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Abstract
In 1974, H. Takahasi and M. Mori proposed a new quadrature

formula for the integration of a certain calss of analytic

functions over unit interval [0, 1]. This formula is obtained
by the two successive operations : first, to transform the
original integrand f(x) over [0, 1] into g(u) over (-«, +») by

the change of variable: x=%tanh( %sinh(u))+ % (this transforma-
tion is called the double exponential transformation, abbfeviated
to DE-transformation); and then, to apply the trapezoidal rule
to the transformed integrand g{u) over (-=, +=). Nowadays this
formula is well known as the DE-formula, abbreviation of the
Double Exponential formula, and is recognized to be one of the
most efficient formulas for numerical integrations of analytic
functions, especially, ones with singularities at the end points
of the integration interval.

On the other hand, polynomial transformation have turned
out to be powerful in evaluating multiple integration over unit
hypercube [0, 1] 5 (s: dimension), and there are a great deal of
works that discuss which quadrature formula is most efficient
for the integrands obtained by polynomial transformations. Many
quadrature formulas with high efficiency have been proposed.
The most promising among them seems to be the so-called number
theoretic methods, combined with appropriate polynomial transfor-
mations. Here it is natural to ask if there is an efficient
quadrature formula for multiple integrations of the DE-transform-

ed analytic functions. There have been, however, few works

dealing with the problem of determining an efficient quadrature

20



formula for the integrand transformed by DE-transformation. The
results of the numerical experiments about the application of
the multi-dimenstional trapezoidal rule to the DE-transformed
integrand have only been reported. Thus we consider the above
problem; i.e., the determination of an efficient formula for
DE-transformed integrands. Since it is difficult to take into
account all kinds of quadratures, we seek an efficient method
of numerical integration among the methods of lattice points,
which are regarded as extensions of the multi-dimensional
trapezoidal rule. It is the thoery of the geometry of numbers
that is a useful tool in this search. As a consequence of the
search, the following quadrature formulas are obtained, which

are good from practical and theoretical points of view.
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where 31(5) is the integrand transformed by DE- transforma-

tion.
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