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Specilalized Characters and Power Series Identities

Minoru Wakimoto (3gh k. & D

Department of Mathematics, Faculty of Science,

Hiroshima University

1. Introduction —— Weyl—Kac character formula:

Let me start my‘talk with a skip review on representa-
tion theory of Kac-Moody Lie algebras. Detalls would be
avallable on many good references [3][6][7][10][19]{20] and
SO on.

A realization of an nXn-generalized Cartan matrix

) is a triple ( j',TT.;TT%

(= 60M) A = (a;5)5 521, ...,n
such that -
i) j is an (n + corank A)-dimensional complex vector
space,
caN —_—V_ Vv v
ii) ﬂ—{o(l,.;—.—,o(n} (resp. TT -{o(l,..., odn})

is a linearly independent subset in ﬁ,* (resp. j/ ),

iii) <o(\]{_, o{j> = aij for every i and j.

The corresponding Lie algebra %}(A) is generated by j ,

1200 € fl,...,

. _ \'%
1) ley, £33 = 5o

e fn and satisfies



11) [h, e;] = of;(h)e; and [h, ;] = -o(;(h)F,
for every th and i = 1,...,n,

111) [, #1= {0},

iv) C}(A) contains no proper ideals which intersect
trivially with # .

Let Z, N or N

0

all non-negative integers respebtively, and we set

denote the set of all, all positive or

W = W(A) = the Weyl group of ( %(A), j>) R
A= An) = '{non—zero roots |,
A, = 43+(A) = {:positive roots]— s
P = P(A) = {integral forms on j }

= {)Léj,* 5 <O(E,A>€Z for every i} N
P+ = P+(A) = {‘dominant integral forms on j’}

i AE j* ; .<o(.‘i’,./\>eNO for every i} .

It is known that for each A\ & P+ there_exists a unique
irreducible integrable highest weight module L(/\.) with
highest weight /. and that the character ch L(A ) is given

‘by the celebrated Weyl-Kac character formula:

1

Proposition 1.1. Assume that A is symmetrizable and,A.é-P+,

then ‘ ‘ '
ZEZ (sen w) ew(z\+j°) - £
weEW
]’T (1 - o )multo(
L € Ay - ‘
where ,f é.j* is chosen such that <cx;,_f;>= 1 for every 1.

ch L(A) =




o
‘v A

The denominator formula

Z(sgn w) " S - ﬂ (1 - e—d)multo(
wEeEW ’ , . o(éA+

follows immediately with the special choice of A= 0.
For an n-tuple s = (sl,...,sn) of positive integers,

the specialization of type s is the ring homomorphism

_(11, —Jrl

Fg * cl[e yeee, © 1] —> c¢l[qll ,

Y, Ny,

-, : S,

e 1 — } o] L

and

a%(q) = a%® A(q) = P_(e™ cn LIA))
J& ’ N\ : s

is called the specialized character of L(A ) of type s.
We set

a(s; &) = F (| [ (1 - emymultel,
oL €A, (1)

. . 1
Especially in case of s = 1 = (1,...,1), dﬂfq) = %A(q)
1s called the principally specialized character, whose

beautiful expression was found by Lepowsky:

Proposition 1.2. Assume that A is symmetrizable and A_é-P+,

then

t
Q(s, + 1; “A)
d.(qa) = A

A Q(1l; A)

where S) T (y<o<{,./\_>,..., <o(\;1,/.\.> ) .



