A TOPOLOGICAL CHARACTERIZATION OF STRANGE ATTRACTORS
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We will show that the topological nature of a chaotic orbit is determined only by that of the
periodic orbits in the sequence of period-doubling bifurcations leading to the strange attractor
containing the chaotic orbit. v

A new template, named (£, n)-template, was introduced [1, 2] by extending Holmes’ horse-
shoe template [3] to represent the sequence of period-doubling orbits generated by a saddle-node
bifurcation originated with a p-period primary orbit having the crossing number c;. The (£, 7)-
template is characterized by a set of integers (£,%). The even number £ and the odd number 7
represent the number of twists along two manifolds in the template.

The linking number, p41 ., between the 2"-period and 2™*!-period orbits is given by [2]

€n+l.n =2-4"%y + Ekn + Nkny1, Wwith K, = (4n - (—l)n)/5- (1)

We can get the values of (£,7) from local crossing number (1, 2] which counts the number of
half-twists of a period-doubled orbit along the tubular neighborhood of the orbit just before
the bifurcation. It was shown that the local crossing number can be extracted by inspecting
the power spectrum of period-doubling orbits {1, 2].

A strange attractor is supposed to be constituted by an assembly of unstable periodic
orbits. Therefore, we will characterize a chaotic orbit (or strange attractor) by specifying some
topological nature of and among the unstable periodic orbits by means of the set of template
matrices
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which were introduced by Mindlin et al. [4]-[6]. The linking number among the unstable periodic

orbits, which consist of the strange attractor, can be expressed by the elements of the template

matrices: £(z,y), m and (§,n). For example, the linking number £(zy, y) between period 2 and
1, and ¢(zy®, zy) between period 4 and 2 are given by

Uzy,y) = Lz, y) + (n—m)/2,  L(zy® zy) = 4€(z,y) + 3(n — m)/2 + &/2. (3)

Now we make an assumption that the unstable 2™-period orbits which were generated at
the (n + 1)th period-doubling bifurcation point preserve their topological nature even in the
chaotic region which start from the accumulation point of the period-doubling bifurcation.

Then, putting 1 = #(zy,y) and €42 = €(xy?, Ty), and equating the two (£,7), one for the
(&,m)-template of the period-doubling bifurcation and the other for the template matrices, we
finally obtain the elements £(z,y) and m of the template matrices (2) by the expressions

The above investigation will be checked by a numerical experiment {7, 8] of laser model [9]
wihch is specified by

% =—u(fcos(wyt +¢)—v), v=—€v—u—ecuv+l, (5)
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where § is a control parameter of the system, €; and e, are small constants and wy = 27 /T. We
studied two chaotic orbits (§ = 1.67, and 1.80) which belong to the chaotic region originated
from the p = 1 primary saddle-node bifurcation (PSNB1), and extracted unstable periodic
orbits associated with each chaotic orbits [7, 8]. Inspecting the period-doubling bifurcation
leading to the chaotic reagion under consideration, we get £ = 2 and = 1. Then, using our
new relation (4), we can derive 4(z,y) = 1 and m = 1 which give us the template in Fig. 1.

We see that the observed linking numbers L(p;,p;) between two unstable periodic orbits
(p1-period and p,-period) are consistent with those predicted by the template in Fig. 1 [7, 8].
Note that the diagonal element L(p;, p;) represents the global crossing number (the self-linking
number) of an unstable periodic orbit of a period p;.

’ In summarizng, the template matrix was deter-
mined by the quantities which were given by a uni-
versality of period-doubling bifurcations: £, n and
¢o. The induced template can reproduce the link-
ing number among any period unstable orbits in the
chaotic region, in addition to the 2™-period unsta-
ble orbits. Therefore, we conclude that the topolog-
ical nature of the chaotic orbits is determined only
by that of the periodic orbits in the sequence of
period-doubling bifurcations leading to the strange
attractor.

We are now verifying the template model with
the help of a piecewise linear system by inspecting
the structure of the unstable manifold of one peri-
odic orbit. The unstable manifold has two charac-
teristics, i.e., a twisting along the one periodic orbit

Figure 1: Template  anda foldmg
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