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ON THE STRUCTURE OF SOLUTIONS

TO THE SELF- DUAL YANG-MILLS EQUATIONS

Kanehisa TAKASAKI ( & 5 4 2)
RIMS, K)/ofv Univ. and Dept. Math., Univ. Tokyo

1. Set-up
Let ly, 2,¥,2) dencte the coordinates of C4. The (comfllexa‘fn'ed)
self - dual Yanﬂ—MiUs equaﬁons we here discurs are written in the

fo‘HowMg form

2. A_ - TA, A1 =0, 3_A_ -)_A. =
o yAz ?ZAY-!' y/ 2] ByAz )sz—\-‘\[Ay,’Ai] 0,
ByAy—37A7+[A7,A7] “+ DzA‘i_)iAz+ [AZ'AE] =0,

where 3, w=y,2,y,7, denote the dertvations 3/5u, [, ]
the commutator [A, BI=AB-BA, and A , u=y, 2,7, 2, VP xr

matrix- valued wukpown functions (r2 2). Owur main interest
is in their formal power series sokuhions Au € %ﬂ(r, Cliy, 27, 71),

wheve %ﬁ(v,&[ty,iﬁ,?]]) denotes the set of alh rxr matrices of
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formal power sevies of (y,2,7,7) with complex coefficients.

A)' and Az , kowever‘, ma7l be eliminated from eqs. (1) b}’
?erfovmin% an approptiate qange Hranstormation Au—> 3'1Au‘}+3-‘9u‘}
(wheve 1 is an invertible element of «}XU', CLCy,2,¥,21)) ). Therefore

we may discuss {nstead of eqs- (1) the FoQﬂowin% ecluah'ons and

their formal power series solutions.

(2) 37A3_32A7+[A7'Ai]:0/ DYAyfaZAi-;o

2. Construckion of solutions — 3¢nemﬂ case

We here discuss how to construct all the formal power Series
solutions to egs. (2). Our construction presented below may be
thought of os o modificaton of the method of Sate [1]1, which
OY‘(TV\&M\’ wvevred ov\QY the case o soliton equo\h‘ms.

Our construction starts with ih‘hroducin% the following equa-
tions with vrr mabrix- valied waknown funchions E(J-,—anuo,
j<o.

--SYE”'J+3§ §_1 Y§°J KA i, ‘E EL -1 z?
| (3) EH-I,J = §£11'1 M i',‘1§01‘j -FOV‘ -w <K Do, _]< 0,

ECJ‘ = gij1r for t‘<0,j£0.
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Here Sij denotes the Kronecker e\.eo.fa, and 1, the rxr unit

matrix. Eqs. (2) omd egs. (3) are related to each other as Follows.

Pr‘OPofih‘on (4 For any formal power series solution EU € ?Q

(v, Clty,2,y,z 1) toegs. (3), the vxr wmatrices

Ay = az‘f.o,-1 ’ Ai = —Byfo,%

%ive o formal power series solution to “15' (2), and any {iwnmk

power series solution to eqs. (2) may be obtained in this way .

Because of this the problem now reduces tv the construckion of
formal power series solutions to eqs. (3. 7
To construct these solutions , we wtilize the framework of +he

thitiad velue \Jroblm of egs - (3) with inittal (onditions

. ) (0)
(L) gij\9=§='o = §EJ .

O{— course the tnital values E‘:j € (},((V‘, Cf[/y,z]]) are assumed in

advance 1o SaHsfy The {—offowir\g conditions

(o) (o) ) W) ; .
= . =+ . -
‘gi*"‘j Ei,)-*' Et’_‘ EO,] {‘Or‘ I>°<l<Da/ J(D/

(6)

g‘:}’ = Xij 1, +fr i<, j< 0.
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As we shall see fLater, E,‘(’?)j . 3<0, may be arbitrarily given,

and they ‘““7‘1“”2? determine E:‘;’ , (70, j<0. Now the problem
(s how to describe the evolution E‘;’ — % |
The evolution E‘lﬁ) 5%, may be specified tatams of the 09X e

