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Quantum Calogero-Moser Model
and its Algebraic Structures

Miki \VADATI, Hideaki UJINO and Kazuhiro HIKAMI

Department of Physics, Faculty of Science,
University oj Tokyo,

Hongo 7-3-1, Bunkyo-ku, Tokyo 113, Japan

The quantum Calogero-Moser model is a one-dimensional many-body system with pairwise
inverse square interactions. The Hamiltonian in the quantum theory is

1 N 2. 1 N 1,
H = 2?= Pj + 29 ,2: (x' _ X )2'

)=1 ),k=l) k
jf;k

p)' = .a
-2ax "

)

(2)

where Nand 9 mean the number of particles and the coupling constant, respectively. Note
that we set the Planck constant Ii and the mass m to be unity.

Let us introduce the quantum inverse scattering method. Let L and Iv! be operator-valued
N x N matrices. We choose them spch that the Lax equation

d
dt L jk - i[H, L jk ]

= i[L, M]jk = i 2:(LjI M lk - MjIL ,k ),
I

(3)

(4)

(5)

is equivalent to the Heisenberg equation of motion given by the Hamiltonian H. We refer to
the Land M operators as a Lax pair.

For the quantum Calogero-Moser model, the Lax pair is found to be [1,2]

- P '0 'k + ia(l - 0 'k) 1 ,
) ) ) Xj - Xk

1 1
- -a(1 - Ojk) ( )2 + aOjk I: ( )2'

Xj-Xk If;j Xj-XI

where a is a constant related to the coupling constant 9' by

9 = a2
- a. (6)

With Ii written explicitly, the above relation reads 9 = a2 - na, which becomes 9 = a2 in the
classical limit.

From the knowledge of the Lax equation (3) and the Lax pair, (4). and (5), conserved
operators for the quantum Calogero-Moser model are constructed in the following way [1,2,3,
4,5,6]. The Lax equation yields
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n = 1,2,···. (7)



Since the .AI operator satisfies
N N

LMjk = LMkj = 0,
j=l j=l

we readily see that
N N

[H, L (Ln)jk] = L [L
n

, M]jk = 0.
j,k=l ],k=l

Namely, a set of conserved operators {In} is given by

(8)

(9)

(10)

where the coefficient l/n in (10) is included just for convenience. This formula suggests that
TrLn = 2:.j(Ln)jj, which is conserved in the classical case, is not necessarily conserved operator
in the quantum theory. A condition (8) on the M operator is the key to our derivation of the
formula (10). We call it "sum-to-zero" condition. .

The explicit forms of the first four conserved operators are

(11 )

Here and sometimes h.ereafter, we use Xjk = Xj - Xk etc, and 2:.' means that all the indices
which appear in the summand do not coincide. We can see that {In} for n = 1,2,···, N are
functionally independent. Comparing with the classical case, we observe the coefficient of the
last term in 14, which is 1/4· (g2 - h2 g) with the Planck constant explicitly written, contains
a quantum correction.

Moreover, we introduce another series of operators, which we call boost operators [7], Inade
from the Lax operator:

(12)
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The first of them is Jo = L:j Xj which satisfies a commutation relation:

(13)

Motivated by the existence of the conserved operators {In}, we assume that In for n =
1,2, ... gives the Lax equation with M(n) operator satisfying the sum-to-zero condition:

[In' L] = [L, M(n)],

I: M;;) = I: Alkj) = O.
, ,

J J

(14)

(15)

(16)1\1;:) = (1 - 6jk)Nj;) - 6jk I: N;~).
I~j

Using the conserved operators (11), we obtain explicit expressions for the first four of

N (n) . -I- k.
jk ,J r .

The Lax equation (3) is nothing but (14) for n = 2. The cqndition (15) suggests that ]\II;:) has
a form;

a ( ). 2 "'"" 1- --2- Pj + Pk - 'W L..J ,
Xjk XjlXlkXjk

a ( 2 2)' 1 ( )- --P'+P'Pk+Pk -W-,-P'-Pk
X 2 J J x3 J

jk jk

. 2"'"" 1 ) (3 ) 1-w L..J, , (Pj + PI + Pk - a - 3a -4-
I XJIXlkXJk Xjk

2 "'""{ 1 I'} 3 "'""{ 1 I}- a L..J 2 - -2-2- - a L..J -2-2- + -2-2-
I XjlXlkXjk XjlX lk I XjlXjk XlkXjk

1 3 "'"" 1+-a L..J
2 I,m XjlXlkXjmXmk

(17)

Using (17), we can show that the following relation is satisfied up to n = 4:

[In, X] = [X, M(n>]._ i(Ln- 1
),

Xjk - Xj6jk'

(18)

(19)

Shortly later, we shall prove the existence of M(n) for n 2: 5.' We refer to (18) as "additional"
relation. Here and hereafter, we often use matrix notation as is seen in (18). There should be
no confusion about it.

