul11]andbyThouless

l12].Wetreatitintheanyon'spointofview.Letusassumethatthefermienergyliesin

agap･¶leFQHsystemhastheproperlythatwhenweincreasethecentralnuxbyA¢≡

◎書,thesystemretumstoitsoriginalstate.htheprocess,exactlyneLecEronsare

transportedacrossthepotentialdifferenceVx.(Noticethatthetransportedparticlesare

notanyoTWbuteLectronsbecausetheanyonsareonlyquasiparticlesintheFQHeffect.)

ThusthechangeinenergylSglVenbyAE≡neVx.Weuseaformulaforthecurrentby

ByersandYangl13]Iy=C(AE/A¢)･ThisimpliesthatHallconductanceis舟actionalas

cFxy≡(n/q)(e2Al)･
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