2. Specialized characters: .

The problem we shall concerned with now is to compute
specialized characters qi(q) for arbitrary specializatidn S.
It seems very difficult to obtain similar general results
as in Proposition 1.2 for arbitrary s. However, for some A
and for some s ( ¥ 1), we can compute qiﬂq) by using the

following two theorems (cf. [22]):
Theorem 2.1. Let A = (aij) be a symmetrizable GCM of degree

n, s = (Sl""’sn) an n-tuple of positive integers such that

_ -1 .
= (Siaijsj ) is a GCM. Then, for everyj\éfud

-V ’ v R o
Q(Sl(<o(1,[\_7+l),...,Sn(<o(n,/\.>+l>, A)

ds(q) =
A Q(s; A)

Theorem 2.2. Assume that A is a symmetrizable GCM and

A€P,(A) and A" €P, ("A). Then

(s ,+1; A)
dAA (q) Q(SA.+1; A)
T
(s, +1; “A)
_ N ot
= dA' (a) Q(s, +1; A)

Table 1 is a 1list of specialized characters of affine
Lie algebras obtained from the above theorems, where we shall
use following notations:

i) s = (SO""’SI;) is an ( A+1)-tuple of positive

integers,

ii) A= (no,...,nl/) is a dominant integral form



such that <o{y> A >= n; (1=0,...,4),

ii1) n is a positive integer,

o0

) @@ =T a-ad).
=1
Table 1
(1),
1)’A1 :
LA (2)y
d(12)(q) ) Q(no+1, 2(nl+1), A2 )
A % (q)
(2)
Q(2(n,+1), n.+1; A )
| d(Ql)(q) _ 0 1 p)

A | S (q)

Q(nso, onsy; Aé2))

d (a)
(n-1,2n-1)
’ Q(s; Ail))

LA (2)
d?z (q) = Q(nsl, 2nso, Aj )
n-1,n-1) A (1)
Q(s; Aq )
2) Aéz): ~
Q(n.+1, 2(n,+1); A(1>)
N % (q)
‘ ' Q(n+1, 4(n.+1); A(g))
A1) gy - otl, Hiny*l)s Aj
A C ()
Q1,45 AZ™7)



¢ (0%) 5 (a3 5 (a'?) alng+1, 4n+1); AL

S () F(ah) $(a®)?

5 _ Q(2nso, ns, s Ail))
d(2n-1,n—l)<q) - (2)
Ql s5 A77)

Q(nsl, Hnsog Aéz))

S
4(yn-1,n-1) (@ )
Q(s; A577)

(1),
3) Bl’ :
‘ LoD
d(g"'2l)(q) ) Q(Z(n0+l)i...,E(nJC_1+1),n +1; Bl, )
Q(2...21; B
.21 By

s Q(nso,...,ns£_1,2n§t; A21L—1

d L (q) =
(n-1,...,n=-1,2n-1)
| Q(s; Bé}))
(1),
) CJL :
Q(n,+1 n.+1,2(n+1); a%2))
d(21...1)(q) _ g T e e 0 5 Aoy’
A ) -
AR
| CL(2)
d(l...12)(q) ___ Q(no+l""‘)nz’_1+152(n‘z/+l>n A2L>
N i 3
& (a)
oA
d(21...12)(q> ) Q(2(no+l),n1+l,»--;Q£_1+1,2(glfl), Cp )

A
Q(21...12; Cé/l))

.o (2)
s Q(n§£,2n§L_l,...,2nsO, Agl/)

d(2n—l,...,2n—1,n—1)(q),= . :
: Q(s; C

(1)
)



o)
It

(2))

o . Q(nso, l;...,2n§& ; 21/
d(n-1,2n-1,...,2n-1)2) = |
Q(s; (1))
o
a5 oy (@
(n—l,2n-l,...,2n—l,n—l) a4
o » Lp(2)
3 Q(nso,Qnsl 2n§L 1508, Lﬁl)
Q(s; C£}>)
5) F(l).