From the above knowledge, we get a useful formula:

(20)

Note that the J2 operator raises the conserved operators.
Now, we are ready to prove the Lax equation (14) with the sum-to-zero condition (15) and

the additional relation (18).
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First, we prove the Lax equation (14) and (15) by mathemat.ical induct.ion. Let (14) and
(15) be satisfied up to n. Because of the relation (20), we have

(21)

Using the Jacobi's identity repeatedly, we can redllce (21) to

(22)

where an operator 0 is defined by

Note that the operator-valued matrix 0 does satisfy the sum-to-zero condition.
In order that (22) is the Lax equation for In+1 , M(n+l) is identified as

M(n+l) = _i_ {[M(n) J] + ~[O M(n) + I ]}
n + 1 ,2 2i' n'

(23)

(24)

Since M(n) and 0 satisfy the sum-to-zerocondition, the operator J\,1(n+l) satisfies the sum-to
zero condition as well. Equation (24) is a recursion formula for the AI(n) operator.

Next, we prove the additional relation (18) again by mathematical induction. Let the
equation (18) be satisfied up to n. Using (20) and applying the Jacobi's identity, we can show
the following realation:

1
= i(n + 1) [[J2 , In], X]

- n: 1 {[X, [M(n), J2]] + ;i [X, [0, In + M(n)]]} - iLn

= [X, AI(n+l)] - iLn. (2.5)

This is (18) for n + 1. Then, the proof is completed.
We are in position to calculate commutation relations among {In} and {In }. We first show

that commutation relations among {In} vanish, which means that the conserved operators are
in involution. Since (14) holds for all n, we have

(26)

Applying the sum-to-zero condition (15) to (26), we get

(27)

For the N -particle system, this shows that N independent conserved operators {In} are invo
lutive and thus the integrability of the quantum Calogero-Moser model is proved.
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Commutation relations between 1m and I n are calculated as follows. From the definition of
I n operator, we have

(28)

Applying the additional relation (18), we get

[In,Im] = _1_ t I: {[M(m), LT] XL n-T+ LT [M(m), X] Ln- T
n + 1 T=O h,1

+iLTL m - 1 Ln- T+ LTX [M(m), Ln-T]} hi

= I: {iLn +m - 1 + _1_ [M(m\ XLn + LXLn- 1 + ... + LnX]}
k,l n + 1 hi

- i(n + m - I)In+m - 1 • (29)

Finally, we calculate commutation relations among {In }. This is a straightforward, but
rather laborious task. By definition "and using the Jacobi's identity, we have

- ;'i [[In +1 , Jm ],~ xj] -
J

[In, Jm] = [[;i ~>1Jn+1] ,Jm]

- -;i {[[In+1,Jm], ~A] + [[Jm, ~>;] ,[n+1] }.

By using (29), the first term in the r.h.s. of (30) is calculated as

-2
1
.[-i(n + m)In+m,L xj]
~ j

- -i(n + m)Jn+m - 1 •

In addition, we can prove that

~t [{XLm+LmXh/,~xj]
h,l J

m

- -i I:L {X Lm- TX LT-l + LT- 1X Lm- TX} .
k,l T=l hi

Substituting (32) into the second term in the r.h.s. of (30) is calculated as
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(30)

(31)

(32)



- ~ L f [{X Lm- rX Lr- 1 + Lr-l X Lm-r Xlii, In+1]

J) r=l

- ~ L f {iLn+m- rXLr- 1 + iXLn+m- 1 + iLn+m- 1X + iLT
-

1 X Ln+m-r h"1
j,1 r=l

- i L 2m{X Ln+m- 1 + Ln+m- 1X}jl = 2imJn+m- 1 • (33)
j,l

Thus combining (31) and (33), we get

(34)

We have proved the commutation relations, (27), (29) and (34) among {In} and {In}). It is
interesting to notice that the relations constitute a closed algebra.

After slight modifications of the definitions,

(3.5)

the commutation relations among them become

(36)

These relations are the U(l)-current- algebra, which has been extensively studied related to the
conformal field theory and anyon physics.

In conclusion, we have proved that the quantum Calogero-Moser model is integrable and is
a realization of the U(1 )-current algebra.
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