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1 Introduction
We will introduce a canonical formalism of quantum systems in far-from-equilibrium state,
named Non-Equilibrium Thermo Field Dynamics (NETFD) [1]-[6], which provides a unified
viewpoint covering whole the aspects in non"-equilibrium statistical mechanics, i.e. the Boltz
mann, the Fokker-Planck, the Langevin and the stochastic Liouville equations.

Special emphases are put on the background and motivation for the construction of
NETFD, and on the new aspects which are raised to solve the problems concerning to quantum
coherence and dissipation within the framework of NETFD.

In this paper, we will show that there are at least two different ways in the introduction
of external force, which are physically acceptable. This notion will open a new aspect for
mediating between microscopic (and/or mesoscopic) and macroscopic physics [6].

2 System of Classical Stochastic Differential Equations

Let us remember here the system of stochastic differential equations for classical systems.
The stochastic Liouville equation is given by [16]

a
atf(u, t) = n(u, t)f(u, t),

a
n(u, t) = - au u, (1)

with the initial condition f(u,O) =" P(u,O). The flow u in the velocity space is given, for
example, by

The random force is specified by

. 1u = -,u+ -R(t).
m

(2)

(3)

The Boltzmann constant has been put to equal to unity.
The Langevin equation of the system has the same structure as the flow equation (2), Le.

u(t) = -,u(t) + .!-R(t)." m

In precise, the stochastic distribution function feu, t) means that

feu, t) = feu, t; n(u, t), P(u, 0)).
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Averaging over all possibilities of {}(u, t), we have the usual distribution function P(u, t) as

P(u,t) = (f(u,tj{}(u,t),P(u,O))),

which satisfies the Fokker-Planck equation

a a ( T a)atP(u, t) = au 'Y u + m au P(u, t).

We see that it has a stationary solution

Note that f(u, t) satisfies the conservation of probability within the velocity space:

Jdu feu, t) = constant = 1,

(6)

(7)

(8)

(9)

which can be seen from (1). Note also that the Langevin equation (4) does not contain the
diffusion term. This is a Stratonovich type stochastic differential equation [17]. One can
proceed calculation as if the stochastic function u(t) were an analytic one. The fluctuation
dissipation theorem of the second kind is introduced in order that the Langevin equation (4)
is consis~ent with the Fokker-Planck equation (7).

3 Liouville Equation

The most basic characteristics of the Liouville equation

:tp(t) = -iLp(t), (10)

may be summarized as follows:

01. The hermiticy of the Liouville operator iL: (iL)t = iL.

02. The conservation of probability (tr p = 1): tr LX = O.

03. The hermiticy of the density operator: pt(t) = pet).

The expectation value of an observable A is given by (Ah = tr Ap(t). Substitution of the
formal solution pet) = e-iLt p(O) gives us a "Heisenberg operator

(11)

through the process (Ah = tr Ae-iLtp = tr eiLtAe-iLtp = tr A(t)p. The Heisenberg operator
satisfies the Heisenberg equation

d~;t) = i[L, A(t)].
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4 Technical Basics of NETFD
The minimal technical tools needed for NETFD is the following.

Tool!. Any operator A in NETFD is accompanied by its partner (tilde) operator A. The
tilde conjugation rv is defined by (AtA2)'" = At A2, (CtAt+C2A2)'" = CiAt+c2A2' (A)'" =
A, and (At)'" = At.

Tool 2. The tilde and non-tilde operators at an equal time are commutative: [A, B) = O.

Tool 3. The tilde and non-tilde operators are mutually related through the bra-vacuum (11
as (11At = (11..4.

Corresponding to the characteristics of the Liouville operator given in the previous section,
the Schrooinger equation (n = 1) within NETFD

~IO(t)) = -iiI 10(t)),

has the following basi<;: characters:

B!. The characteristics named tildian:

( ~)'" ~iH = iH.

The tildian hat-Hamiltonian is not necessarily hermitian operator.

B2. The hat-Hamiltonians have zero eigenvalue for the thermal bra-vacuum:

(11iI = o.
This is the manifestation of the conservation of probability, Le. (110(t)) = 1.

B3. The thermal vacuums (II and 10) are tilde invariant:

(11'" = (II, 10)'" = 10),

and are normalized as (110) = 1.
The Heisenberg equation within NETFD is given by

d ~

dtA = i[H, A].

(13)

(14)

(15)

(16)

(17)

Let us see the meaning of the thermal vacuum 10(t)) by representing it in terms of the ortho
normal and complete set 1m, ii) satisfying (m, iilm', ii') = om,mlOn,n" ~m,n 1m, ii)(m, iii = 1.
The state behaves as 1m, ii)'" = In, in) under a tilde conjugation.