Q(2(n +1), 2(n +1), 2(n +1),n +1 nu+1 F(l))

a2 g

Q(22211; (1))

S .
4(n-1,n-1,n-1,2n-1,2n-1) (@)

) Q(nso,nsl,nsg,2n53,2nsu’ Eé2))
als; <1>)
6) G§l>;
a(33D) () = Q(3(nyt1),3(n +1) ,n,+1; Gél))

Q(331; Gél))’

] (0% F(a'?) Q(3(ng+1),3(n +1) 0,41, Gél))

S ()P (@) P Pa®

< Q(nso,nsl,3n82; D(3))
d(n—l,n—l,3n—l)(q) - ‘ (15
Q(s; Gs )
(2),
[REEPYIE
‘ . o (2)
d(lz"'2)(q) ) Q(no+1,2(nl+1),...,2(n +1); £+1)
A Qe a (2))



Q . (1
dii...12>(q> _ Qngtl,...umy g*1,2(n 400 ¢yt
(1o ff(q)ﬂ
12...
alte2M(q)
Q(n +1,2(n +1),...,2 . 4 (2)
_ 0 ' 1 B (1’1 +1>,u.(nL+l), A2L)
. a(2)
Q(12...24; 2(/)
s Q(ns, ,...,ns.,2ns.; coL)
d(2n—1,n_1,._.,n_l)(Q) = L nsl nSO; CL )
‘ Q(s; Aéi})
s Q(ns, ,2 (2)
¥on-1,...,2n-1,n-1) (@) = L1 % L+l)
.o (2)
o Q(s; As%7)
(4n-1,2n-1,...,2n-1,n-1) ‘%
_ Q(nst,2nslrl,...,2nsl,Uns (2))
Q(s; Aéi}
8) Aéﬁg 1
Q(n.+1,. .oa(2
. (2)
Q(lf..12, Agjl_l)
s Q(2ns . ..,2 . (1)
d(gn_l,...,zn—l,n-l)(Q) = 0 ns, 1508, B )
. 2 (2)
Q(s; A2i,—1)

p(2) .
9) D4

d(lz...z)(q> Q<n0+1,2(n1+1>,-.-,2(n +1); A(E))

A
Q(12...2; %2y
.2; D32

Q(nj+1,2(n +l),...,2(n0+1); (2))

d(2.-.21)(q) ,(7/—'1

A
Q(2...21; D'2)y
> L_i_l

8 —



PR
-1

. n(2)
d<12..;21)(q) i Q(n0+1,2(n1+1),...,Z(QL_1+1),QLf1, PL#I)
% Q(12...21; Dﬁi)

‘ (2)
Q(ns, ,...,ns-,,2ns,; A )
d?2n-l,n—l,...,n—l)(Q) - £ %2) : 2L
Q(s; DLH)
(2)
Q(ns~,...,Nns ,2ns, 3 A )
d?n-l,...,n—l,zn—l)(q> - > ; i’; L 2L
Q(Ss Dlj'l)
a® (a)
(2n-1,n-1,...,n-1,2n-1)% |
Q(2nso,nsl,...,nslri,2n§L/; Ci}>)
. n(2)
Q(Sa PL*l)
(2).
10) E6 : ‘

. 2)
d(11122>(q) ) Q(no+l,n1+l,n2fl,2(n3+l),E(nu+l), E6 )
‘A Q(11122; Eé2))

a? (a)

(2n-1,2n-1,2n-1,n-1,n-1)

Q(2nso,2nsl,én82,ns3,nsu; Fﬁl))

a(s; BE2))
' (3).
11) b3 )
(113) a(ngt1,n,+1,3(ny+1); D))
dA (a) =
a(113; py3))

‘f(qz)fj’(qS)Cf(qw) Q(n0+1,n1+1,3(n2+1); Dﬁ”)

(@)% 9a®)2pa?)

A
s Q(3nso,3nsl,ns2, G, )

d(3n—l,3n—1,n—l)(q> =

as; D30

_9._.__



We want to note that there is a class of specialized
characters which can be computed by making use of suitable
inclusions of affine Lie algebras; some of them are shown

~in Table 2, where wevshall use the following notations:

