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Logarithms of pseudodifferential operators

By Takashi AOKI (FKk-&&>

Department of Mathematics, Kinki University

In this note, we clarify the relation between operators
and their exponentials. As an application, a sufficient condi-
tion for invertibility of pseudodifferential operators of
infinite order is obtained.
| A pseudodifferential operator is defined by a symbol
P(x, §)°‘ The operator defined by P(x, &) is denoted by :P(x, £):.
The composite operator of two operators :P(x, £): and :Q(x, §):

is written in the following form:

:P(x, £)::Q(x, 8 ): = :expﬂasay)P(X,é)Q(y,7)'%ié:o

1. Composition formula,

Let us consider a symbol of the form expip(x, §)} . 1In
analytic category, such a symbol makes sense if p(x, §) is of
order at most 1-0, i.e., if ’%Eﬂop(x,§ )/1%) =0. More generally,
a formal sum of symbols c—:'}qp{:é_o pj(x,g )i makes sense if

345>0; Yn>0, 2H>0 such that

3450, 1>
p5(x, 50 = Ad(mig1 +H), 520, 152 (3+1)q,
(then = Py (x,§) 4is said to be a formal symbol of order 1-0).
J

Let us recall the composition formula for operators with expo-

nential symbols:
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Theorem 1. ILet p(x, %) and q(x, g) be symbols of order 1-0.
Let '{wj} and rjﬁ be sequences of symbols'defined by

(1) W (x7, g ,d ) = p(x, &)+ aly, 7)),

- o v
T PPy T 22 Pyt 1 320
(1.3) rj(x,é) = Wj(xyx’g’i)sy jz 0.
Then Z rs (%, &) is a formal symbol of order 1-0 sé,tisfying

(1.4) -exp{p<x,z>5 expla(x, § )} = rexp{3 mylx, 8 R

In the preceding theorem, we can re‘pla‘ce‘ p and q by

formal symbols 2 Pj and 2 q. of order 1-0, respectively.
J

j

2. Exponential of operators and operators with exponential

symbols,

Let 2 pj(x, €) and qu(x, ) be formal symbols of order
1-0, We give an answer to the following problem: Under what

conditions does the equality
exp: %-pj(x, ): = rexp{ 2 q (x, %)}
Jd
hold ?

First part of the answer is

Theorem 2. Let Z P; (x, ) be a formal symbol of order

1-0, ILet {\{J(J) (x,y, 72)} and {q(a)(x g)} be sequences
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of symbols defined by

(2.0 Y10y, 1) = py(x, £), £=0,1,2,-,

(2.2) W(j) (X,7,8 , M) = 0, 3=1,2,-, £=0,1,2,-,

2.3 of¥Mx,5) - A5 lzo MNNCE S I P

(2.4) xp(f)k,,l(x.y,g 0 = gl 2y Ve e, 0
gxy(*‘) (x,y, 5,7 )9, a(d- H)(y,’l)ﬁ .

Set qk(s,x, g) = jgl g9 qk (x,5) (secC). Then, for each s,

the formal series 3> qk(s,x,g) is a formal symbol of order
1-0 such that

(2.5) exp{s: 2 pj(x, £):) = zexp{ % q (8,%, £)}:
J

holds.

Example 3. exp(sx\l—)- exp(sxf+——-— (n=1; D =:£&:

=2/2x, x=xl).

Conversely, we have

Theorem 4, Let Z q:(x, &) be a formal symbol of order

J
1-0. Let {\P(J) (x,v, g N )} be a sequence of symbols defined by

(2.6) \{'(O)(va’gvﬁ ) = qO(X,E),

(2.7) ) Gy, 8,10 = 0, 5e1,2,0, 220,12,
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(2.8) my(gj)kd(x,y,%,’z) or 1o 2y ¥y g0

+ é. 2 P2 '5':',:' g\"(P)k(ny’g 1) ‘\PJ(_JLFVl_)l(y'Yi.’Z ’7)5

(2-9) "{’(kO) (nyo % Y] ) = qk(x9 g)' jZo lzo 3}-]. \\‘Ea]')("ﬂ (X,X.§,§)-

set p(x,%) = w.}»r(ci’g(x,x,-‘é)’, §£)., Then 2 p (%, § ) is a formal
symbol of order 1-0 such that

(2.10) :exp{Z qj(x,g e = exp:%c P (X, §):
| ]

holds.

3, Invertibility for pseudodifferential operators of

infinite order.

It is well known that a pseudodifferential operator of
finite order is invertible if its symbol is invertible as a

symbol. The same is true for infinite order case.

Theorem 5., Let P(x, ¥ ) be a symbol. Suppose that

1/P(x, §) 4is also a symbol, i.e., for each h> 0, there is a
constant Ch>>0 such that

o exp(-hlgl) |B(x, ¥)| < chexp<hlsl)

Then :P(x, £ ): is invertible.



