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Abstract
We analyze the transport properties of a set of extensions of the Chirikov'
Taylor Map which break both temporal and spatial reflection symmetries.
We show that the simultaneous breaking of both symmetries result in the
loss of periodicity in p'direction in the phase space dynamics, enabling· the
asymmetric diffusion which is the origin of the unidirectional ratchet motion.
Replacement of the continuous dynamics by the discrete map enables us to
look at the entire phase space structure with computational resources
currently available, and even allows the calculation of the dynamical
properties for the wide region in the controlling parameter space.

We

present the numerical results showing the intricate dependence of the
asymmetric diffusion to the controlling parameters.
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The motion of a particle in temporally and spatially periodic potential has
attracted renewed attention as a model of molecular motors [2]. In order to
make it a ratchet, i.e. a system which generates unidirectional motion out of
periodic motion, one has to break both spatial and temporal reflection
symmetry due to the Curie's theorem. Traditionally, the friction has
supplied the source of temporal symmetry breaking, and it is still not clear in
what condition the ratchet motion is brought about in "inertial" regime
where the effect of friction is neglected. Most authors in the field base their
conclusions on rather involved numerical results making them less than
definite. Recent work by Flach et a1. [3] has gone some way to clarify the
situation with the careful analysis of the symmetry of the problem, but still
suffers from the same problem.
In this note, we develop a model of a ratchet dynamics in which the time
evolution is reducible to the discrete map instead of the differential equation.
This reduces the computational burden substantially, and enables the
analysis of the dynamics in the entire phase space. It also enables us to
evaluate the transportation properties in an broad region in the controlling
parameter space. We consider the motion of a classical particle described by
the following time dependent Hamiltonian which has space periodic part and
alternating current type driving motion;
2

H =

L +
2

00

2J u(x) + xAs ]8(l - nT{1 +
n

ES n })

(1)

n=-oo

where we define
Sn

= (-r

and
u(x)

= - K[ cosx + J.l cos(2x + 8)]

(3)

The evolution of the system is described by

x=p
00

jJ =

2]-u' (x) -

ASn ]8(t

- nT{l + ES n }) - YP

n=-oo

where we have added the friction term in Eq. (4) by hand to deal with
damped motion. Because there are only delta-function kicks, one can
integrate the motion in between the kickes and obtain the map which
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describe the evolution of position
t n = nT(l + ESn ) - 0
_

X n+1 -

Xn

Xn

and momentum Pn at discrete time

n) ) /
+ Pn+1 (Y(l+ES
e
-1 Y

with
u' (x) = K{sinx n + 2!J. sin(2x n + o)} .

(8)

There are six parameters in the model: The parameter K is the strength of
the periodic potential that traps the particles in each periodic location, and A
is the amplitude of alternating swing motion. The parameters !J. and 0 are the
measure of spatial asymmetry of the trapping potential and E is the measure
of temporal reflection asymmetry of the alternating swing motion. The
friction is controlled by its strength y. Two limiting case is of particular
interest. If one sets I-l = 8 = and also y = 0, one has

°

(9)
Pn+1

= Pn

-

K sinx n

-

ASn

(10)

One can regard this equation as a three"parameter extension of the standard
map <Chirikov-Taylor map) which is of course the standard tool in the study
of chaos as its name suggests [4]. Another useful limit is the case of E = 0
which results in
X n +1

= X n + Pn+l (e y -1) / y

(11)
(12)

that describe the damped motion in spatially asymmetric trap potential plus
alternating swing motion.
In this note, we mostly focus on frictionless case, Eqs. (9) and (10), leaving
the detail of other case for the future publication [1] along with the full
treatment of the model.
The identification of our model, Eqs. (9) and (10), as the extension of
standard map immediately leads to the analysis of phase space: The
transport property of standard map, K = E = 0, has been analyzed in terms of
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phase space average of position and momentum x and p. It is well known
that their direct averages <x> and <p> are zero. However their mean square
<p2> can be non zero if we have chaos unbounded by KAM tori in
p-direction, which results in the chaotic diffusion which is characterized by
the random"walk behaviour <x2> proportional to the time t. It is now
obvious that the presence of the unidirectional ratchet motion is best
characterized by the non-zero value for the <p> itself. If one define
xn == X n, 15n == Pn+l ' one obtaines a reverse map
(9')

(10')
If one has (;

= 0, the map for {Xn, p) and {Xn, 15) are identical, and one has
(-p) = (-15) = (p) = 0

(13)

Therefore, one needs both A;j:. 0 and (;;j:. 0 to have unidirectional motion.
The situation is made visual in the following figures, Fig. 1.
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Fig. 1 Phase space profile p vs x. Left (a) A = 1.2 (; = 0, and right
(b) A = 1.2 (; = 0.2. Other parameters are K = 0.6, IJ.. = 0 = 0.

In Fig 1, we depicted phase space profile for the ratchet map Eqs. (9) and (10)
with (a) A = 1.2, (; = a and (c) A = 1.2, (; = 0.2. K is chosen to be 0.6. The
graph is drawn by staring from a set of initial conditions clustered around x
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= p = O. From these Figures, one clearly see the reason why and how one can
have the unidirectional ratchet motion <p> "* 0 in the case (b). There,
because of the lack of symmetry with respect to the transformation p ~ - p

in the face space, one can have chaotic region asymmetrically bounded by
differently placed KAM tori in positive and negative p regions. Thus we
conclude that, in the frictionless case, the mechanism of unidirectional
transport in the ratchet map Eq. (9) and (10) is the asymmetric chaotic
diffusion. This is essentially in accordance with the conclusion of Flach et
a1. [3]., in which they call this phenomena "asymmetrical Levy flight".
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Surface plot 8, A vs <p>. From left to right, (a) K = 0.5, (b) K = 0.6 and

(c) K=0.7. Other parameters are ~ = 8 = O.

The advantage of our approach over the previous works including Ref [3]
becomes clear in Fig. 2 where we plot <p> as function of both parameters A
and 8 for frictionless case. This kind of plot would have been practically
impossible in differential equation evolution without the reduction to the
map. One can clearly see that the <p> can be non-zero for non-zero A and 8,
and further more, the direction of the asymmetric transport (positivity or
negativity) is controllable, although not predictable from the outset. Note
also that the speed of unidirectional transport can be rather large: <p> is
almost 2n in the peak region, which means that the particle moves one
spatial period in one temporal period!
In the closing of this note, let us simply flush the numerical results for the
case with friction Eqs. (6) - (8). In Fig. 3, we plot <p> as function of both
parameters A and y.
set to be

~

The parameter controlling the spatial asymmetry is

= 0.3,8 = 0.2.
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Fig.3 Surface plot y, A vs <p>. From left to right, (a) K= 1.0, (b) K= 1.1 and
(c) K = 1.2. Other parameters are ~ = 0.3, 8 = 0.2 and E = o.
Here again, we have unidirectional ratchet motion with sufficiently large A
and K once friction is turned on. The dependence of <p> on control parameter,
however, is very intricate in this case unlike the one in frictionless case.
This is related to the existence of the strange attractors, which appears and
disappears with the minute change of the controlling parameters.
In conclusion, we have formulated the ratchet map as an reflection
symmetry breaking extension of standard map, and have shown some
numerical examples that indicate its usefulness in the understanding of the
dynamics of ratchet motions both with and without friction.
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