The coefficients Pn,m(t) in· the expansion

10(t)) = LPn,m(t)!n,in),
n,m

satisfy the normalization

(18)

1 = (110(t)) = L L Pn,m(t)(k, kin, in) = LPk,k(t),
k n,m k

(19)

and P;",n(t) = Pn,m(t) , which can be derived by the tilde-invariance of the ket-vacuum as

n,m n,m
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5 Quantum Fokker-pianck Equation

5.1 A Semi-Free System

The hat-Hamiltonian for a bosonic semi-free field is bi-linear in a, at and their tilde-conju,gates,
and is invariant under the phase transformation a ---+ aeiB :

H = w (ata - ata) - i", [(1 + 2n) (ata +ata) - 2 (1 +n) aa - 2natat] - i2",ft

= (w - i",) iiPalJ. - i2",iiPnlJ. lIall +w + i"" (21)

where we introduced the thermal doublet notations, alJ.=l = a, alJ.=2 = at, ij,1J.=1 = at, ij,1J.=2 =
-a, and

nlJ. lI = ( n
l+n -(~: n) ),

1n - -:-=--

.- &J/T - l'
(22)

T represents the temperature of environment. The boson operators a etc. satisfy the canonical
commutation relations:

[a, at] = 1, [a, at] = l.

The Fokker-Planck equation of the system is given by

:tIO(t)) = -iHIO(t)),

with an initial ket-thermal vacuum, 10) = 10(0)), satisfying

(23)

(24)

(25)

with f = n/ (1+n), n = n(0). The Fokker-Planck equation (24) has the form of the Schrodinger
equation. It was noticed first by Crawford [7] that the introduction of two kinds of operators
for each operator enables us to handle. the Liouville equation as the Schrodinger equatic;m.

With the help of the Fokker-Planck equation (24), we see that the one-particle distribution
function n(t) = (llataIO(t)) satisfies the Boltzmann equation

d
dt n(t) = -2", [n(t) - n] . (26)

5.2 Irreversibility

One of the observables appropriate to check the irreversibility of the system is the Boltzmann
entropy introduced by

S(t) = - {n(t) In n(t) - [1 +n(t)]ln [1 +n(t)]}. (27)

This entropy is also appropriate for thermodynamical argument within quantum field theory,
since it is related to the particle aspect which is essential to the quantum field theoretical
representation in terms of asymptotic fields.

The heat change d'Q of the relevant system is given by d'Q = wdn which is related to
the extrinsic entropy by the relation dSe = d'QIT where T represents the temperature of
the thermal reservoir. Here, we decomposed the change of the entropy dS into two parts as
dS = dSe +dSi.
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The entropy production rate dSi / dt of the present system is then given by [10]

dSi = dS _ dSe = 2K [net) _ n] In n(t)[1 + n] > O.
dt dt dt . n[l + net)] -

(28)

(30)

The last inequality represents the irreversibility of the system (the second law of thermody-
namics). .

There can be other entropy measuring the degree of mixing of the states of the rele
vant system. That is defined by means of the norm of the thermal ket-vacuum [3]: [J(t) =
(O(t)IO(t)) = 1110(t))112

, with (O(t)1 = 10(t))t in the form

1 .
S(N)(t) = -2"ln [J(.t). (29)

When the initial state is a pure state, say the ground state specified by alO) = 0 or f = 0,
the entropy production rate is given by

dS(N) 2Kne-2~
--= >0.

dt 1 + 2n (1 - e-2~) -

We can solve this with the initial condition S(N) = 0 ~

1
S(N)(t) = 2" In [1 + 2n(t)],

with the one-particle distribution function net) = n (1 - e-2Kt
) •

6 Inclusion of External Fields

(31)

There are two physically admissible forms of interaction hat-Hamiltonian which take into
account the effect of an external field. One is hermitian, and the other is non-hermitian [6].

6.1 Hermitian Interaction Hat-Hamiltonian
The simplest hermitian interaction hat-Hamiltonian is

(32)

where b(t) and bt(t) are operators in the external system, being commutative with the oper
ators a, at of the relevant system, and satisfy

(33)

Applying the bra-vacuum (11 of the relevant system, we obtain from (32)

(34)

with f3~(t) = bt(t) - bet) which annihilates the bra-vacuum (I of the external system: (1f3~(t) =
O. Applying (I, we see that ((lIH£ =0, with ((11 = (I· (11.