(+)
W(l—qu)) - , | (l—qm(J))
3 ’ JEZ
m(j) >0
.(+) m, (J) m_(j) r (+) m, (J)
TTra-a ¥ e " 1= JTr [ [-a 70
J i=1
Table 2
1) Aél):
i) /\ = (no-l,nl—l,nl—l);
Ini 3Ini Jjinl#n Jinjtn
d§612)(Q) _ Fq )ff(q ) I—r (1-q O)(l-q 1y
: fj’(q)
3jlnli3n1
X (1-g )]
where [n| = ng+an .
ii) A = (2n-1,n-1,n-1) and s = (SO,SO,Sg);
sy - _Patlsh e g3nist
dA(Q) ?(Q'S‘ 5
(+) n(jlsliso) n(jiSiisz) 3n(jlsliso)
X T—T(l—q ) (1-g ) (1-g )
- Jisl#s Jislts
J (1-q 052’(1—q 2y
where }éj = 2s,*s,.
(1),
2) AT

i) A = (2n-1,n-1,n-1,n-1);

—_ 10 ——



23

J(1122) () . P () £ F (™)
@7
(+)
x | [ra-qn(8E3)y (g (105220 g,
j | |
_ 9 PP P
$(a)° P ()
)
X | =g (07%h)) (1 gn (263200,
AR R |

a{221) (q)

(+) n(JIsiis )

sy L Panlsly p(g?nlsh? (1-q )
%AFQ) - (q IsT)3 T_]- T—T J1sTEs,
‘ i=1,3 ] (lq ‘ )

(+)  mn(jlslEsy)  kn(jlsle(sg*s)))

(1-q - Oy(1-q )

' 2
(1-q ) (1-q B
X H ﬂ J1sl£s JlS\i(SO+Sl)
J

where s = (SO’Sl’SO’SB) and |s| = 2so+s +s

1 737
ii) A = (2n-1,2n-1,n-1, n—l);

J(1112) ) _ P Ny ¢ (42N (40N
(q) T
‘/\ % (q)
(+)

X T—T[(l n(83i3))<1 n(16312))]
J

42111 4y o P &%q2“>tf<q )
P 5 (q)3
(+)

X T Tr(a-g 83Dy (R (163260,
j

ii1) A = (no-l,no—l,ng-l,ng—l);

_— 11 —



o 6yepr 2inl2¢, 3inl
a(1212) gy = g(2121) () - FP(a)F(a )" F (a )

A A % (a)” F(a)°
3 ) k(j[n|£n,)
< TT T Ta-a 1470,
k=1 j
where [n| = ng+n,.
iv) A = (no—l,nl—l,no—l,ng—l);
(2111) P 'n')"j’( 2lnl 2 (+) Jlnl:tn
dp () = IT ] [
F(a)° j= 1 3
2 (+) .
k(jInl4n) k(JInl+(n,+n,))
x [T ]]ra-a ) (1-q °
k=1 j
where |n| =’2nO+n1+n3.

v) A = (2n-1,n-1,2n-1,n-1) and s = (80’80’52’52)3

5o<q2nlsi)2<j>(q3n)si)

a®(a) =
A 5o(qlsl)Ejo(quU
M k(g lsiesy)
«TTTTom
W . o
jislts 2jlslx2s
] lacs: %)%(1-a %))
where |s| = Syts,-
(1),
3) A5 :
g(111122) (y . F (q%) F(at%)°
o . 6. . 8
/\o F(Q)S(a)F(a)

L(222211) ) __$(a®)? ¢(a?)
0 $(a”) ¥(a”)

)]



§(112112) ) o 96®) (o) 9(a®) £a*?)

“Ag % (a) (a2 §(a®)
2(211211) ®° 2%
“Ag F(a%) $(a) 2 (ah) (qt?
(+)
12 .
a(112222) (v _ F(a" %) (14q 12321,

Ao ff(qz} 3

1o ()
q(221122) oy - _Fla ) ﬂ(l+ql2gi5)

Ao ¥ (a Tp(a?)