Y
matrices
(e )
- ?-z-z 2-2-1 |
(0)_ @) )
(g J) w<|<<oa .. g_1-2_ 2-1‘1 ’ f - (' Z\J ):o;ilzl:;
~00<§<0 . 20—2 20—1 J
Firct we define another pox e matrix X - LE‘J)_,«K., / E'J ea(!l(v
-0 ¢j<0
Clty, 2.y, 21)), by the following. formula
(1) % = og(Ehd, - jA,) TV - (2/\? FNOREY kL,
SN \
O\" 1\"
where A= (5; 5 '“)w«yc»— Or v ( 0 denotes the
© )
rx l"\ wmld mabrix ). Then the " wpper kalf part " §(-)E (? )

J 'N((,J<0

a4

of ¥ s inventibfe , the inverse 5(_, ' becomes again an oo x
matrix of elements of %(h Clty,25,2)1), ond adse the frbduc’r

%“8(_;,“‘ may be defined o be an voxvo matrix of eflements of
‘3((*/ €lty,z,7,23)) . (OF course ‘tﬁese statements require careful
Justification, though we omit it here.) Floally ,
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Theorem (8)  The components §,-j 6%(}‘, Ciry,3,5,2J1) of the w0 xoo

maprix &= (§v (.,—1 Sa‘HSfY €qs. (4) and inittal conditions (5),

3. FKelation to the inverse scattering formukedion

The ordinary iuverse scattering formufation of fhe sedf - dual
Yamg- Milds equations may be clerived from the above construction
of solutions. To see this, we introduce the foQQowm% ec{uah‘uns

with vx v matrix- valued unknown functions WJ ,jz0.

=3 Wi, O W WG =0, 2 Wy, 3 W — W)W, =0
for j>0, Wy=1,

(9)

These equations are combined with es.(3) as Folbows .

Froposition (10) Eqs . (3) and ¢4s.(9) are equivalent fo each

other under the refation '
sz-%of‘j ;)<

In PM"ﬁCU\Qar ‘HUS de‘F;ﬁ")ESQ one - to fO'ne CorregPor\dence D.F ;mwdﬁ

power series solutions between €4s. (3) and €g4s. (9).

Now fet wd introduce anbthey jndependent variable A, and f"/
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T rewrite eqs. (9) in terms of the formal puwer series W

= ZJ:O V\G 174 ¢ ?@U’, Clry,z,y,2,A11). In fact we can rewrite

eqs. (9) intp the fch’)owinﬁ. s“ys-tem

(1 (—A9y+9§+(ayw4>)w——-o, (ﬂafay-—(a,Wn)W—ﬂD,

whith, in viewof the relation A7= 9,5, 4=, W, and Az
=9y 5o = oWy, is nnﬂm‘m} but the "linear problem” of the
self - dual Yang-MiUs e7m+ions (see [21).

The adgebraic structure of the covrespondence between WJ and|
fié‘ “s above may be more wxf'ﬁiu‘t(y described. Tn fact, the follou-

g formulas may be derived .

o ‘g X .
12) 2“) = RZ__-O W[.—J—]Q Wk = —k=-j WL‘J"‘RW\Q , 20, J(O)

x-t)(Zj ) 1.,

a3) Q- ,A)Z T A -(

o)

. oo s .)‘_1 U b ‘o
a9 Z Gt = (Z W (Z W) - '

v’

2 o5 g -1 k-1 (5 w2
a9 Z g7 = 4T (Z W A )(Z, W),

r =0

where W‘* jz0, dewote the coefficients of V\l‘1 ZJ OWJ 274
(93 W ‘W°‘1r/ W1$’Wi, Wz V\/) -Wa, - -), and A and p

are independual variables. These formudas may be derived from
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ondy the Last two equations in (3), amd therefore they ave also
valid tor the initiad values g('J) and Wk;) _ V\G\;.—”zw' This
especially means that the inifial values of egs. (3) amd <ys. (9)
at y=2 =0 unizudy determine each oHae/r uhder the relation
L5 =~ WS, jeo, awd that EP, 1>0,j<0, may be calatatud

from W‘J? by means of hrmulu (12).

4. Constructton of solutions — speciol case
We here discuss -how the construction presented in Sect. 2 is

simplified i the (ase whete

(16) WJ = 0 for j>m

for some positive inJcecJer m. Formula (12) shows that condifion

(16) (s eclmvalev\t to the fé&owing, condiHon
“mn &y =0 for jowm.

These conditions are preserved wnder the evolution §¢ — T..

Y

(0)
i, Wi

— W)- . Namely,

Props,‘h‘onﬁ%‘) Tf condition (12) (or (13)) is saticfied when

y=7=0, then (t (s satisfled everywhere.