The above investigation shows that a simple introduction of an hermitian interaction hat
Hamiltonian violates the conservation of probability within the relevant system: We need to
apply (( 11 instead of (11 to

~ 10(t)) = -i (iI + iII) 10(t)), (35)

in order to observe the conservation of probability.
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6.2 Non-Hermitian Interaction Hat-Hamiltonian
The requirement that the Schrodinger equation

~ 10(t)) = -i (if + iff') 10(t)),.

satisfies the conservation of probability within the relevant system reduces to

(Iliff' = 0,

leading

(36)

(37)

~"'[!i- ]Ht = Z 0 f3(t) + t.c. , (38)

where o!i- = at - a, f3(t) = /-Lb(t) + vbt(t), with /-L + v = 1. Note the commutation relation

[f3(t) , f3!i-(t)] = 1.

The interaction hat-Hamiltonian (38) is tildian but not hermitian.

6.3 Relation between the Two Interaction Hat-Hamiltonians
The above two hat-Hamiltonians are related with each other by

~, ·~II '[!i- ]H t = H t - Z of3 (t) + t.c. ,

with 0 = /-La + vat. Note the commutation relation

7 S-matrix
The solution of the Fokker-Planck equation

(39)

(40)

(41)

:tIO(t)) = -iHfot\O(t)), H~ tot - H,~ + H~,
t - t t, (42)

is given by
10(t)) = V(t)S(t, to)V-1(to)10(to)),

with the help of the S-matrix

Here, S(t) is specified by

(43)

(44)

d ~ ~ ~

dtS(t) = -iH'(t)S(t), S(to) = 1. (45)

with
iI'(t) = V-1(t)iI;V(t).
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7.1 Interaction Representation

Let us introduce operators in the interaction representation, named semi-free operators, by

aCt) = y-l(t)aY(t) , (47)

where
d ~ ~ ~

dtVet) = -iHV(t), yeO) = 1. (48)

The semi-free operators preser~e the canonical commutation relation:

[a(t) , at(t)] = 1, [aCt), at(t)] = 1. (49)

The S-matrix satisfies (lIB(t, to) = (11. This is a manifestation of the conservation of
probability in whole the system, (110(t)) = 1.

Expanding the S-matrix with respect to the order of iI: as

00

B(t, to) = L B(n)(t, to),
n=O

we can deal with any order of processes induced by iI: (see, for example, [11]).
With the 8-matrix, the generating functional for the system is given by

Z[K, K] = (118(l, 0)10),

and has the expressions [12]

Z(K, K] = exp [-i tdttdtlK~(WQ(t, t')~"K~ (t')"]

= exp [-i tdttdt'K (WG(t, t')~"K (t l
)"] •

(50)

(51)

(52)

This expression for an open system was derived first by Schwinger by means of the closed-time
path method [13] (see also [14, 15]).

8 Stochastic Semi-Free Hat-Hamiltonian

8.1 Quantum Stochastic Liouville Equations

8.1.1 Ito Type

The hat-Hamiltonian for the stochastic semi-free field is bi-linear in a, at, dF(t) , dFt(t)
and their tilde conjugates, and is invariant under the phase transformation a -t aeiO , and
dF(t) -t dF(t) eiO . Here, a, at and their tilde conjugates are stochastic operators of a
relevant system satisfying the canonical commutation relation l

[a at] = 1, " , (53)

lWe use the same notation a etc. for the stochastic semi-free operators as those for the coarse grained
semi-free operators. We expect that there will be no confusion between them.
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whereas dF(t), dFt (t) and their conjugates are random force operators.
The tilde and non-tilde operators are related with each other by the relations

(ilat = (Ila, (54)

where (11 and (I are respectively the thermal bra-yacuum of the relevant system and 'of the
random force. .

We will employ the characteristics of the stochastic Liouville equation of classical systems
to quantum cases, Le., the stochastic distribution function satisfies the conservation of prob
ability within the phase space of a relevant system (see the previous section). This means in
NETFD that (110,(t)) = 1, leading to

(55)

Here the thermal bra-vacuum (11 is of the relevant system.
From the investigation in subsection 6.2 (d. (38)), we know that the required form of the

hat-Hamiltonian should be

H"tdt = fIdt + i {a/~-dW(t) + t.c..} , (56)

where fI is given by (21), Le. fI = fIs + iiI, iI = -~ (o!i-o + t.c.) + 2~ [n + v] o!i-it!i-. We

introduced a set of canonical stochastic operators2 0 = j1a + vat, o!i- = at - a, with j1 + v = 1,
which satisfy the commutation relation [0, o!i-] = 1.