(1),
) A7 :

For s = (80’81’50’83’80’81’80’3 ),

2)sl 3 jlslts JlSli(S +s )
6%, (q) =L ﬂ[mq %) (1+a 17,

J\O 5c,(q}s! 3
where |s| = 2so+sl+53.
5) D(1>

. 1+1
For s = (Sl,sl,s2,83,...,SL) & N »

Isl 2 -1 (+) |s]t(s +...+s.)
fj; 2 J 1 . .
d._SAO(q) ) }f( B 2 I ﬂ (1*q )

where |s] = 2(sl+...+§L 2)+Si—l+%Lf
6) Eél): )
For s = S5 Sy 53 85 Sy R
| 0
: SO
(+) 37 Isl43s,
B () = T3 ﬂ (1-g %)
JNO 3)(qisl) ;. iy J!SIiS )

_ 13 —



where |s| = 3s0+33.

(1),

7) Eq
For s = (85 87 85 S3 S5 S; Sg ’
: S7 .
(+) Jlslts, Jlslx(syts,)
) (1+a

YHOR F?l*h) TTr+a
g

J]s]i(Es +s +53)

X (1+qg )]

where |s]| = Mso+2sl+253+s7.

8y F(1>.

For A = (ng-1,n,-1,n,-1, na-1,n -1),

4 (+)

_— Jln]in

4(21111) P (q!nly6
(a) =-—————ﬁ——— [ (1-q ]
A F(a) Ll jl

3 ) jlnii(n0+ni))] Sil jjn]i2(no+nl)

X [ﬂ ”(l—q [ [(1-a )]

J

Jinl+(2n,+n.)

x[ﬁ] (1-q ]

3 ) Jinix(kn,+n +n,) JInl£((k+1)n,+2n +n3)

Xt ] ][ 013N (1 )]
k=1 j

where n, = ny and |n} = Mno+2n1+2n3+nu.

9) Gél>:

1) s = (84,8:584);

(+)< J]SIiSO
S —. 1+q
SRS T ;sl(53¢2>) ’

— 14 —



[N}
Cad

0
s - T7T (1+q )
AL [ FTeTEDy
wheré Is| = 2sytsy.

1) A = (ny-1,n,-1,n,-1);

3 (+)

inl
?}fll>(Q) __S(a )[”—T TTT(I q

3’<)4k1

Jinlikn

where |n| = 3n0+n2.,
(2) .
10) A5 ¢ |
For s = (81’31’52’33""’SL) €& NZ+1;
L-1 (+)
< ) Jlsf+(s +. +si)
where |s| = 2(Sl+ 17 )+s

(2),
11) D37

For /\ = (no—l,nl-l,no—l);

NEIER PPN W€ L b CR
) | P(a)° P(q°)
) nlin bifn|+on

X —Tm - - °)]

where |n| = ny+n, .
(2),
12) E6 :

For s = <SO’Sl’SO’S3’SM)’



(+) Jlslts

Jlsli(s +s )
% (@) = 92 Tt
0 .

O)(l+q )

J)SI+(2S +s +S3>

X (1+q )]

where |s| = MSO+251+?S3+SM‘

13) Dﬁ3>:

i) A = (2n-1,n-1,n-1) and s = (SO’SO’SQ);

33( nlsl) gif( 3n(3]s)is ))
a*(q) = _ -9 ]
Tepr SIS s]is
/\ jF(G) ) ; J 1 )
3 (+ n(jlsfikso))
X [ ]_T J]Si+kso ]
k=1 J 1-g )
where |s| = 3s,%s,.

ii) A = (no—l,nl—l,no—l);

(+)

(211) _,Ff(q]n')2 ' (1—q3(5ji2))
a @) =L T

. 2 __Inj(53£2)
¢ (a) ; (1-q )
J|n|+n
X ] ’ )]
4(112) (o) = (g2 ,——i (1-g3 (531D
A g T (- MRIED
- Jlnlin,
x | | a-a T
i=0,1
where [n| = 2ngtn; .



