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.Infinitesimal Deformations of Cusp Singularities
By Iku NAKAMURA
Department of Mathematics, Hokkaido University, Sapporo

Introduction. The purpose of this article is to.ccméute
infinitesimalbdeformations ﬂﬁ' of cusp singularities of two
dimension. Lét T be a cuép,singularity,AC the exceptional set
of the minimal resolution of T, r the number of irreducible
components‘of C. Then C is a (reduced) cycle-ofrr rational curves.
Cur main consequence is that dim ﬁﬂ' is equal to r--C2 if‘CZ;TS.
This has been conjectured by Behnke [1]. After cpmpleting this
work, I-was infarmed that Behnke [2] solved this in a ménner
slightly different from ours.

§1 Definitions

(1.1) Let M be a complete module in a real guadratic field K,
U+(M) the group of all totally positive units keeping M
invariant by multiplication, V an infinite cyclic subgroup .of

U+(M). We define a subgroup G{(M,V) of SL(2,R) by’

G(M,V) = (v m\ ¢ SL(2,R); VeV, meM-].
‘ 01 ’

We define an action of G(M,V) on the product HxH of two upper

half planes by

[g ? : (Zl’ZZ) * (vzl+m(v 22+m‘)

where v' and m' denote the conjugates of v.and m respectively.

The action of G(M,V) on HXH is free and properlyidiscontinupus..
We have a nonsingular surface X'(M,V) as quotient. This X'(M,V) .-
is partially compactified by adding a point = into a normal
complex space X(M,V). Let £ : Y(M,y) ~ X(M,V{ be the minimal

resolution of X(M,V), C the exceptional set of £, 7 : D~ ¥Y(M,V)



l(C)} .For brevity we denote

the universal covering of Y(M,V),C = 7w
X(M,V) and Y(M,V) by X and Y respectively. The space X has a
unique isolated singularity at 5, which we call a cusp singularity.
The exceptional sat C is é {reduced) cyéle of rational curves.
(L.2) Let M* be tﬁe dual of M, i.e. by definition M* =

{x<K; tr(xy)eZ for any YEM}. Define a mapping.i of K into]R2

by i(x) = (x,x'), xeK. Let (M*'j+ ={xeM*; x>0, %x'>0}, and let
Z+(M*) be the conveg cldsure of i((M*)+),32+(M*) be the boundary
of Z+(M*). Then we number lattice points 1lying on BZ+(M*) in

a consecutive order. Namely we let i—l(zf(M*)rli(M*)) ='{Bj; jeZ }
o

for j>k. The group V acts on M¥*, (M*) and az+(M*).

k
Let v be a generator of V with 0<v<l. Then there exists s such -

with Bj<B

' 2
that ka = Bk+s for any k. We know that s = -C” by [3]. Moreover

there are positive integers b, (22) (keZ ) such that b = b,

and kak = Bk-l+Bk¥l}gor an¥ keZ .
§2 Theorem.

Theorem Let T be a cusp sinqularitv with s> 5.

1 - o L = . .
Then the space W~ of infinitesimal deformations of T is, as a

‘'subspace of Hl(V,HO(D,eU(nC))) for n large enough, generated by
. . = 8(-1iB.)S. 0<j<s-1 1<i<b.-1
dl,j ( 1 J)OJ! _____.J_____S ” == == J .
1

© e L s . = str.
where 6j = Bjal Bjaz. In pcrﬁlcular dim T S
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