The random force operators dW(t), dW(t) are of the quantum stochastic Wiener process
satisfying

(dW(t)) = (dW(t)) = 0, (dW(t)dW(s)) = (dW(t)dW(s)) = 0, (57)

(dW(t)dW(s)) = (dW(s)dW(t)) = 2~ [n + v] 8(t - s)dtds, (58)

with (...) = (I· .. 1), where the random force operator dW(t) is defined by
. -

dW(t) = j1dF(t) + vdpt(t). (59)

The original random force operators dF(t) and dFt(t) are of the stationary Gaussian white

process, which is defined by (dF(t)) = (dF(t)) = (dFt(t)) = (dFt(t)) = 0,

(dFt(t)dF(s)) = 2~n8(t - s)dtds, (dF(t)dFt(s)) = 2~ [n + 1] 8(t - s)dtds, (60)

and zero for other combinations. The one-particle distribution function n(t) = ((lla1t (t)a(t) 10f))
satisfies the Boltzmann equation (26) where (( ...)) = (1(11·· ·10)1), which means to take both
random average and vacuum expectation.

Taking the random average of the stochastic Liouville equation

(61)

we see that it reduces to the Fokker-Planck equation (24) with 10(t)) = (IO/(t))), if the

condition ({o!i-dW(t) +t.c.} \O/(t))) = 0 satisfies. This indicates that the multiplication

should be of the Ito type [18]. The random force operator dW(t) does not correlate with the
quantities at time t.

~The expression of ft was given here by means of a set of canonical stochastic operators 0:, o:~ and their
tilde conjugates.
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8.1.2 Stratonovich Type

By making use of the relation between the Ito and the Stratonovich stochastic multiplications,
we can rewrite the Ito type stochastic Liouville equation (61) into the Stratonovich type as
follows.

with
Ht,tdt = Hsdt + [a~ (ida + [HS,tdt, a)) - t.c.] ,

where the flow operators da and dii are specified respectively by

da = i[Hsdt, a) - K,adt + dW(t),

(62)

(63)

(64)

and its tilde conjugate. We introduced the symbol 0 in order to indicate the Stratonovich
stochastic multiplication [17].

We can derive the Fokker-Planck equation (24) by taking the random average of the
Stratonovich stochastic Liouville equation (62).

8.2 Stochastic Semi-Free Operators

The stochastic semi-free operators are defined by

(65)

where
(66)

with V,(O) = 1. Here, it is assumed that, at t = 0, the relevant system starts to contact
with the irrelevant system representing the stochastic process described by the random force
operators dF(t), etc. defined in (60).3

The semi-free operators (65) keep the equal-time canonical commutation relation:

[a(t) , aft(t)] = 1, [a(t), aft(t)] = 1, (67)

and satisfy Tool 3: (lla ft (t) = (lla(t). The tildian nature (rfl"tdt) '" = iilf,tdt, (see Bl) is

consistent with the definition (65) of the semi-free operators. Since the tildian hat-Hamiltonian
il"tdt is not necessarily hermite, we introduced the symbol it in order to distinguish it from
the hennite conjugation t. However, we will use t instead of it, for simplicity, unless it is
confusing.

The stochastic semi-free operators and the random force operators satisfy the orthogo-

nality (a(t)d.rt(t)) = 0, etc., where the random force operator d.rt(t) in the Heisenberg

representation4 is defined by aj:t(t) = Vt-
1(t)dFt(t)Vt (t).

3Within the formalism, the random force operators dF(t) and dFt(t) are assumed to commute with any
relevant system operator A in the SchrOdinger representation: [A, dF(t)1 = [A, dFt(t)] =O.

41t can be the interactio~ representation when one includes non-linear terms in the hat-Hamiltonian, and
performs a perturbational calculation. As we are -dealing with only the semi-free case in this section, we call
the representation as the Heisenberg one.
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8.3 Quantum Langevin Equations

8.3.1 Stratonovich type

For the dynamical quantity A(t) = Vf-
1(t) AVf(t) , the quantum Langevin equation of the

Stratonovich type is given by the stochastic Heisenberg equation as [19]

dA(t) = i[Hf(t)dt ~ A(t)] (68)

= i[Hs(t) , A(t)]dt + K, {[Q~(t)Q(t), A(t)] + [Q~(t)Q(t), "A(t)]} dt

- {[Q~(t), A(t)] 0 dW(t) + [Q~(t), A(t)] 0 dW(t) } , (69)

where Hf(t) = Vf-
1(t)Hf,tVf(t) , Hs(t) = Vf-

1(t)Hs,tV/(t) , [X(t) ~ Yet)] = X(t) 0 yet) 
yet) 0 X(t), for arbitrary operators X(t) and Yet). Use has been made of the fact that

(70)

since the random force operator dW(t) is commutative with Vf(t).