(%]
it

3. Power series identities:

In this section, we are going to compute specialized
characters of an integrable highest weight module of an
affine Lie algebra ?(A) in terms of weight system. It may\
be expected that many things will be comparatively simple

if A and A satisfy the condition
(%) Maxo(j\) contains only one element A ,

where Max(A ) = { maximal weights of L([\)}' and
Max,(A) = P, AMax(A). | '

For such L(A ), the welght system P(A) 1s given by

PN - .. Ix® < AR
AV TP AET e <A, e > ’

where ¢ 1s the canonical centralAelement and | | is the norm
defined by the standard bilinear form on g(A).
Table 3 is the complete 1list of L(A; A)’s enjoying the

property (¥) (see also [5]):

1) A(l) /\-03 ./\-1: /\-O+./\.l-

1
AJ(LD A (1=0,...,0)
(1)
2) By N,
(1) .
3) Cy 0 /\1.

woog: AL (1=0,1,2-1,1).

5) BEY AL (1= 0,1,6).



BN A A Agrag
gt Ay

6) Ay (Lz1): Ay

7) Aéij-l’ A g /\'1

D' Ags Ay Aoty -

9) B A

10) D3 A

Now look at the weight system of L(z\o; Ail));

P(Ay) = {;/\(m,n) = /\O+mo(l+‘nd«v ; m,né€&Z and ng_—m2 },
where J‘= °(O+‘x1 is the fundamental imaginary root. Since
two elements .A(ml,nl) and ]L(mz,n2) in P(z\o) are W-conjugate

5 v

if and only if n_.+m = n,+tm

2
1My otm, , we can put

%(k) = multiplicity of‘<K(—m2—k,m)

for ké:NO and m& Z. Then the character of L([\O; Aﬁl)) is

written
A <~ m { —(m2+k)cp
ch LA = e OZ E(x) e 1
k=0 me€ 7
AN 2‘07 , 7 -m« _mQJ\
=e %) & e_kJ\][’Z_) e 1 T ... (D).
k=0 mez

First, in order to compute the multiplicity %Jk), let

us take the principal specialization;

_ 18—



(ore?
-

- 2k 2m +m
ip, (@) - [ZZA 0?30 a

me’z

. 2
Noting that 3 (q) = F(q7)

0 - Fla)
2 2,2 '
and 2{: q2m tmo_ P (Gauss 1866),
— g (q) -
one obtains
o0
g(k>q2k S S
é;;; i ¥ (a®)
i.e.,
oo .
z §xk)qk =-f¥L—— ‘ cee (2).
=0 ¢ (a) ‘

Thus it is proved that the string function of L(/LO A(1>)

is equal to the geﬁerating function of the partition functions
(this is a well-known fact in some literatures).

Next, the specialization of (1) of type s = (so,sl) gives

2
m+]s|m
%<k>q's’k1[ Z ]
mé&?7Z -

~
Il
o

O>Qm
™

is[m +s 1

tf<Q's’> ) a | 3,

mé&e?z

_ _ rs. |
where |s| sots,

Now combining (3) with a formula
2is]ixs

ap, @ = | Jrasel® V) (14 %)



in Table 1, one obtains an identity

2
;;7 Jslm tsqm
__..lq

mé&7 J

!
&
no
0]
il
—
ot
+
Q

Note that this formula is equivalent to the Jacobi
triple product identity.

Similar arguments are valid for highest welght modules
in Table 3, and one can deduce power series identities, some

of which are shown in Table U4;

Table 4

1) LAy A1), niags al®)y or nep s alt)y:

For (so,sl)é:Nx-%NO,
’ 2 ' (+) .
<7 J|sin“+s.n . 2jfslxs
L q - jf(qz'S'))—T(Hq %
né&z J
where |s| = sgtsq-
2) L(A; oft)):
For s = (8;,5,,5,)€ NB,
—y X (n) s ia Jlsits, JlsiE(s tsy)
) " a = ¢ [ [+ ) (1+q )71,
r1e22 J
where Xs(n) = Xs(nl’DE)
n.%-n <
_ 1 1 2
- ’S“”‘“‘g_“ tny -ngn, A Lsi“i
1=l
and |s| = sytes ts,.