-~



Let us Perform the Cons*ru;ﬁon of Sect.3 (n the above case.
First, because of the assumption that E(S’.-so for jom, ¥
tokes the -i—oﬂlowir\g form

R

. \
1. % ,
o> ) 1‘,‘
(19) T = —
O (g"_')'“\s‘(w
\ ) -mej<co

Also it is not hard to show that

A

. o o=moexplzA_ 9. -¥VA_ D Y(E9) i
@) Gyl = 0 a®y = T oa® )0 g
O, 1. ~
wh(’,V’Q A[m] =(g“~j‘1 1V)—Mﬁi,j<00= Or ‘1y~ ch fnverse of g(_)

N

= ( ‘J )~ba<i,_i <0 then takes the ‘EDUOW‘ “3 —Form

.

( Y. )
1 X X
1 r1r
‘ -t =1 ~ |
(21) g(') O (zij)"“ﬁ"j‘o
\ | y,
Therefore
~
K
"t 0
(22) Z = N ~ . -1
0 | Bylumcice (3 ).wsi,jm
-—MSJ(b‘ © )

In partiodar ths proves rProlmsih’tm (1%) (Hﬂmgh ProPouh‘m (18) Moy

be proved in a more divect way ).
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In the above tormulas o’nf/ the blocks at the Lower right survive

in the final reswtt, and therefore we may reFormulate the whate

construction [n terms of these blocks. Tn fact, the poxrm matrices

' gzv)t] = (2(13’)—'“&((0“ x4 g['m:l = (zcj)—msf(oa ’

-msj<o —M=j<o
[ 1o g T i3
- (Ecj)-mis':‘; s+ boao Oy lsijeo
2) ( tMs ts an rmxrm W\ATH)‘)

satisfy the following formulas

< _ = = 0
2[.\‘] - be(zl\fﬂl]‘ay—y/\fW\Jbg) E"Emj J
F = B Bt |

(m) Im] 7tm)¢-) /

awd ﬂwy \;povide anaﬁogues of (7) and (%), No’mlﬂ\at thes<
wxrm matrices play just the same rofle as those fn [31. In[3]
however, the viewpoint of the im’h‘a&‘vaﬂua \Frobﬂﬂm was Lacked.
Becamse of this the soluhions oxplicitly constructed there were
Limited +to \Lm‘rﬁy spec{oJL ones , and the ciructure of other
solutions remaincd 1o ve darified . The above comkmoh‘oﬁ
shows fow 1o wpiia’riy csnstruct the fuld {*amdy of <o lwtyons
contained m the framework of [31]. Also wote that the cbove
wustruction s vakid MT' on (‘3 im the realm of jLorrY\aJu poWCr serits
Soltions , but also (w other cases such as Hhe cmse of rational

solutions .
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. Construction of solutions — more speciad case
We here disanss o more cpecial case , namely the ceuse

wheve in addition 10 condition (15) The mmw‘nin%, ones Wj ,\ejem,

are assumed t0 be rational with respect to (y,2,y,2). Also in

this case these sofutions are characterized by the initiad values.

Proposih‘ovl (23) I¢ W(J?’ =0 for j>m and W3°’, l1cjswm, are
rational with respect fo (,2), then WJ =0 for | >m aud

W, 18 jem, ave ralionel with respect tv (y, 2, ¥,%3).

Ths proposition may be proved os follows. By virtue of the

collcudations in Sect. 4 we have only to show that %',\ are rational

with pespect vo (y,2,7,2). To chow this, et us note the
-{:-oﬁ,eowing formula which may be immedicd:er devived from formula
().

o9

(24) i;‘”gc‘]‘ f‘—" = exp (E'H}y —7“33) {g‘_w §(:,J, t“—t |

- b BT 5

Formula (14) may be applied here to the H%ht hand v concude
that the right hand side of (24) s rokional with respect 1o

(29,2, p) . Therefore the raHonmfli’ry of %;U follows, and
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this completes the prosf of the propusition.

The class of selutions discusced above is of special interest
because , as impiici‘riy shown in [41, (tin principle contains all
H«e instanton selutions , though re%retfuuy T have not been
able o find out any effective characterization of the instanton
sofutions in the Tramework of the above construction. T expect
further developmente of our colculation will fead in the future

to some qood. prospects for this problem.
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