8.3.2 Ito type

By means of the connection formula between the Ito and the Stratonovich products, we can
derive the quantum Langevin equation of the Ito type from that of the Stratonovich type (69)
as

dA(t) = i[1tf(t)dt, A(t)]

+ {Q~(t)[Q~(t), A(t)] + Q~(t)[Q~(t), A(t)]} dW(t)dW(t) (71)

= i[Hs(t), A(t)]dt + K, {[a~(t)a(t), A(t)] + [Q~(t)Q(t), A(t)]} dt

+2K,(n + v)[Q~(t), [a~(t), A(i)]]dt

- {[a~(t), A(t)]dW(t) + [Q~(t), A(t)]dW(t)}. .(72)

Since (72) is the time-evolution equation for any relevant stochastic operator A(t), it is Ito's
formula for quantum systems.

Putting a and at for A, we see that both (69) and (72) reduce to

da(t) = i[Hs(t)dt, a(t)] - K,a(t)dt + dW(t) ,

da~(t) = i[Hs(t)dt, a~(t)] + K,a~(t)dt.

(73)

(74)

The formal structures of (73) is the same as the flow operato:r: (64) appeared in Hflt of (63).
In the Langevin equation approach, the dynamical behavior of systems is specified when

one characterizes the correlations of random forces. The quantum Langevin equation is the
equation in the Heisenberg representation, therefore the characterization of random force
operators should be performed in this representation. This cannot be done in terms of d:F(t)
etc., since the information of the stochastic process is masked by the dynamics generated by
Hf( t) in these operators. Wheress, the specification of the correlation between dW(t) etc.
directly characterizes the stochastic process owing to the relations in (70).
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Dissipative Q. Field Th.

r····· .,,
: Averaged Eq. of Motion
, .
Il. _ _ _ _ ..

1tA(t) = i[H(t), A(t»)
VE VE

ltIO(t» = -iHIO(t»

Heisenberg Eq. of Motion

(8) dA(t) = i[H/(t)dt ~ A(t»)

(I) dA(t) = i['H/(t)dt, A(t») +...

Langevin Eq.

(Ito & 8tratonovich)

Heisenberg Representation

VE
RA

Fokker-Planck Eq.

RA
(8) dlo/(t» = -iH/,tdt 0 lo/(t»

(I) dIO/(t» = -i'HI,tdt IO/(t»

Stochastic Liouville Eq.

(Ito & Stratonovich)

SchrOdinger Representation

Figure 1: Structure of the Formalism. RA stands for the random average. VE stands for the
vacuum expectation. (I) and (S) indicate Ito and Stratonovich types, respectively.

9 Discussions

We showed that, by the success of the formulation of NETFD, it has come to be possible
to investigate dissipative quantum systems systematically upon a unified stand point. It
should be noted that the discovery of the stochastic Liouville equation is the key point for
the construction of whole the unified quantum canonical fonnalism (see Fig. 1).

The framework of NETFD has a potential to open various new prospective aspects. We
are closing the paper by listing here some of them in the following.

9.1 Consistency with the Classical Framework

As was shown in this paper, whole the structure of the formulation was constructed in the
manner being consistent with that of classical one: The stochastic Liouville equation satisfies
the conservation of probability within the relevant system; The Stratonovich stochastic differ
ential equation contains the relaxation generator but does not contain the.diffusion generator,
whereas the Ito equation does both generators.

Note that this consistency is violated for the approach with the hermitian interaction hat
Hamiltonian as will be shown in the following. However, this would be important when we
investigate the relation of NETFD with the mathematical formulations [22]-[33], which is an
interesting future problem.
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Unitary Time-Generation

If we take the hermitian hat-Hamiltonian of the type (32) for the interaction between the
relevant system and the random force, the time-evolution generator for the stochastic Liouville
equation (62) of the Stratonovich type becomes

H"tdt = Hsdt + i [(at - a) dW(t) + t.c.] - i [(J.ta +vat) dWt(t) + t.c.] . (75)

In addition to the random force operators dW(t) and its tilde conjugate, we need to introduce

and its tilde conjugate which annihilate the ket-vacuum (I:

(76)

(ldW~(t) = 0, (77)

The new random force operators satisfy the correlations

(dwt(t)) = (dW~(t)) = 0, (dW~(t)dW(s)) = (dW~(t)dW(s)) = 0, (78)

(dW(t)dW~(s)) = (dW(t)dWt(s)) = 2KO(t - s)dt" ds. (79)

In this case, as the hat-Hamiltonian is hermitian:

(80)

the stochastic time-evolution generator V,et) satisfying

becomes unitary:

(81)

(82)

within the Stratonovich calculation.
Starting with this hermitian hat-fIamiltonian, we can proceed just the same way °as in

the previous section for the rest of the formulation to construct a unified framework of the
stochastic differential equations. We see that the equation of motion for the ket-vector ((IIA(t)
reduces to (84). Therefore, the averaged equation of motion reduces also to (85) in both cases
[6].