- 20 —



%]
<S4

3) LAy BYY) (L z3):

o+
For s = (SO,...,QL)Q-Ni/l,

1’<+) Jisli(si+"'+%b)

) g ﬂﬂ(m

né&ZL' i=1J

) s
where Xs(n) = Xs(nl""’?i)

2 L
n,-n
S'[ZZ(n —0405 1) £ Ly +.2 :Sini
1=1

2

1]

and |s] = so+sl+2(s2+...+§L}.

B L(Ags 859)) (Lz2):

_ L+1
For s = (SO,...,gt)érN

X_(n) Jlslx(s,yt . )
AR oy
et g( STyY 1=0 3

where XS(n) = XS(nO,...,n _1)
-1 02 L-1

B 2 0 Mo N7

= ]s]LQZ:(ni -n; _qny) + : ]+ éi;sini

i=1 , 1i=0
and |s| = 2(sy*. s, _ 1)+§L
5) L(Ags Dy20) (L22):
For s = (SO,...,§£)€}N£+1,

X (n) L ZJléli(s +...+é.)
2 i q s _ QISI) T—T'T_T 1+g 0 17y
né:ZL

where Xs(n) = Xs(nl,.,.,qt)
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i

- 2
Isl L2 Zz:<ni2-“i“i+1) + 3% ]+ Qizsini

i=1
and |s]| = Spte-ets, -
6) LA y+Ay s DiG)) (L2 2)
For s = (so,...,sl)eNZﬁl,
L-1 (+)
X _(n) J)s]+(s 4. .+s,)
) a® 3«ﬂ“)TTTT@m 1,
n(:Z2 J
where Xs(n) = Xs<n1""’nj,)
= 2 Ny Y S
= ’S‘[Z_X(nl nl 1+1) + ( ] +YZ;S:Ln1
1=1 2 i=1
and |s| = Sot. .-ty .
(2) , )
7) L(AO’ 57 1) (L =3):
For s = (sl,...,sj‘)éNL,
L-1(+)
X (n) Jls]+(s +...+s8.)
Z:q S - (g | sl l 23/( 2‘S|)2ﬂﬂ(l+q 17y,
ne—Zj" =1
where Xs(n) = Xs(nl""’nL)
Y"% -2 o
, 2. 7 N7
= ‘SHL;ni - Znini+l - nﬁ,—Qnﬂ,J + 2 Syny
i=1 i=1 i=1
and |s) = 2(Sl+" +s )+sj’ 1t S, -

8) L(Ag, A7) (Lz1):

. _ 1+1
For s = (SO""’S,t)eN s
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(1)
X (n) (s; A )
s sl A
q = (q ) 4a (a),
) g A, _

where Xs(n) = Xs(nl,...,qlg

£-1 | Z
= Isl [Z(ni2_nini+l) * %2] * Lsini
i=1 i=1
and |s| = Sot. .-ty .
Example 1. s = 1 = (1,...,1);
: (a)
né:Zi‘ 7
where Xl(n) = Xi(nl,...,gi)
L-1 Y
2 2
= (L+l)[2{i(ni —nini+1) nl/] + Zian
i=1 i=1
Examplé 2. =2 and s = (Si’sl’SZ);
o) | s » (+) ( 3(j}slisl)) "
X(n) _ S 31s 1-q ,
) s galhg@dteh TT Bt
nez? i (1-q )
where X(n) = X(nl,ng)
2
= 1s] (n12+n22’n1“2) * Zsini
1=1
and |s| = 2sl+szt
Example'3{“J£= 3 and s = (Sg,sl,sz,SB);
(+) . ' .
Jls|ts Jlslt(s +s,)
) Mg gl Traswg %) (1+q 17273
. J

r1623
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where X(n) = X(nl,n2,n3)

3 3
[s)[jE:nig - nz(nl+n3)] + ZZiSini
i=1 i=1

s, t+2s.+s,.

and |s| 1+2s s,
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