9.2 Equation of Motion for the Ket-Vectors

Applying the random force bra-vacuum (11 to the Ito type Langevin equation (72), we have

d(IIA(t) = i(II [Hs(t) , A(t)]dt + K(IIA(t) [a!f-a + t.c.] dt +2Kn(IIA(t)at (t)o!f-(t)dt

+(IIA(t) [a~(t)dW(t)+ t.c.] . (83)

Applying further the bra-vacuum (I to (83), we can derive the stochastic equation of motion
of Ito type for the bra-vector state ((IIA(t) in the form

d((IIA(t) = i((II[Hs(t), A(t)]dt + K{((II[at(t), A(t)]a(t) + ((llat(t)[A(t), a(t)]} dt

+2Kn((11[a(t) , [A(t) , at(t)]]dt

+((ll[A(t), at(t)]dF(t) + ((II[a(t), A(t)]dFt(t) , (84)
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where we used the property (ldW(t) = (ldF(t) and (ldW(t) = (ldFt(t). This equation of
motion for the bra-vector state may be intimately related with the Langevin equations given
by Gardiner and Collett [20].

Putting the random force ket-vacuum I) and the ket-vacuum 10) of the relevant system to
(84), we obtain the equation of motion for the expectation value of an arbitrary operator A(t)
of the relevant system as

~ ((A(t))) = i (([HS(t) , A(t)])) + ~ ((([at(t) , A(t)]a(t))) + ((at (t)[A(t) , a(t)])))

+2~n(([a(t), [A(t) , a(t)t]])). (85)

This is the exact equation of motion for systems with linear-dissipative coupling to reservoir,
which can be also derived by means of Fokker-Planck equ'ation (24). Note that (85) was derived
for general fIs including non-linear interaction terms within the conventional treatment [21].

The correspondence of the equation of motion for the ket-vector ((lIA(t), (84), to the
Langevin equation derived by Gardiner and Collet [20], is an attractive future problem. For
spin systems, there is a similar correspondence between the equation of motion for ket-vector
and the Langevin equation derived by Shibata and Hashitsume [34]. An investigation related
to these correspondences may give us a deeper insight for the derivation of the stochastic
differential equations from a microscopic point of view.

9.3 Dissipation as a Condensate

The problem of the representation space within NETFD, e.g. a foundation of the concept
of the spontaneous creation of dissipation, should be studied with the help of the rigged
Hilbert space [35]. A system traverses among unitarily inequivalent representation spaces in
approaching to a thermal equilibrium (or stationary) state [36]. With an appropriate measure,
the distribution of the unitarily inequivalent representation spaces may provide us with a new
concept of entropy. In this connection, we expect that the mathematical approach by Obata
[31]-[33] will provide us with an attractive view point.

The annihilation and creation operators, 'Y1J=1 = 'Yt, 'Y1J=2 = i!f-, 11J=1 = 'Y!f-, 11J=2 = -it,
of the system are introduced by

-IJ - -IIB-1(t)1I1J'Yt - a , (86)

with the time-dependent Bogoliubov transformation

B(t)~V = (l~~(t) -~(t)).

The annihilation operators has the properties

(87)

'YtIO(t)) = 0, (lli~ = o. (88)

In terms of the annihilation and creation operators, the semi-free hat-Hamiltonian reduces
to

fI = W ('Y~'Yt - i~it) - i~_('Y~'Yt + i~it + 2 [net) - n] 'Y~i~) . (89)

With this expression, we can see (l1H = 0, and can easily obtain the attractive expression of
the solution for the Fokker-Planck equation as

IO(t)) = exp [[net) - nCO)] 'Y~i~] 10).
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This made us to imagine that the dissipative time evolution of the system is accompanied by
the condensation of tilde and non-tilde particles. It may indicate that some kind of symmetry
is spontaneously broken in producing the intrinsic entropy. This phenomena is called the
spontaneous creation of dissipation [8, 9] which is still to be investigated from various view
points.

The thermal space, the representation space of NETFD, is spanned by the basis vectors

(91)

with m, n = 0, 1,2,3,· ... With the semi-free annihilation and creation operators, we can define
the normal product, and produce a Wick-type formula leading to Feynman-type diagrams with
the propagator:

with

where

C(t, t')~V = -i(IIT [a(t)~a(t't] 10) = [B- 1(t)Q(t, t')B(t')]~V l

Q( ')~V _ .( I [( )~-( ')V] I ) _ ( CR(t, t') 0 )t, t - -z 1 T '"'( t'"'( t 0 - 0 CA(t, t') ,

(92)

(93)

CR(t, t') = -iB(t - t')e(-iw-K)(t-t'), CA(t, t') = iB(t' - t)e(-iw+K)(t-t'). (94)

9.4 Relation to Monte Carlo Wave-Function Method
Upon the unified formulation of NETFD, we may be able to give a further understanding of
the quantum jump within the Monte Carlo wave-function method [38]-[40] and also of the
quantum-state diffusion method [41]-[43]. .

Let us investigate the Fokker-Planck equation (24):

~IO(t)) = -iHIO(t)), (95)

in order to reveal the relation of NETFD to the Monte Carlo wave-function method, Le.
quantum jump simulation [38]-[40].

Let us decompose the hat-Hamiltonian (21) as

with

Ho = w (at a - ata) - iK (2n + 1) (at a + ata) ,

HI = 2iK [(n + 1) aa + natat] - 2iKn, .

and consider an equation:
a , A ,

at IOo(t)) = -iHoIOo(t)) .

(96)

(97)

(98)

(99)

Note that HI contains cross terms between tilde and non-tilde operators. We see that flo and
HI have the properties

(11Ho = -2iK (2n + 1) (1lata,

(lIHI = 2iK (2n + 1) (1Iata.
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Introducing the wave-functions 11/J(t)) and l'!,b(t)) through

10o(t))' = 11/J(t))I'!,b(t)),

we have from (99) Schrodinger equations of the form

~11/J(t)) = - iHol1/J(t)),

and its tilde conjugate, where'

Ho = wata - iK (2ft + 1) ata.

(102)

(103)

(104)

The Monte Carlo simulations for quantum systems are performed for the Schrodinger equation
(103) [38]-[40].

The time generation due to the hat-Hamiltonian Ho does not preserve the nonnalization
of the ket-vacuum, Le. the nonnalized ket-vacuum 10(t)) evolves for the time inclement dt as

with

(1100(t + dt))' = (11 (1 - iHodt) 10(t))

= 1- dp(t) , (105)

dp(t) = 211. (2ft + 1) n(t)dt. (106)

The recipe of the quantum jump simulation is that, for a time increment dt,

1. When dp(t) < c with a given positive constant c, the normalized ket-vacuum evolves as

10(t)) --. 10o(t + dt)) = 10o(t + dt))' = 11/J(t + dt)) l'!,b(t + dt)) . (107)
1- dp(t) ')1 - dp(t) ')1 - dp(t)

2. In the case dp(t) > c, a quantum jump comes in:

I ( d ))
_ -iHldtIO(t))

01 t + t - dp(t) . (108)

The time increment dt should be chosen as the condition dp(t) « 1 being satisfied.
Averaging the processes 10o(t)) and 101(t)) with the respective probability 1 - dp(t) and

dp(t) (Le. th~e ket-vacuums looks like satisfying a certain kind of s~ochastic Liouville equa
tion):

10(t + dt)) = [1 ~ dp(t)] 10o(t + dt)) + dp(t)IOl(t + dt)),

we can obtain the Fokker..Planck equation (95).

(109)

9.5 Fluid-Dynamical Regime

We may be able to "attribute thermal processes in the fluid-dynamical regime to the existence
of some kind of extended object in thermal vacuums. In this respect, an investigation has
been started [37].

Now, following Kubo [44] and Zubarev [45], let us introduce a thermal vacuum state in
the Shrodinger representation, for non-equilibrium systems in the hydrodynamic stage, by the
generalized Bloch equation

8 _ €(t'-t) ~ ,
8F

m
(x, t') 10s(t))€ - -fe Pm(x, t - t)IOS(t))€l
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with t ~ t', where
Pm(x, t)= edItPm(x)e-dIt . (111)

The generalized Bloch equation (110) satisfies the causality in the sense that the thermal
vacuum 10s(t))e is determined by the thermodynamic parameters Fm(x, t') in the p~t time
t' (t ~ t'). The functional derivative here in (110) should be interpreted in th€ sense that
oFn(x', t')/oFm(x, t) = on,mo(x - x')o(t - t'). The inner product of the thermal bra- and
ket-vacuum is the partition function: (110s(t))e = Q(t).

Using to the mapping rules given in [1, 2], the thermal vacuum defined by (110) can be
expressed as

where

(112)

with

() 1°, d' [( ')' ( ') 8Fm (x, t + t') ( I)]lIm,t x = - _oft e Fm x, t + t Pm x, t + at Pm x, t

1
0 ,

= - _oodt'ed jm(x, t')Xm(x, t + t' ).

The thermal vacuum (112) is specified by the condition that

(114)

(115)

(116)

where the average (...) with respect to the non-equilibrium thermal vacuum is defined by

(117)

with the thermal vacuum in the Heisenberg representation:

(118)

The Heisenberg operator A(t) = edItAe-iHt , satisfies the Heisenberg equation of motion
within NETFD [1, 2]: dA(t)/dt = i[H, A(t)].

In the derivation of the expression (115) from (114), one needs a long and cumbersome
calculation with the knowledge of thermodynamics. The thermodynamic currents operator
jm(x, t) reduce to be the thermal flux, the viscous flux and the diffusional flux in the case of
the i-component system, for example. On the other hand, the thermodynamic forces Xm(x, t)
represent 'lf3(x, t), -f3(x, t)"V.:v(x, t), and -V[f3(x, t)f.-Li(X, t)).

We see that the thermal vacuum (112) satisfies the Shrodinger equation:

with

!It =L jdxiIm,t(x) ,
m
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where iIm,t(x) is given by taking /\ of (114) or (115) with

]m(x, t) = ~ [jm(x, t) + ]mt(x, t)] ,

and

(121)

6b, = 2~~23 ~~~ fdxIpX2pX3{[iiIB2B 3 + ii,B2B!+ ii,BiB! + B;BiB~] He.

- 2 [(BIB2B3 + BIB2B~) + t.c.] } + [higher order terms with respect to B]. (122)

The symbol t.c. indicates to take a tilde conjugation. We have introduced an abbreviation like
BI =Bm1,t(XI) in (122). The right hand side of (119) represents a symmetry breq,king effect
due to the thermal processes. It may be much more vivid if we write down the time-evolution
equation of the thermal vacuum in the Heisenberg representation:

with

where

iI(t) = L ftxiIm(x, t), 8iI(t} = eifIt8iIte-ifIt
m

(123)

(124)

iIm(x, t) = edIt iIm,t(x)e-iHt = - [oodt'eE(t
l
-t)3m(x, t')Xm(x, t'). (125)

Because of the existence of the thermal processes, the Heisenberg thermal vacuum (118)
changes in time due to the right hand side of (123), a symmetry breaking term.

With the help of the mapping rules [1, 2], the thermal vacuum (118) can be expressed as

with
Bm(x, t) = edItBm,t(x)e-iiit = B:n(x, t) + lIm (x, t),

where lIm (x, t) is given by (125) by replacing ]m(x, t) with jm(x, t).

(126)

(127)

9.6 Topological aspect

It would be an interesting view point if we succeed in a topological characterization of a
representation space instead of the characterization by means of the Fock space.

In quantum field theory, we have the Fock space as a representaion space based on the
assumption that one-particle state, as well as vacuum state, are stable. In other words, the
state vectors are specified by a set of integers and zero, which is a manifestation of the particle
picture in quntum theory.

However there is no stabel particle in thermal equilibrium state of a finite temperature or
in far-from equilibrium state. Therefore, one-particle state is no more stable. Even vacuum
state is unstable in these situations since an initial state specified by a thermal vacuum state
can evolve in time approaching to a final state specified by other themal vacuum perpendicular
to the initial one. Then;the Fock states may not provide a appropriate representation space.

As' a vector in a representation space can be expanded in terms of a set of the Fock-state
vectors, a vector specified by means· of some topological nature may be expanded in terms
of a set of topological state vectors which provide us with a topological representation space.
The expansion series in terms of the set of topological states may be characterized when one
specifies the way of linking among the topological states. This kind of topological expansion
was performed in the characterization of a chaotic orbit in·terms of a set of unstable periodic
orbits consisting of a strange attractor [46].
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9.7 Prospect

NETFD may serve a good tool for an operator analysis in quantum information theory (see
the paper by Ohya and Suyari in this Proceedings for a quantum information theory).

We expect that the present unified framework of NETFD may open a new field of dissi
pative quantum field theory which will provide us with a deeper insight of nature from the
stand point of quantum coherence and dissipation.
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